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Preface

In September 2003 we started writing a research expository paper on
“Finite Gelfand pairs and their applications to probability and statistics”
[43] for the proceedings of a conference held in Batumi (Georgia). After
a preliminary version of that paper had been circulated, we received sev-
eral emails of appreciation and encouragement from experts in the field.
In particular, Persi Diaconis suggested that we expand that paper to a
monograph on Gelfand pairs. In his famous 1988 monograph “Group rep-
resentations in probability and statistics” [55] there is a short treatement
of the theory of Gelfand pairs but, to his and our knowledge, no book
entirely dedicated to Gelfand pairs was ever written. We thus started
to expand the paper, including some background material to make the
book self-contained, and adding some topics closely related to the kernel
of the monograph. As the “close relation” is in some sense inductive,
we pushed our treatement much further than what Persi was probably
expecting. In all cases, we believe that our monograph is in some sense
unique as it assembles, for the first time, the various topics that appear
in it.

The book that came out is a course in finite harmonic analysis. It is
completely self-contained (it only requires very basic rudiments of group
theory and of linear algebra). There is also a large number of exercises
(with solutions or generous hints) which constitute complements and/or
further developments of the topics treated.

For this reason it can be used for a course addressed to both advanced
undergraduates and to graduate students in pure mathematics as well as
in probability and statistics. On the other hand, due to its completeness,
it can also serve as a reference for mature researchers.

xi
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It presents a very general treatment of the theory of finite Gelfand
pairs and their applications to Markov chains with emphasis on the
cutoff phenomenon discovered by Persi Diaconis.

The book by Audrey Terras [220], which bears a similar title, is
in some sense orthogonal to our monograph, both in style and con-
tents. For instance, we do not treat applications to number theory,
while Terras does not treat the representation theory of the symmetric
group.

We present six basic examples of diffusion processes, namely the ran-
dom walk on the circle, the Ehrenfest and the Bernoulli–Laplace models
of diffusion, a Markov chain on the ultrametric space, random trans-
positions and random matchings. Each of these examples bears its own
peculiarity and needs specific tools of an algebraic/harmonic-analytic/
probabilistic nature in order to analyze the asymptotic behavior of the
corresponding process.

These tools, which we therefore develop in a very self-contained pre-
sentation are: spectral graph theory and reversible Markov chains,
Fourier analysis on finite abelian groups, representation theory and
Fourier analysis of finite groups, finite Gelfand pairs and their spher-
ical functions, and representation theory of the symmetric group. We
also present a detailed account of the (distance-regular) graph theoretic
approach to spherical functions and on the use of finite posets.

All this said, one can use this monograph as a textbook for at least
three different courses on:

(i) Finite Markov chains (an elementary introduction oriented to
the cutoff phenomenon): Chapters 1 and 2, parts of Chapters 5
and 6, and Appendix 1 (the discrete trigonometric transforms).

(ii) Finite Gelfand pairs (and applications to probability): Chap-
ters 1–8 (if applications to probability are not included, then one
may omit Chapters 1 and 2 and parts of the other chapters).

(iii) Representation theory of finite groups (possibly with appli-
cations to probability): Chapters 3, 4 (partially), 9, 10 and 11.

This book would never have been written without the encouragement
and suggestions of Persi Diaconis. We thank him with deepest gratitude.

We are also grateful to Alessandro Figà Talamanca who first intro-
duced us to Gelfand pairs and to the work of Diaconis.

We express our gratitude to Philippe Bougerol, Philippe Delsarte,
Charles Dunkl, Adriano Garsia, Rostislav I. Grigorchuk, Gerard Letac,
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Arun Ram, Jan Saxl and Wolfgang Woess for their interest in our work
and their encouragement.

We also acknowledge, with warmest thanks, the most precious careful
reading of some parts of the book by Reza Bourquin and Pierre de
la Harpe who pointed out several inaccuracies and suggested several
changes and improvements on our expositions.

We finally express our deep gratitude to David Tranah, Peter
Thompson, Bethan Jones and Mike Nugent from Cambridge University
Press for their constant and kindest help at all the stages of the editing
process.

Roma, 14 February 2007 TCS, FS and FT





Part I

Preliminaries, Examples and Motivations
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Finite Markov chains

1.1 Preliminaries and notation

Let X be a finite set and denote by L(X) = {f : X → C} the vector
space of all complex-valued functions defined on X. Clearly dimL(X) =
|X|, where | · | denotes cardinality.

For x ∈ X we denote by δx the Dirac function centered at x, that is

δx(y) =

{
1 if y = x

0 if y �= x.

The set {δx : x ∈ X} is a natural basis for L(X) and if f ∈ L(X) then
f =

∑
x∈X f(x)δx.

The space L(X) is endowed with the scalar product defined by setting

〈f1, f2〉 =
∑
x∈X

f1(x)f2(x)

for f1, f2 ∈ L(X), and we set ‖f‖2 = 〈f, f〉. Note that the basis {δx :
x ∈ X} is orthonormal with respect to 〈·, ·〉. Sometimes we shall write
〈·, ·〉L(X) to emphasize the space where the scalar product is defined if
other spaces are also considered.

If Y ⊆ X, the symbol 1Y denotes the characteristic function of Y :

1Y (x) =

{
1 if x ∈ Y

0 if x �∈ Y ;

in particular, if Y = X we write 1 instead of 1X .
For Y1, Y2, . . . , Ym ⊆ X we write X = Y1

∐
Y2

∐
· · ·

∐
Ym to indicate

that the Yj ’s constitute a partition of X, that is X = Y1 ∪ Y2 ∪ · · · ∪ Ym

and Yi ∩ Yj = ∅ whenever i �= j. In other words the symbol
∐

denotes
a disjoint union. In particular, if we write Y

∐
Y ′ we implicitly assume

that Y ∩ Y ′ = ∅.

3



4 Finite Markov chains

If A : L(X) → L(X) is a linear operator, setting a(x, y) = [Aδy](x)
for all x, y ∈ X, we have that

[Af ](x) =
∑
y∈X

a(x, y)f(y) (1.1)

for all f ∈ L(X) and we say that the matrix a = (a(x, y))x,y∈X , indexed
by X, represents the operator A.

If the linear operators A1, A2 : L(X) → L(X) are represented by
the matrices a1 and a2, respectively, then the composition A1 ◦ A2 is
represented by the corresponding product of matrices a = a1 · a2 that is

a(x, y) =
∑
z∈X

a1(x, z)a2(z, y).

For k ∈ N we denote by ak =
(
a(k)(x, y)

)
x,y∈X

the product of k copies
of a, namely

a(k)(x, y) =
∑
z∈X

a(k−1)(x, z)a(z, y).

We remark that (1.1) can be also interpreted as the product of the
matrix a with the column vector f = (f(x))x∈X .

Given a matrix a and a column or, respectively, a row vector f , we
denote by aT and by fT the transposed matrix (i.e. aT (x, y) = a(y, x)
for all x, y ∈ X) and the row, respectively column transposed vector.
This way we also denote by fT A the function given by

[fT A](y) =
∑
x∈X

f(x)a(x, y). (1.2)

With our notation, the identity operator is represented by the identity
matrix which may be expressed as I = (δx(y))x,y∈X . If X is a set of
cardinality |X| = n and k ≤ n, then a k-subset of X is a subset A ⊆ X

such that |A| = k.
If v1, v2, . . . , vm are vectors in a vector space V , then 〈v1, v2, . . . , vm〉

will denote their linear span.

1.2 Four basic examples

This section is an informal description of four examples of finite diffu-
sion processes. Their common feature is that their structure is rich in
symmetries so that one can treat them by methods and techniques from
finite harmonic analysis.
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The main scope of this book is to study these examples in full detail
and present all the mathematical background.

Example 1.2.1 (The simple random walk on the discrete circle)
Let Cn denote a regular n-gon. We number the vertices consecutively
from 0 to n − 1: we regard these numbers as elements of Z/nZ, i.e.
mod n. This way, there is an edge connecting the jth with the (j + 1)st
for all j = 0, 1, . . . , n− 1. This is the discrete circle.

3 2

1

0n − 1

n − 2

Figure 1.1. The discrete circle Cn

Suppose that a person is randomly moving on the vertices of Cn ac-
cording to the following rule. The time is discrete (t = 0, 1, 2, . . .) and
at each instant of time there is a move.

At the beginning, that is at time t = 0, the random walker is in 0.
Suppose that at time t he is at position j. Then he tosses a fair coin

and he moves from j to either j +1 or to j−1 if the result is a head or a
tail, respectively. In other words, given that at time t he is in j, at time
t + 1 he can be at position j + 1 or j − 1 with the same probability 1/2.

j + 1j – 1

j

1
2

1
2

Figure 1.2. The equiprobable moves j �→ j − 1 and j �→ j + 1

Example 1.2.2 (The Ehrenfest diffusion model) The Ehrenfest dif-
fusion model consists of two urns numbered 0, 1 and n balls, numbered
1, 2, . . . , n. A configuration is a placement of the balls into the urns.
Therefore there are 2n configurations and each of them can be identi-
fied with the subset A of {1, 2, . . . , n} corresponding to the set of balls
contained in the urn 0. Note that there is no ordering inside the urns.
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The initial configuration corresponds to the situation when all balls are
inside urn 0.

8

5

1 2 3 4

6 7

9

urn 0 urn 1

10

Figure 1.3. The initial configuration for the Ehrenfest urn model (n = 10)

Then, at each step, a ball is randomly chosen (each ball might be
chosen with probability 1/n) and it is moved to the other urn.

i5 i6

i1 i2 i3 i4 i7 i8 i9 i10

urn 0 urn 1

(a)

i5

i1 i2 i6 i4

urn 0

i3

i7 i8 i9 i10

urn 1

(b)

Figure 1.4. (a) A configuration at time t. (b) The configuration at time
t + 1 if the chosen ball is i3



1.2 Four basic examples 7

Denoting by Qn the set of all subsets of {1, 2, . . . , n}, we can describe
this random process as follows. If we are in a configuration A ∈ Qn

then, at the next step, we are in a new configuration B ∈ Qn of the
form A

∐
{j} for some j /∈ A or A \ {j′} for some j′ ∈ A and each of

these configurations is chosen with probability 1/n (actually, to avoid a
parity problem, in our study of this model we shall make a slight change
in the definition of the mixing process).

Example 1.2.3 (The Bernoulli–Laplace diffusion model) The
Bernoulli–Laplace diffusion model consists of two urns numbered 0, 1
and 2n balls, numbered 1, 2, . . . , 2n. A configuration is a placement
of the balls into the two urns, n balls each. Therefore there are

(2n
n

)
configurations, each of them can be identified with an n-subset A of
{1, 2, . . . , 2n} corresponding to the set of balls contained in the urn 0.
The initial configuration corresponds to the situation when the balls
contained in urn 0 are 1, 2, . . . , n (clearly the balls n + 1, n + 2, . . . , 2n

are contained in the urn 1).

8

5

1 2 3 4

6 7

9

urn 0

10

18

15

11 12 13 14

16 17

19

urn 1

20

Figure 1.5. The initial configuration for the Bernoulli–Laplace urn model
(n = 10)

Then at each step two balls are randomly chosen, one in urn 0, the
other one in urn 1 and switched.

Denoting by Ωn the set of all n-subsets of {1, 2, . . . , 2n}, we can de-
scribe this random process as follows. If we are in a configuration A ∈ Ωn

then at the next step we are in a new configuration B ∈ Ωn of the form
A
∐
{i} \ {j} for some i /∈ A and j ∈ A and each of these configurations

is chosen with probability 1/n2.
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i1

i5 i6 i7

i8 i9

i10

i2 i3 i4

urn 0

i11

i15 i16 i17

i18 i19

i20

i12 i13 i14

urn 1

(a)

i1

i5 i6 i7

i8 i9

i10

i2 i15 i4

urn 0

i11

i3 i16 i17

i18 i19

i20

i12 i13 i14

urn 1

(b)

Figure 1.6. (a) A configuration at time t. (b) The configuration at time
t + 1 if the chosen balls are i3 and i15

Example 1.2.4 (Random transpositions) Consider a deck of n cards
numbered from 1 to n. A configuration is a placement (permutation) of
the cards in a row on a table. Therefore there are n! configurations. The
initial configuration corresponds to the placement 1, 2, . . . , n.

1 2 3 n

Figure 1.7. The initial configuration of the deck

Then at each step both the left and the right hand independently
choose a random card. Note that the possibility is not excluded that
the same card is chosen by both hands: such an event may occur with
probability 1/n.
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If we have chosen two distinct cards we switch them, otherwise we
leave the configuration unchanged.

i1 j i in

(a)

i1 j i in

(b)

Figure 1.8. (a) A card configuration at time t. (b) The card configuration
at time t + 1 if the chosen cards are i �= j

In other words, denoting by Tn = {{i, j} : i, j ∈ {1, 2, . . . , n}, i �= j}
the set of all unordered pairs of cards, with probability 1/n we leave the
configuration unchanged, while, with probability (n−1)/n we randomly
pick one of the n(n− 1)/2 elements in Tn. Altogether, at each step each
element t ∈ Tn can be chosen with probability 2/n2.

The following description is equivalent. Denote by Sn the symmetric
group of degree n and by Tn = {g ∈ Sn : ∃i �= j s.t. g(k) = k,∀k �=
i, j and g(i) = j} the set of all transpositions. Denote by 1Sn ∈ Sn the
identity element (1Sn(k) = k, ∀k ∈ {1, 2, . . . , n}). Each configuration,
say i = (i1, i2, . . . , in) corresponds to the element gi ∈ Sn defined by
gi(j) = ij for all j = 1, 2, . . . , n. We start at the identity 1Sn and, at
each step, we choose either a random element t ∈ Tn with probability
2/n2 or the identity t = 1Sn

with probability 1/n. This way, if at the
kth step we are in the configuration i then, at the (k + 1)st step we are
in the configuration t · i corresponding to the group element tgi.

In each of the above examples, we have described a diffusion model
with a deterministic initial configuration. For the discrete circle the ran-
dom walker is at position (vertex) 0; in the Ehrenfest model all balls are
in urn 0 (Figure 1.3); in the Bernoulli-Laplace model the balls 1, 2, . . . , n

are in urn 0 and the balls n + 1, n + 2, . . . , 2n in urn 1 (Figure 1.5);
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finally for the random transpositions the cards 1, 2, . . . , n are placed in
increasing order (Figure 1.7).

For each model we address the following natural question: how long
(how many steps) does it take to mix things up? For instance, how
many random transpositions (Example 1.2.4) are needed to generate
a random permutation? It is indeed clear, even at an intuitive level,
that repeated random transpositions do mix the cards, that is that
after sufficiently many random transpositions, all configurations (i.e.
permutations) become equiprobable.

In 1981 Diaconis and Shahshahani gave a striking answer to the above
question: 1

2n log n transposition are necessary and sufficient to gener-
ate a random permutation. Moreover they discovered that this model
presents what is now called a cutoff phenomenon: the transition from
order to chaos is concentrated in a small neighborhood of 1

2n log n.
Subsequently Diaconis and Shahshahani studied the models in Exam-

ples 1.2.1, 1.2.2 and 1.2.3. They showed that in the last two examples
there is a cutoff phenomenon after k = 1

4n log n steps, while for the dis-
crete circle, the position of the random walker becomes random after
k = n2 steps, but no cutoff phenomenon occurs.

We shall first treat Examples 1.2.1 and 1.2.2 because they are sig-
nificantly simpler (they only require elementary finite abelian harmonic
analysis) and together they provide instances of absence and presence
of the cutoff phenomenon. They will be discussed in the next chapter,
while in the present one we continue by providing some probabilistic
background.

Example 1.2.3 will be discussed in the second part of the book. It is a
paradigmatic, but sufficiently simple, example of a problem on a homo-
geneous space on which there is a treatable set of spherical functions.

Example 1.2.4, which, historically, was the first to be analyzed, re-
quires a deep knowledge of the representation theory of the symmetric
group, a beautiful subject in mathematics on its own, which is a corner-
stone both in pure and in applied mathematics (see, for instance, the
book of Sternberg [212] for the applications to physics).

1.3 Markov chains

In this section we give the formal definition of a Markov chain in a sim-
plified setting. We begin with some basic notions of probability theory.

A probability measure (or distribution) on a finite set X is a function
ν : X → [0, 1] such that

∑
x∈X ν(x) = 1. It is called strict if ν(x) > 0
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for all x ∈ X. For a subset A ⊆ X the quantity ν(A) =
∑

x∈A ν(x) is
the probability of A. Clearly ν(A∪B) = ν(A)+ ν(B)− ν(A∩B) for all
A, B ⊆ X, ν(∅) = 0 and ν(X) = 1.

The subsets of X are usually called the events. We also say that (X, ν)
is a finite measure space.

Example 1.3.1 Let h, k be two positive integers and X = {r, b} be a
two-set. Define ν : X → [0, 1] by setting ν(r) = h

h+k and ν(b) = k
h+k . It

is immediate to check that (X, ν) is a probability space. It can be used
to modelize a single drawing from an urn containing h red balls and k

blue balls: ν(r) (resp. ν(b)) is the probability that the chosen ball is red
(resp. blue).

Given two events A, B ⊆ X, with ν(A) > 0, the conditional probability
of B assuming A is

ν(B|A) =
ν(A ∩B)

ν(A)
.

It expresses the probability of the event B given that the event A has
occurred.

The following properties are obvious:

• ν(B|A) = 1 if A ⊆ B;
• ν(∅|A) = 0;
• ν(B1 ∪B2|A) = ν(B1|A) + ν(B2|A)− ν(B1 ∩B2|A);

for all A, B, B1, B2 ⊆ X with ν(A) > 0, and clearly ν(·|A) is a probabil-
ity measure on A.

Moreover, given elements A1, A2, . . . , An ⊆ X with ν(A1 ∩A2 ∩ · · · ∩
An−1) > 0, we have the so-called Bayes sequential formula

ν(A1 ∩A2 ∩ · · · ∩An) = ν(A1)ν(A2|A1)ν(A3|A1 ∩A2) (1.3)

· · · ν(An|A1 ∩A2 ∩ · · · ∩An−1).

Indeed:

ν(A1 ∩A2 ∩ · · · ∩An) = ν(An|A1 ∩ · · · ∩An−1)ν(A1 ∩ · · · ∩An−1)

= ν(An|A1 ∩ · · · ∩An−1)ν(An−1|A1 ∩ · · · ∩An−2)

· ν(A1 ∩ · · · ∩An−2)

= · · · =
= ν(An|A1 ∩ · · · ∩An−1)ν(An−1|A1 ∩ · · · ∩An−2)

· ν(An−2|A1 ∩ · · · ∩An−3) · · · ν(A2|A1)ν(A1).
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Two events A, B ⊆ X are independent if

ν(A ∩B) = ν(A)ν(B).

Note that, if ν(A), ν(B) > 0, then condition above is equivalent to

ν(B|A) = ν(B) and ν(A|B) = ν(A).

Example 1.3.2 (Choice with replacement) Consider the four el-
ements set X = {rr, rb, br, bb} and h, k two positive integers. Define
ν : X → [0, 1] by setting

ν(rr) =
h2

(h + k)2
, ν(rb) = ν(br) =

hk

(h + k)2
and ν(bb) =

k2

(h + k)2
.

It is immediate to check that (X, ν) is a probability space. Set A =
{rb, rr} and B = {br, rr}. Then

ν(A ∩B) = ν(A)ν(B) ≡ h2

(h + k)2
,

in other words the events A and B are independent.
This probability space described above serves as a model for the fol-

lowing process. Consider an urn with h red balls and k blue balls. A
choice with replacement consists in picking up two balls from the urn
subject to the restriction that the second ball is chosen only after the
first ball is put back into the urn. Then the set of all four possible out-
comes of the extraction can be identified with the set X: for instance we
associate with the event that the first ball chosen is red and the second
one is blue the element rb ∈ X. This way the sets A and B correspond
to the result of the first chosen ball and the second chosen ball to be
red, respectively. Moreover, taking into account Example 1.3.1, we may
observe that ν(rb) is given by the product of the probability to choose
a red ball with the probability to choose a blue ball.

Example 1.3.3 (Choice without replacement) In the preceding
model, suppose the second ball is chosen without replacement of the first
ball.

As before X = {rr, rb, br, bb} denotes the set of all four possible out-
comes of this extraction and ν, the associated probability on X, is now
defined by

ν(rr) =
h(h− 1)

(h + k)(h + k − 1)
, ν(rb) = ν(br) =

hk

(h + k)(h + k − 1)
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and

ν(bb) =
k(k − 1)

(h + k)(h + k − 1)
.

With A and B as in the previous example, we have

ν(B|A) =
h− 1

h + k − 1
�= h

h + k
= ν(B)

and A and B are no longer independent.

Let X and Y be two finite sets and μ a probability measure on Y .
A function ξ : Y → X is called a random variable. For x ∈ X, we set
μ{ξ = x} = μ({y ∈ Y : ξ(y) = x}).

Given random variables ξ1, ξ2, . . . , ξn : Y → X, we say that they are
(collectively) independent if

μ{ξ1 = x1, ξ2 = x2, · · · , ξn = xn} = μ{ξ1 = x1}μ{ξ2 = x2}
· · ·μ{ξn = xn}

where, for x1, x2, . . . , xn ∈ X, μ{ξ1 = x1, ξ2 = x2, · · · , ξn = xn} =
μ({y ∈ Y : ξi(y) = xi, i = 1, 2, . . . , n}).

Example 1.3.4 (The Bernoulli scheme) Let ν be a probability
measure on a finite set X. Denote by X(n) = X×X×· · ·×X (n times)
the nth cartesian product of X and by μ = ν(n) the corresponding nth
fold product measure defined by

ν(n)(x1, x2, . . . , xn) = ν(x1)ν(x2) · · · ν(xn).

If ξj : X(n) → X denotes the jth projection, namely ξj(x) = xj

for all x = (x1, x2, . . . , xn), then the random variables ξ1, ξ2, . . . , ξn are
independent.

Indeed

ν(n){ξ1 = x1, ξ2 = x2, · · · , ξn = xn} = ν(n)(x1, x2, · · · , xn)

= ν(x1)ν(x2) · · · ν(xn)

and

ν(n){ξj= xj}=
∑

x1,x2,...,xj−1,
xj+1,...,xn∈X

ν(x1)ν(x2) · · · ν(xj−1)ν(xj)ν(xj+1) · · · ν(xn)

= ν(xj)
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so that

ν(n)(ξ1 = x1)ν(n)(ξ2 = x2) · · · ν(n)(ξn = xn) = ν(x1)ν(x2) · · · ν(xn).

The Bernoulli scheme is the model of an experiment in which we
choose n times an element of X according to the same probability distri-
bution ν on X; see also Example 1.3.2. Usually, in the Bernoulli scheme,
one considers infinite sequences ξ1, ξ2, . . . , ξn, . . . of random variables; to
treat this infinite setting one needs the full strength of measure theory
(X(n) is then replaced by X(∞) the set of all infinite sequences in X),
[27].

A stochastic matrix P = (p(x, y))x,y∈X on X is a real valued matrix
indexed by X such that

• p(x, y) ≥ 0 for all x, y ∈ X

•
∑

y∈X p(x, y) = 1 for all x ∈ X.

If ξ1, ξ2, . . . , ξn : Y → X are random variables and μ{ξ1 = x1, ξ2 =
x2, . . . , ξn−1 = xn−1} > 0, we set

μ(ξn = xn|ξ1 = x1, ξ2 = x2, . . . , ξn−1 = xn−1)

=
μ{ξ1 = x1, ξ2 = x2, . . . , ξn = xn}

μ{ξ1 = x1, ξ2 = x2, . . . , ξn−1 = xn−1}
.

Definition 1.3.5 (Markov chain) Let X be a finite set, ν a probability
distribution on X and P a stochastic matrix on X. A (homogeneous)
Markov chain with state space X, initial distribution ν and transition
matrix P is a finite sequence ξ0, ξ1, . . . , ξn : Y → X of random variables,
where (Y, μ) is a finite measure space, satisfying the following conditions:

μ{ξ0 = x} = ν(x)

μ(ξk+1 = xk+1|ξ0 = x0, ξ1 = x1, . . . , ξk = xk) = p(xk, xk+1)

for all k = 0, 1, . . . , n − 1 and x, x1, x2, . . . , xn ∈ X such that μ{ξ0 =
x0, ξ1 = x1, . . . , ξk = xk} > 0.

When the initial distribution ν equals a Dirac measure δx one says
that the Markov chain starts (deterministically) at x.

Theorem 1.3.6 A sequence ξ0, ξ1, . . . , ξn : Y → X is a Markov chain
with initial probability distribution ν and transition matrix P if and only
if for all x0, x1, . . . , xn ∈ X one has
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μ{ξ0 = x0, ξ1 = x1, . . . , ξn = xn} = ν(x0)p(x0, x1)p(x1, x2)
· · · p(xn−1, xn). (1.4)

In particular,

μ{ξk = x} =
∑

x0,x1,...,xk−1∈X

ν(x0)p(x0, x1)p(x1, x2) · · · p(xk−1, x),

that is μ{ξk = x} = ν(k)(x), where
(
ν(k)

)T
= νT P k (as in (1.2)) for

k = 0, 1, . . . , n and

μ(ξk+1 = xk+1|ξ0 = x0, ξ1 = x1, . . . , ξk = xk) = μ(ξk+1 = xk+1|ξk = xk).

The last condition expresses the fact that if the present ξk is known,
then the future ξk+1 does not depend on the past ξ0, ξ1, . . . , ξk−1.

Proof Suppose that ξ0, ξ1, . . . , ξn : Y → X is a Markov chain with initial
probability distribution ν and transition matrix P . Then by the Bayes
sequential formula (1.3) we have

μ{ξ0 = x0, ξ1 = x1, . . . , ξn = xn}
= μ{ξ0 = x0}μ(ξ1 = x1|ξ0 = x0)
· μ(ξ2 = x2|ξ0 = x0, ξ1 = x1)
· · · · μ(ξn = xn|ξ0 = x0, ξ1 = x1, . . . , ξn−1 = xn−1)

= ν(x0)p(x0, x1)p(x1, x2) · · · p(xn−1, xn).

Conversely, if (1.4) holds, then summing over xn ∈ X, as P is stochastic,
we get

μ{ξ0 = x0, ξ1 = x1, . . . , ξn−1 = xn−1} = ν(x0)p(x0, x1)p(x1, x2)
· · · p(xn−2, xn−1).

Continuing this way, one gets

μ{ξ0 = x0, ξ1 = x1, . . . , ξk = xk}= ν(x0)p(x0, x1)p(x1, x2) · · · p(xk−1, xk)

for all k = 0, 1, . . . , n.
Therefore μ{ξ0 = x0} = ν(x0) and, for k = 0, 1, . . . , n− 1,

μ(ξk+1 = xk+1|ξ0 = x0, ξ1 = x1, . . . , ξk = xk)

=
μ{ξ0 = x0, ξ1 = x1, . . . , ξk+1 = xk+1}

μ{ξ0 = x0, ξ1 = x1, . . . , ξk = xk}
= p(xk, xk+1)

and the theorem is proved.
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Remark 1.3.7 The term homogeneous in Definition 1.3.5 refers to the
fact that in

μ(ξk+1 = xk+1|ξk = xk) = p(xk, xk+1)

the matrix P is the same for all k’s. In the nonhomogeneous case, the
matrix P varies: for each k there is a transition matrix Pk. In the
following we shall only consider homogeneous Markov chains.

Example 1.3.8 This is the basic measure theoretic construction in the
theory of Markov chains (we describe it only in our simplified setting).

Let (X, ν) be a finite measure space and P be a stochastic matrix
indexed by X.

Take Y = X(n+1) = {(x0, x1, . . . , xn) : xj ∈ X} and set

μ(x0, x1, . . . , xn) = ν(x0)p(x0, x1)p(x1, x2) · · · p(xn−1, xn).

It is easy to show that μ is a probability measure on Y . Denoting, as
in Example 1.3.4, by ξj : Y → X the projection relative to the jth
component, we have

μ{ξ0 = x} = μ{(x0, x1, . . . , xn) : x0 = x}

=
∑

x1,x2,...,xn∈X

ν(x)p(x, x1)p(x1, x2) · · · p(xn−1, xn)

= ν(x)

and

μ(ξk+1 = x|ξk = x) =
μ{(x0, x1, . . . , xn) : xk = x, xk+1 = x}

μ{(x0, x1, . . . , xn) : xk = x}

=

∑
x0,x1,...,xk−1
xk+2,...,xn∈X

[ν(x0)p(x0, x1) · · · p(xk−1, x) · p(x, x′)·∑
x0,x1,...,xk−1
xk+1,...,xn∈X

[ν(x0)p(x0, x1)· · · p(xk−1, x) · p(x, xk+1)·

· p(x′, xk+2) · · · p(xn−1, xn)]
p(xk+1, xk+2) · · · p(xn−1, xn)]

=

(∑
x0,x1,...,xk−1∈X ν(x0)p(x0, x1) · · · p(xk−1, x)

)
p(x, x′)∑

x0,x1,...,xk−1∈X ν(x0)p(x0, x1) · · · p(xk−1, x)

= p(x, x′).

Usually, as we alluded to above, in the definition of a Markov chain
and in the construction in Example 1.3.8, one considers infinite sequences
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ξ0, ξ1, . . . , ξn, . . . and (x0, x1, . . . , xn, . . .); see, for a detailed account on
measure theory, Shiryaev’s book [199] and, for more on Markov chains,
the books by Billingsley [27] and Stroock [215]. For the point of view of
ergodic theory and dynamical systems we refer to Petersen’s monograph
[177]

In this book we are mainly interested in the asymptotic behavior of
the distributions ν(k)’s as k → ∞. The simplified approach will largely
suffice in this setting.

A more intuitive description of a Markov chain is the following. Time
is discrete, namely t = 0, 1, 2, . . . . At time t = 0 we choose a point in
X according to the initial distribution ν (i.e. x ∈ X is chosen with
probability v(x)). Then, if at time t we are at point x ∈ X, at time t+1
we move to y ∈ X with probability p(x, y).

This way, ν(x0)p(x0, x1)p(x1, x2) · · · p(xn−1, xn) represents the prob-
ability of the path (x0, x1, . . . , xn) ∈ X(n) among all paths of the same
length n.

Setting ν(0) = ν and, for all k = 1, 2, . . .,

ν(k)(x) =
∑

x0,x1,...,xk−1∈X

ν(x0)p(x0, x1)p(x1, x2) · · · p(xk−1, x)

=
∑

x0∈X

ν(x0)p(k)(x0, x),

then μ{ξk = x} = ν(k)(x), that is ν(k) is the distribution probability
after k steps (at time t = k): ν(k) represents the probability of being in
state x after k steps (at time t = k).

Remark 1.3.9 In the following we will identify a Markov chain with an
initial probability distribution ν and a transition matrix P on a finite
space X. We also say that {ν(k)}k∈N is the sequence of probability
distributions of the Markov chain.

For the four basic examples in Section 1.2 we have:

1. X = Cn, ν = δ0, p(j, j + 1) = 1
2 = p(j + 1, j) and p(i, j) = 0,

otherwise, for i, j = 0, 1, . . . , n− 1.
2. X = Qn, ν = δA0 , where A0 = {1, 2, . . . , n}, p(A, B) = 1

n if
either A ⊂ B and |B| = |A|+1, or B ⊂ A and |A| = |B|+1, and
p(A, B) = 0 otherwise.

3. X = Ωn, ν = δA0 , where A0 = {1, 2, . . . , n}, p(A, B) = 1
n2 if

|A ∩B| = n− 1 and p(A, B) = 0 otherwise.
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4. X = Sn, ν = δ1, where 1 denotes the unit element of Sn,

p(g, h) =

⎧⎪⎪⎨⎪⎪⎩
2

n2 if hg−1 ∈ Tn

1
n if g = h

0 otherwise,

where Tn denotes the set of all transpositions in Sn.

1.4 Convergence to equilibrium

Let P = (p(x, y))x,y∈X be a stochastic matrix. A stationary distribution
for P is a probability measure π on X such that

πT = πT P

that is π(y) =
∑

x∈X π(y)p(x, y) for all y ∈ X.
We say that P is ergodic if there exists n0 ∈ N such that

p(n0)(x, y) > 0 ∀x, y ∈ X. (1.5)

The following is known as “Markov ergodic theorem” or “convergence
to equilibrium theorem” [99, 199]. It shows that under the hypothesis
of ergodicity, the chain has a stationary distribution which is also the
limit of the transition probabilities, that is, it shows that “things really
mix up”.

Theorem 1.4.1 A stochastic matrix P is ergodic if and only if there
exists a strict probability distribution π on X such that

lim
n→∞

p(n)(x, y) = π(y) ∀x, y ∈ X.

In other words, the above limits exist, they are independent of x and
form a strict probability distribution. Moreover, if P is ergodic, then
such a π is the unique stationary distribution for P .

Proof Suppose that P is ergodic and set ε = minx,y∈X p(n0)(x, y), so
that, in virtue of (1.5), one has 0 < ε < 1. Set

M (n)(y) = max
x∈X

p(n)(x, y), m(n)(y) = min
x∈X

p(n)(x, y).
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It is clear that M (n)(y) ≥ m(n)(y). As p(n+1)(x, y) =
∑

z∈X p(x, z)·
p(n)(z, y), one has that

m(n)(y) =
∑
z∈X

p(x, z)m(n)(y) ≤ p(n+1)(x, y) ≤
∑
z∈X

p(x, z)M (n)(y)

= M (n)(y)

so that

M (n+1)(y) ≤ M (n)(y) and m(n+1)(y) ≥ m(n)(y).

This shows that {M (n)(y)}n∈N and {m(n)(y)}n∈N are, for all y ∈ X,
bounded monotone sequences and therefore they converge. Call π1(y)
and π2(y) their limits, respectively. For any r ≥ 0 we have

p(n0+r)(x, y) =
∑
z∈X

p(n0)(x, z)p(r)(z, y)

=
∑
z∈X

[p(n0)(x, z)− εp(r)(y, z)]p(r)(z, y)

+ ε
∑
z∈X

p(r)(y, z)p(r)(z, y)

=
∑
z∈X

[p(n0)(x, z)− εp(r)(y, z)]p(r)(z, y) + εp(2r)(y, y)

≥(∗) m(r)(y)
∑
z∈X

[p(n0)(x, z)− εp(r)(y, z)] + εp(2r)(y, y)

= (1− ε)m(r)(y) + εp(2r)(y, y),

where ≥(∗) follows from

p(n0)(x, z)− εp(r)(y, z) ≥ p(n0)(x, z)[1− p(r)(y, z)] ≥ 0.

It follows that

m(n0+r)(y) ≥ (1− ε)m(r)(y) + εp(2r)(y, y). (1.6)

Analogously, one can prove that

M (n0+r)(y) ≤ M (r)(y)(1− ε) + εp(2r)(y, y). (1.7)

From (1.6) and (1.7) we get

M (n0+r)(y)−m(n0+r)(y) ≤ (1− ε)[M (r)(y)−m(r)(y)]

and iterating

M (kn0+r)(y)−m(kn0+r)(y) ≤ (1− ε)k[M (r)(y)−m(r)(y)] → 0 (1.8)
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as k goes to infinity. Therefore we have

π1(y) = lim
n→∞

M (n)(y) = lim
n→∞

m(n)(y) = π2(y);

call π(y) this common value.
Then from (1.8) we have, with n = kn0 + r and 0 ≤ r < n0

|p(n)(x, y)− π(y)| ≤M (n)(y)−m(n)(y) ≤ (1− ε)[n/n0]−1 (1.9)

and therefore limn→∞ p(n)(x, y) = π(y) for all y ∈ X.
Also, by taking the limit for n →∞ in

p(n+1)(x, y) =
∑
z∈X

p(n)(x, z)p(z, y)

we get

π(y) =
∑
z∈X

π(z)p(z, y)

so that π is stationary for P .
Moreover, as for all n we have

∑
y∈X p(n) (x, y) = 1, we analogously

deduce that
∑

y∈X π(y) = 1; finally as m(n)(y) ≥ m(n0)(y) ≥ ε > 0 for
n ≥ n0, we also have that π is strict.

Conversely, suppose that limn→∞ p(n)(x, y) = π(y) for all x and y ∈
X, with π a strict probability distribution. Then, for every x, y there
exists n0(x, y) such that p(n)(x, y) > 0 for all n ≥ n0(x, y). Taking
n0 = maxx,y∈X n0(x, y) we get that p(n)(x, y) > 0 for all n ≥ n0 and
therefore P is ergodic.

To prove uniqueness, suppose that π′ is another stationary distribu-
tion for an ergodic P . Then

π′(y) =
∑
x∈X

π′(x)p(n)(x, y) →
∑
x∈X

π′(x)π(y) = π(y)

as n →∞, showing that indeed π′ = π.

The significance of this theorem is clear: after sufficiently many steps,
the probability of being in y almost equals π(y) and it is independent of
the initial distribution.

From the proof of the previous theorem we can also extract the fol-
lowing corollary.

Corollary 1.4.2 Let P be an ergodic stochastic matrix and π its sta-
tionary distribution. Then there exist A > 0, 0 < c < 1 and n1 ∈ N such
that, for all n ≥ n1,

max
x,y∈X

|p(n)(x, y)− π(y)| ≤ A(1− c)n.
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Proof This is an immediate consequence of (1.9). Indeed, if n = n0k+r

with 0 ≤ r < n0, then n
n0

= k + r
n0

and

(1− ε)[n/n0]−1 = (1− ε)k−1 = (1− ε)
n

n0
− r

n0
−1

= (1− ε)− r
n0

−1[(1− ε)
1

n0 ]n

so that we can take A = (1− ε)−2, 1− c = (1− ε)
1

n0 and n1 = n0.

Exercise 1.4.3 Let p be the transition probability kernel for the sim-
ple random walk on the discrete circle C2m+1. Using the estimate in
Corollary 1.4.2 show that

max
y∈X

|p(k)(x, y)− π(y)| ≤ 2e− k

m22m+1

for k ≥ m where π(x) = 1
2m+1 .

We do not go further into the general theory of finite Markov chains.
In the following sections we concentrate on a special class of Markov
chains that have a good spectral theory. For nice expositions of the
general theory we refer to the monographs by Behrends [18], Bremaud
[32], Durrett [81], Häggström [116], Kemeny and Snell [142], Seneta
[195], Shiryaev [199] and Stroock [215].

1.5 Reversible Markov chains

Definition 1.5.1 Given a stochastic matrix P , we say that P is re-
versible if there exists a strict probability measure π on X such that

π(x)p(x, y) = π(y)p(y, x) (1.10)

for all x, y ∈ X. We also say that P and π are in detailed balance.

The following characterization of reversibility was kindly indicated to
us by Pierre de la Harpe (it corresponds to Exercise 5.8.1 in [20]).

Proposition 1.5.2 A stochastic matrix P = (p(x, y))x,y∈X is reversible
if and only if the following two conditions hold:

(i) if p(x, y) �= 0 then p(y, x) �= 0, for all x, y ∈ X;
(ii) for any n ∈ N and for any choice of x0, x1, . . . , xn ∈ X one has

p(x0, x1) · · · p(xn−1, xn)p(xn, x0) = p(x0, xn)p(xn, xn−1)

· · · p(x1, x0). (1.11)
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Proof We first observe that the condition (1.10) defining reversibility is
equivalent to

p(y, x) =
π(x)
π(y)

p(x, y) (1.12)

for all x, y ∈ X, which, in case p(x, y) �= 0 becomes

p(y, x)
p(x, y)

=
π(x)
π(y)

. (1.13)

Suppose that P is reversible and that π is a strict probability on X

in detailed balance with P . Then (i) follows immediately from (1.12).
To prove (ii), by (i) we can suppose that in (1.11) one has p(xi, xi±1) �=

0 for all i = 0, 1, . . . , n mod n + 1. Then (1.11) is equivalent to

p(x0, x1)
p(x1, x0)

p(x1, x2)
p(x2, x1)

· · · p(xn−1, xn)
p(xn, xn−1)

p(xn, x0)
p(x0, xn)

= 1.

which, by virtue of (1.13), becomes

π(x1)
π(x0)

π(x2)
π(x1)

· · · π(xn)
π(xn−1)

π(x0)
π(xn)

= 1 (1.14)

which is trivially satisfied.
Conversely, suppose that P satisfies conditions (i) and (ii). Consider

the relation ∼ in X defined by setting x ∼ y if either x = y or there
exist x0, x1, . . . , xn ∈ X such that x0 = x, xn = y and p(xi, xi+1) �= 0
for i = 0, 1, . . . , n − 1. Note that by (i) this is an equivalence relation.
Let then X = X1 ∐X2 ∐ · · ·

∐
XN denote the corresponding partition

of X induced by ∼.
For i ∈ {1, 2, . . . , N} fix xi

0 ∈ Xi and set Xi
0 = {xi

0},

Xi
1 = {x1 ∈ Xi \Xi

0 : p(xi
0, x1) �= 0}

and, more generally,

Xi
n+1 = {xn+1 ∈ Xi \ (Xi

0

∐
Xi

1

∐
· · ·

∐
Xi

n) :

∃xn ∈ Xi
n s.t. p(xn+1, xn) �= 0}.

Then Xi = Xi
0
∐

Xi
1
∐
· · ·

∐
Xi

Ni
for some Ni ∈ N. Set π(xi

0) = 1,

π(x1) =
p(xi

0, x1)
p(x1, xi

0)

for all x1 ∈ Xi
1 and, more generally, for all xn ∈ Xi

n, n ≤ Ni,

π(xn) =
p(xi

0, x1)
p(x1, xi

0)
p(x1, x2)
p(x2, x1)

· · · p(xn−2, xn−1)
p(xn−1, xn−2)

p(xn−1, xn)
p(xn, xn−1)

(1.15)



1.5 Reversible Markov chains 23

where xj ∈ Xi
j and xj ∼ xj+1 for all j = 1, 2, . . . , n − 1. Note that by

virtue of (1.14) the definition of (1.15) is well posed (it does not depend
on the particular choice of the chain xi

0 ∼ x1 ∼ x2 ∼ · · · ∼ xn−1 ∼ xn).
Set c =

∑
x∈X π(x) and define π = 1

cπ. By construction one has
π(x) > 0 for all x ∈ X and

∑
x∈X π(x) = 1. In other words, π is a strict

probability on X. We are only left to show that P and π are in detailed
balance.

Let x, y ∈ X. If p(x, y) = 0 then, recalling (i), (1.10) is trivially
satisfied. Otherwise, there exist 0 ≤ i ≤ N and 0 ≤ n ≤ Ni − 1 such
that x, y ∈ Xi and, up to exchanging x with y, we may suppose that
x ∈ Xi

n, y ∈ Xi
n+1. But then, if xn = x, xn+1 = y, xj ∈ Xi

j and
xj ∼ xj+1 for all j = 1, 2, . . . , n− 1,

π(x)p(x, y) =
1
c

p(xi
0, x1)

p(x1, xi
0)

p(x1, x2)
p(x2, x1)

· · · p(xn−1, xn)
p(xn, xn−1)

p(xn, xn+1)

=
1
c

p(xi
0, x1)

p(x1, xi
0)

p(x1, x2)
p(x2, x1)

· · · p(xn−1, xn)
p(xn, xn−1)

p(xn, xn+1)
p(xn+1, xn)

p(xn+1, xn)

= π(y)p(y, x)

and this ends the proof.

Set 〈f1, f2〉π =
∑

x∈X f1(x)f2(x)π(x) and define a linear operator P :
L(X) → L(X) by setting (Pf)(x) =

∑
y∈X p(x, y)f(y) for all f1, f2, f ∈

L(X).

Proposition 1.5.3 P and π are in detailed balance if and only if P is
self-adjoint with respect to the scalar product 〈·, ·〉π.

Proof Let f1, f2 ∈ L(X). Then, supposing that P and π are in detailed
balance, we have

〈Pf1, f2〉π =
∑
x∈X

⎡⎣∑
y∈X

p(x, y)f1(y)

⎤⎦ f2(x)π(x)

=
∑
x∈X

∑
y∈X

π(x)p(x, y)f1(y)f2(x)

=
∑
x∈X

∑
y∈X

π(y)p(y, x)f1(y)f2(x)

= 〈f1, Pf2〉π.
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Conversely, supposing that P is selfadjoint, one easily checks that, for
all x, y ∈ X,

π(x)p(x, y) = 〈Pδy, δx〉π = 〈δy, P δx〉π = π(y)p(y, x).

Remark 1.5.4 Suppose now that P and π are in detailed balance, so
that, by the above proposition, P is selfadjoint. From classical linear
algebra, we deduce that the real matrix P can be diagonalized over the
reals, that is there exist real valued eigenvalues {λx : x ∈ X} and a real
matrix U = (u(x, y))x,y∈X such that{ ∑

y∈X p(x, y)u(y, z) = u(x, z)λz∑
x∈X u(x, y)u(x, z)π(x) = δy(z).

(1.16)

Note that we use the set X to parameterize the eigenvalues only to
simplify the notation.

The first equation in (1.16) tells us that each column of U (that is,
each function y �→ u(y, z)) is an eigenvector of P ; the second one tells
us that these columns are orthogonal with respect to 〈·, ·〉π.

Setting Δ = (λxδx(y))x,y∈X (the diagonal matrix of the eigenvalues)
and D = (π(x)δx(y))x,y∈X (the diagonal matrix of coefficients of π)
and denoting by I = (δx(y))x,y∈X the identity matrix, (1.16) may be
rewritten in the form {

PU = UΔ
UT DU = I.

(1.17)

The following proposition explains how one obtains the powers of the
transition matrix P using its spectral analysis in (1.16) and (1.17).

Proposition 1.5.5 p(n)(x, y) = π(y)
∑

z∈X u(x, z)λn
z u(y, z).

Proof From the orthogonality relations (namely the second equation in
(1.17)) we can deduce the following dual orthogonality relations: UT D

is the inverse of U and therefore UUT D = I, that is,∑
y∈X

u(x, y)u(z, y) =
1

π(z)
δz(x). (1.18)

Then from PU = UΔ we get P = UΔUT D, that is,

p(x, y) = π(y)
∑
z∈X

u(x, z)λzu(y, z). (1.19)
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Iterating this argument we have

Pn = UΔnUT D, (1.20)

which coincides with the formula in the statement.

Example 1.5.6 (Two state Markov chains) Suppose that X =
{0, 1}. Then a stochastic matrix on X is necessarily of the form

P =
(

p(0, 0) p(0, 1)
p(1, 0) p(1, 1)

)
=

(
1− p p

q 1− q

)
with 0 ≤ p, q ≤ 1. This transition matrix is reversible if and only if it is
trivial or 0 < p, q: indeed in the second case it is easy to check that P

is in detailed balance with the distribution π given by π(0) = q
p+q and

π(1) = p
p+q .

It is easy to check that P is ergodic if and only if 0 < p, q and
min{p, q} < 1 and that this is in turn equivalent to the conditions
0 < p, q and |1− p− q| < 1. Setting

U =

⎛⎝ 1
√

p
q

1 −
√

q
p

⎞⎠
then U is the matrix whose columns are the eigenvectors of P and are
orthonormal with respect to the scalar product 〈·, ·〉π (see (1.16)) which
in the present case is given by

〈(f(0), f(1)) , (g(0), g(1))〉π =
f(0)g(0)q + f(1)g(1)p

p + q
.

The corresponding eigenvalues are λ0 = 1 and λ1 = 1− p− q.

Then, with Δ =
(

1 0
0 1− p− q

)
and D =

(
q

p+q 0
0 p

p+q

)
, the

formula P k = UΔkUT D (cf. (1.20)), becomes

P k =

(
q

p+q + p
p+q (1− p− q)k p

p+q −
p

p+q (1− p− q)k

q
p+q −

q
p+q (1− p− q)k p

p+q + q
p+q (1− p− q)k

)
. (1.21)

We end this section by giving the first elementary property of the
spectrum of P (note that actually this property does not require re-
versibility).

Proposition 1.5.7 1 is always an eigenvalue of P . Moreover, if λ is
another eigenvalue then |λ| ≤ 1.
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Proof It is obvious that P1 = 1, showing that 1 is an eigenvalue (we
recall that 1 is the characteristic function of X; see Section 1.1). Suppose
now that Pf = λf with f nontrivial. Choose x ∈ X such that |f(x)| ≥
|f(y)| for all y ∈ X (X is finite). Then

|λf(x)| = |
∑
y∈X

p(x, y)f(y)| ≤
∑
y∈X

p(x, y)|f(y)|

≤ |f(x)|
∑
y∈X

p(x, y) = |f(x)|

and therefore |λ| ≤ 1.

In the following two sections we shall explore the geometrical structure
underlying a reversible Markov chain in order to derive other properties
of its spectrum.

1.6 Graphs

A simple, undirected graph with loops is a couple G = (X, E) where X is
a set of vertices and E is a family of unordered pairs {x, y} of elements
of X possibly collapsing to a singleton (namely when x = y), which is
called the set of edges. In other words if Ω denotes the family of all
2−subsets of X, then E might be identified with a subset of Ω

∐
X.

Usually we simply say that X is a graph with edge set E. If {x, y} ∈ E,
x and y are called neighbors or adjacent and we write x ∼ y. We also
say that the vertices x and y are incident with the edge {x, y} and
that {x, y} joins x and y. Moreover if x ∼ x we say that {x} is a
loop.

The degree of a vertex x is the number edges that are incident to x;
in symbols deg x = |{y ∈ X : y ∼ x}|. When deg x = d is constant and
the graph has no loops we say that the graph is regular of degree d.

Example 1.6.1 Figure 1.9 represents the graph with vertex set V =
{x, y, z} and edge set E = {{x, y}, {y, z}, {z}}. Observe that deg x = 1,
deg y = deg z = 2.

Given a graph G = (X, E), a path in G is a sequence p = (x0, x1, . . . , xn)
of vertices such that xi ∼ xi+1 for all i = 0, 1, . . . , n− 1. The vertices x0

and xn are called the initial and terminal vertices of p, respectively,
and one says that p connects them. If x0 = xn one says that the
path is closed. Moreover the length of the path p is the nonnegative
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y

x z

Figure 1.9.

number |p| = n. The inverse of a path p = (x0, x1, . . . , xn) is the path
p−1 = (xn, xn−1, . . . , x1, x0); note that |p−1| = |p|. Given two paths
p = (x0, x1, . . . , xn) and p′ = (y0, y1, . . . , ym) with xn = y0 we define
their composition as the path p · p′ = (x0, x1, . . . , xn = y0, y1, . . . , ym);
note that |p · p′| = |p|+ |p′|.

For x, y ∈ X say that x ∼= y if there exists a path connecting them:
clearly ∼= is an equivalence relation. The equivalence classes are called
the connected components of G. G is connected if there exists a unique
connected component, in other words if given two vertices in X there
exists a path connecting them; in this case, the geodesic distance d(x, y)
of two vertices is the minimal length among the paths connecting x

and y.
A graph G = (X, E) is bipartite if there exists a nontrivial parti-

tion X = X0
∐

X1 of the set of vertices such that E ⊆ {{x0, x1} :
x0 ∈ X0, x1 ∈ X1}, that is every edge joins a vertex in X0 with a ver-
tex in X1. Note that a bipartite graph has no loops and that, if G is
connected, then the partition of the set of vertices is unique.

Example 1.6.2 Figure 1.10 shows the bipartite graph G = (X, E) with
vertex set X = X0

∐
X1, where X0 = {x, y} and X1 = {u, v, z}, and

edge set E = {{x, u}, {x, v}, {y, v}, {y, z}}.

y

x

z

v

u

Figure 1.10.
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Exercise 1.6.3 A graph G = (X, E) is bipartite if and only if it is
bicolorable, i.e. there exists a map φ : X → {0, 1} such that x ∼ y infers
φ(x) �= φ(y).

Proposition 1.6.4 Let G = (X, E) be a connected graph. The following
conditions are equivalent.

(i) G is bipartite;
(ii) every closed path in G has even length;
(iii) there exists x0 ∈ X such that every closed path containing x0 has

even length;
(iv) given x, y ∈ X, then for all paths p connecting x and y one has

|p| ≡ d(x, y) mod 2, that is |p| − d(x, y) is even.

Proof Suppose that G is bipartite and let X = X0
∐

X1 the correspond-
ing partition of the vertices. Let p = (x0, x1, . . . , xn) be a closed path.
Without loss of generality we may suppose that x0 ∈ X0. But then
x1 ∈ X1, x2 ∈ X0 and, more generally, x2i ∈ X0 and x2i+1 ∈ X1 for all
i’s. Since xn = x0 we necessarily have that n = |p| is even. This shows
(i) ⇒ (ii).

(ii) ⇒ (iii) is trivial.
To show that (iii) ⇒ (i) define X0 = {x ∈ X : d(x, x0) is even}

and X1 = {x ∈ X : d(x, x0) is odd}. We are left to show that if
y, y′ ∈ X0 then y �∼ y′. Indeed if p = (x0, x1, . . . , x2n = y) and
p′ = (x0, x

′
1, . . . , x

′
2m = y′) are two paths connecting x0 with y and

y′, respectively, then, if y ∼ y′ and setting q = (y, y′) we have that the
composed path p · q · (p′)−1 is a closed path of odd length containing x0,
contradicting the hypothesis. The same arguments hold for X1.

(iv) ⇔ (ii): let p′ be a minimal path connecting x and y, so that
|p′| = d(x, y); let p be another path connecting x and y. Then |p′|+ |p| =
|p′| + |p−1| = |p′ · p−1| ≡ 0 mod 2 as p′ · p−1 is a closed path. This
completes the proof.

1.7 Weighted graphs

Let G = (X, E) be a graph. A weight on G is a function w : X ×X →
[0, +∞) such that for x, y ∈ X{

w(x, y) = w(y, x) (symmetry)
w(x, y) > 0 if and only if x ∼ y.
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In other words, w is a function that assigns to each edge {x, y} ∈ E a
positive number, namely w(x, y). We then say that G = (X, E, w) is a
weighted graph.

With a weight w we associate a stochastic matrix P = (p(x, y))x,y∈X

on X by setting

p(x, y) =
w(x, y)
W (x)

where W (x) =
∑

z∈X w(x, z).
The corresponding Markov chain (whatever the initial distribution is)

is called a random walk on the weighted graph G.
P is reversible; it is in detailed balance with the distribution π defined

by

π(x) =
W (x)

W

where W =
∑

z∈X W (z).
Indeed, for all x, y ∈ X we have

π(x)p(x, y) =
W (x)

W
· w(x, y)

W (x)
=

w(x, y)
W

=
w(y, x)

W
= π(y)p(y, x).

Also note that if X does not have isolated vertices (that is vertices
that are not incident to any other vertex), then π(x) > 0 for all x ∈
X. Conversely, suppose that X is a set and P a transition matrix
on X in detailed balance with a strict probability measure π. Setting
w(x, y) = π(x)p(x, y) we have that π(x)p(x, y) = π(y)p(y, x) implies
w(x, y) = w(y, x) and taking E = {{x, y} : w(x, y) > 0} we have that
G = (X, E, w) is a weighted graph.

This shows that reversible Markov chains are essentially the same
thing as random walks on weighted graphs.

Exercise 1.7.1 Show that the two state Markov chain in Example 1.5.6
may be obtained by considering the weight function given by w(0, 0) =
q(1−p)

p+q , w(0, 1) = w(1, 0) = pq
p+q and w(1, 1) = p(1−q)

p+q on the graph in
Figure 1.11.

0 1

Figure 1.11.
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Remark 1.7.2 Every graph G = (X, E) can be given the trivial weight
w(x, y) = 1 if x ∼ y and w(x, y) = 0, otherwise; in this case, we refer to
G as to an unweighted graph.

In what follows G = (X, E, w) is a finite weighted graph and P the
associated transition matrix. We denote by σ(P ) = {λ ∈ C : det(P −
λI) = 0} (in other words, the set of all eigenvalues of P ) the spectrum of
P . The multiplicity of an eigenvalue λ ∈ σ(P ) of P equals the dimension
of the eigenspace Vλ = {f ∈ L(X) : Pf = λf}. We recall (see (1.16))
that each Vλ has a basis consisting of real valued functions. Note that
one can also write (Pf)(x) =

∑
y∈X:
y∼x

p(x, y)f(y).

Proposition 1.7.3 Let G = (X, E, w) be a finite weighted graph. The
multiplicity of the eigenvalue 1 of the transition matrix P equals the
number of connected components of G. In particular, the multiplicity of
1 is one if and only if G is connected.

Proof It is obvious that if f is constant in each connected component,
then Pf = f . Conversely, suppose that Pf = f with f ∈ L(X) non-
identically zero and real valued. Let X0 ⊂ X be a connected component
of G and denote by x0 ∈ X0 a maximum point for |f | in X0, i.e. |f(x0)| ≥
|f(y)| for all y ∈ X0; we may suppose, up to passing to −f , that f(x0) ≥
0. Then f(x0) =

∑
y∈X0

p(x0, y)f(y) and as
∑

y∈X0
p(x0, y) = 1 we have∑

y∈X0
p(x0, y)[f(x0) − f(y)] = 0. Since p(x0, y) ≥ 0 and f(x0) ≥ f(y)

for all y ∈ X0, we deduce that f(y) = f(x0) for all y ∼ x0. Let now
z ∈ X0; then, by definition, there exists a path p = (x0, x1, . . . , xn = z)
connecting x0 to z. In the previous step we have established that f(x1) =
f(x0) ≥ f(y) for all y ∈ X0 so that we can iterate the same argument
to show that f(x0) = f(x1) = f(x2) = · · · = f(xn−1) = f(xn) = f(z)
i.e. f is constant in X0. This shows that f is constant on the connected
components of X and this ends the proof.

Note that connectedness is a structural property of G and therefore
the multiplicity of the eigenvalue 1 of P does not depend on the specific
(positive) values of the weight w.

The following proposition provides another example of a structural
(geometrical) property that reflects on the spectral theory of the graph
independently on the weight function.

Proposition 1.7.4 Let G = (X, E, w) be a finite connected weighted
graph and denote by P the corresponding transition matrix. Then the
following are equivalent:
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(i) G is bipartite;

(ii) the spectrum σ(P ) is symmetric: λ ∈ σ(P ) if and only if −λ ∈
σ(P );

(iii) −1 ∈ σ(P ).

Proof Suppose that G is bipartite with X = X0
∐

X1 and that Pf = λf .
Set f̃(x) = (−1)jf(x) for x ∈ Xj , j = 0, 1. Then, for x ∈ Xj we have:

[P f̃ ](x) =
∑

y:y∼x

p(x, y)f̃(y)

= (−1)j+1
∑

y:y∼x

p(x, y)f(y)

= (−1)j+1λf(x)

= −λf̃(x).

We have shown that is λ is an eigenvalue for f , then −λ is an eigenvalue
for f̃ ; this gives the implication (i) ⇒ (ii).

(ii) ⇒ (iii) is obvious.

(iii) ⇒ (i): suppose that Pf = −f with f nontrivial and real valued.
Denote by x0 ∈ X a point of maximum for |f |; then, up to switching f

to −f , we may suppose that f(x0) > 0. We then have that −f(x0) =∑
y:y∼x0

p(x0, y)f(y) infers
∑

y:y∼x0
p(x0, y)[f(x0)+ f(y)] = 0 and since

f(x0) + f(y) ≥ 0 we deduce f(y) = −f(x0) for all y ∼ x0. Set Xj =
{y ∈ X : f(y) = (−1)jf(x0)} for j = 0, 1. Arguing as in the proof of the
previous proposition, we see that X = X0

∐
X1: indeed X is connected

and if p = (x0, x1, . . . , xm) is a path, then f(xj) = (−1)jf(x0). Finally
if y ∼ z we clearly have f(y) = −f(z) so that X is bipartite. This ends
the proof.

Remark 1.7.5 We observe that for x, y ∈ X and n ∈ N, one has

p(n)(x, y) =
∑

p(x0, x1)p(x1, x2) · · · p(xn−1, xn) ≥ 0

where the sum runs over all paths p = (x0, x1, . . . , xn) of length n con-
necting x0 = x to xn = y: clearly this sum vanishes if and only if
such paths of length n do not exist. Moreover if p(n0)(x, y) > 0 for
all x, y ∈ X the same holds for all n ≥ n0: indeed p(n0+1)(x, y) =∑

z∈X p(x, z)p(n0)(z, y) > 0 and induction applies.
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Theorem 1.7.6 Let G = (X, E) be a finite graph. Then the following
conditions are equivalent.

(i) G is connected and not bipartite;
(ii) for every weight function on X, the associated transition matrix

P is ergodic.

Proof (ii)⇒ (i): Suppose that for a weight function on X, the associated
transition matrix P is ergodic. This means that there exists n0 > 0 such
that

p(n0)(x, y) > 0 for all x, y ∈ X. (1.22)

Then X is connected: indeed, from (1.22) and Remark 1.7.5, we de-
duce that every two vertices x and y are connected by a path of length
n0.

Analogously, X is not bipartite: for n > n0 one has

p(n)(x, y) =
∑
z∈X

p(n−n0)(x, z)p(n0)(z, y) > 0

showing that there exist both even and odd paths connecting x and y

(compare with Proposition 1.6.4).
Conversely, suppose that X is connected and not bipartite. Denote

by δ = maxx,y∈X d(x, y) the diameter of X. From Proposition 1.6.4 we
know that for each x ∈ X there exists a closed path of odd length starting
and ending at x, call it p(x). Set 2M + 1 = maxx∈X |p(x)|. If z ∼ x,
then, for all n, the path q2n = (x, z, x, z, . . . , x, z, x) has length 2n; thus
the path pm which equals qm if m is even and equals the composition
p(x) · q2t for m = |p(x)| + 2t odd, yields a closed path of any length
m ≥ 2M starting and ending at x.

This implies that for all n ≥ 2M + δ and any x, y ∈ X there exists
a path from x to y of length exactly n: indeed, denoting by px,y a
minimal path connecting x to y, so that |px,y| = d(x, y) ≤ δ, setting
m = n− d(x, y) ≥ 2M we have that pm · px,y (where pm is as above) is
a path of length n connecting x to y.

In virtue of the Remark 1.7.5, we conclude that p(n)(x, y) > 0 for all
x, y ∈ X and n ≥ 2M + δ, that is P is ergodic.

We note that if P is ergodic and in detailed balance with π, then its
stationary distribution coincides with π. Indeed summing over x ∈ X

in π(x)p(x, y) = π(y)p(y, x) we have
∑

x∈X π(x)p(x, y) = π(y) showing
that π is indeed the stationary distribution with respect to P (uniqueness
follows from ergodicity of P ).
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We now present another proof of the Markov ergodic theorem (Theo-
rem 1.4.1) in the case of reversibility for the Markov chain.

Theorem 1.7.7 Let G = (X, E, w) be a connected not bipartite weighted
graph. Let P denote the associated stochastic matrix which is in detailed
balance with the distribution π. Then

lim
n→∞

p(n)(x, y) = π(y)

for all x, y ∈ X.

Proof Recalling the spectral decomposition in Proposition 1.5.5 we have

p(n)(x, y) = π(y)
∑
z∈X

u(x, z)λn
z u(y, z). (1.23)

Since X is connected, by Proposition 1.7.3 the eigenvalue 1 has mul-
tiplicity one; therefore there exists z0 such that λz < λz0 = 1 for all
z �= z0. Moreover u(x, z0) = 1 for all x ∈ X. Since X is not bipartite,
λz > −1 for all z ∈ X. Therefore (1.23) may be rewritten in the form

p(n)(x, y) = π(y) + π(y)
∑

z∈X\{z0}
u(x, z)λn

z u(y, z) (1.24)

and therefore p(n)(x, y) → π(y) for n → ∞ as, for all z �= z0, one has
−1 < λz < 1.

In other words, a reversible transition matrix P is ergodic if and only
if the eigenvalue λ = 1 has multiplicity one and λ = −1 is not an
eigenvalue; moreover, these conditions are equivalent to the convergence
to equilibrium.

Definition 1.7.8 The quantity λ∗ = max {|λz| : z ∈ X \ {z0}} is called
the the second largest eigenvalue modulus. It is clear that λ∗ gives rise
in (1.24) to the slowest term that tends to 0.

1.8 Simple random walks

Let G = (X, E) be a finite graph. If we take on X the trivial weight
function as in Remark 1.7.2 then the associated Markov chain is called
the simple random walk on X. That is, if we are in x we move to a
neighbor y with probability 1

deg x . The associated transition matrix P is
given by
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p(x, y) =

{
1

deg x if x ∼ y

0 otherwise

for all x, y ∈ X, and it is in detailed balance with the measure

π(x) =
deg x∑

y∈X deg y
.

Example 1.8.1 The complete graph Kn on n vertices is the graph whose
vertex set Kn has cardinality n and whose edge set is E = {{x, y} : x, y ∈
Kn, x �= y}: that is two vertices are connected if and only if they are
distinct. Kn is regular: each vertex has degree n− 1.

Figure 1.12. The complete graphs K3, K4 and K5

The transition matrix P of the simple random walk on Kn is given by

p(x, y) =
{ 1

n−1 if x �= y

0 if x = y

and it is in detailed balance with the uniform measure π(x) = 1
n for all

x ∈ Kn. The graph is connected and it is bipartite if and only if n = 2.
Therefore the simple random walk is ergodic for all n ≥ 3. Moreover,
setting W0 = {constant functions on Kn} and W1 = {f : Kn → C :∑

y∈Kn
f(y) = 0} we have:

f ∈W0 ⇒
∑

y∈Kn

p(x, y)f(y) = f(x)

f ∈W1 ⇒
∑

y∈Kn

p(x, y)f(y) =
1

n− 1

∑
y∈Kn
y �=x

f(y)

=
1

n− 1

∑
y∈Kn

f(y)− 1
n− 1

f(x) = − 1
n− 1

f(x).

Therefore
• W0 is an eigenspace of P corresponding to the eigenvalue 1 whose

multiplicity is equal to dimW0 = 1.

• W1 is an eigenspace of P corresponding to the eigenvalue − 1
n−1

whose multiplicity is equal to dimW1 = n− 1.
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Example 1.8.2 (The discrete circle) Example 1.2.1 is also an ex-
ample of a simple random walk on un unweighted graph, that is on Cn.
Note that Cn is connected and, as it consists of a single closed path, it is
bipartite if and only if n is even. Therefore the random walk is ergodic if
and only if n is odd. Its spectrum will be computed in the next chapter.

Example 1.8.3 (The Ehrenfest diffusion model) The Ehrenfest
diffusion model in Example 1.2.2 may be seen as the simple random
walk on the graph whose vertex set is Qn, the set of all subsets of
{1, 2, . . . , n}, and edge set is {{A, B} : |A�B| = |A\B| + |B\A| = 1}.
In other words, we join A and B when there exists j ∈ {1, 2, . . . , n} such
that A = B

∐
{j} or B = A

∐
{j}.

We can give another description of the Eherenfest diffusion model.
Define {0, 1}n = {(a1, . . . , an) : ak ∈ {0, 1}, k = 1, . . . , n} the set of all
binary n-tuples. Then there is a natural bijection

Qn ↔ {0, 1}n

A ↔ (a1, . . . , an) : ak =
{

1 if k ∈ A

0 if k �∈ A.

The Ehrenfenst urn model, using {0, 1}n as the state space, has the
following description: at each time choose a random coordinate, say ak,
and change it (if it is 0, it becomes 1 and vice versa). In the corre-
sponding graph on {0, 1}n, two vertices (a1, . . . , an) and (b1, . . . , bn) are
connected if and only if |{k : ak �= bk}| = 1.

In what follows, we will use indifferently Qn and {0, 1}n to describe
the state space of the Eherenfest urn model; we will usually write Qn

but we will have in mind the identification Qn ↔ {0, 1}n

For n = 1 the graph is simply a segment:

0 1

Figure 1.13(a)

For n = 2 we have a square (it coincides with C4):

0100

10 11

Figure 1.13(b)
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For n = 3 we have a cube:

000 100

101

010

001

011 111

110

Figure 1.13(c)

Therefore Qn is also called the n-dimensional hypercube.
The graph Qn is connected and always bipartite: if we set

X0 = {A ∈ Qn : |A| is even} X1 = {A ∈ Qn : |A| is odd}

then it is clear that two vertices in X0 (or in X1) cannot be connected.
Therefore the simple random walk on Qn is not ergodic. To obviate this
fact, one can consider the following variation of the simple random walk:

p(x, y) =

⎧⎨⎩
1

n+1 if x ∼ y
1

n+1 if x = y

0 otherwise.
(1.25)

That is we add a loop to each vertex in Qn. This is a simple trick that
may be used to deal with random walks on bipartite graphs. The simple
random walk on Qn (without loops) has a simple description in terms
of the urn model: at each stage choose randomly a ball with probability
1
n and move it to the other urn. The Markov chain in (1.25) is a simple
modification: we allow the model to remain in its current state with
probability 1

n+1 . The spectrum of this random walk will be computed
in the next chapter.

Exercise 1.8.4 (1) Show that the Bernoulli–Laplace diffusion model is
a simple random walk on an (unweighted) graph and that it is always
ergodic.

(2) Show that the random transpositions model is a random walk on
a weighted graph with a loop at every vertex and in which the weight
function takes only two values (a value on the loops, the other value on
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the non-loops), that is it is obtained by a simple random walk by adding
a loop at every vertex with the same weight.

The spectrum of the Bernoulli–Laplace diffusion model will be computed
in Chapter 6, while the spectrum of the random transposition model in
Section 10.7.

1.9 Basic probabilistic inequalities

In this section, we want to give some notions and tools for a quantita-
tive study of the convergence to equilibrium distribution for an ergodic
reversible Markov chain. First of all, we introduce a natural distance
between two probability measures; if μ and ν are probability measures
on X their total variation distance is given by

‖μ− ν‖TV = max
A⊆X

∣∣∣∣∣∑
x∈A

(μ(x)− ν(x))

∣∣∣∣∣ ≡ max
A⊆X

|μ(A)− ν(A)|.

It is easy to show that if we denote by ‖μ−ν‖L1(X) the standard L1(X)-
distance i.e. ‖μ− ν‖L1(X) =

∑
x |μ(x)− ν(x)| we have that

‖μ− ν‖TV =
1
2
‖μ− ν‖L1(X). (1.26)

Indeed let B be a subset of X such that ‖μ−ν‖TV =
∣∣∑

x∈B(μ(x)− ν(x))
∣∣.

Then it is clear that μ−ν does not change sign on B and takes the oppo-
site sign on the complement Bc of B. Suppose without loss of generality
that μ − ν is nonnegative on B. Then, using the fact that μ, ν are
probability distributions, we have∑

x∈B

|μ(x)− ν(x)| =
∑
x∈B

(μ(x)− ν(x))

= 1−
∑

x∈Bc

μ(x)− 1 +
∑

x∈Bc

ν(x)

=
∑

x∈Bc

(ν(x)− μ(x))

=
∑

x∈Bc

|μ(x)− ν(x)|

which gives

‖μ− ν‖L1(X) =
∑
x∈B

|μ(x)− ν(x)|+
∑

x∈Bc

|μ(x)− ν(x)| = 2‖μ− ν‖TV .
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It follows that

‖μ− ν‖TV =
1
2

max
φ

∣∣∣∣∣∑
x∈X

(μ(x)− ν(x))φ(x)

∣∣∣∣∣ (1.27)

where the maximum is over all φ : X → C such that |φ(x)| ≤ 1 for all
x ∈ X. Indeed, the maximum is achieved by taking

φ(x) =

{
|μ(x)−ν(x)|
μ(x)−ν(x) if μ(x) �= ν(x)

0 otherwise.

Let P be a reversible transition matrix, in detailed balance with the
strict probability measure π.

For x ∈ X set ν
(k)
x (y) = p(k)(x, y); in other words, ν

(k)
x is the distri-

bution probability after k steps if the initial distribution is δx.
Introduce the scalar product

〈f1, f2〉 1
π

=
∑
x∈X

f1(x)f2(x)
1

π(x)

with the norm ‖f‖21
π

= 〈f, f〉 1
π
. Then we have:

Proposition 1.9.1 Suppose that P is an ergodic reversible Markov chain
in detailed balance with π. With the notation from Theorem 1.7.7, for
every x ∈ X, we have

‖ν(n)
x − π‖21

π
=

∑
z∈X
z �=z0

λ2n
z u(x, z)2.

Proof We recall that λz0 = 1 (see the proof of Theorem 1.7.7). Then,

‖ν(n)
x − π‖21

π
=

∑
y∈X

[
p(n)(x, y)− π(y)

]2 1
π(y)

from (1.24) =
∑
y∈X

π(y)
∑

z1,z2∈X
z1,z2 �=z0

u(x, z1)u(x, z2)λn
z1

λn
z2

u(y, z1)u(y, z2)

=
∑

z1,z2∈X
z1,z2 �=z0

u(x, z1)u(x, z2)λn
z1

λn
z2

∑
y∈X

π(y)u(y, z1)u(y, z2)
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from (1.16) =
∑

z1,z2∈X
z1,z2 �=z0

u(x, z1)u(x, z2)λn
z1

λn
z2

δz1(z2)

=
∑
z∈X
z �=z0

u(x, z)2λ2n
z .

The following corollary is our first version of the celebrated Diaconis–
Shahshahani upper bound lemma.

Corollary 1.9.2 (Upper bound lemma)

‖ν(n)
x − π‖2TV ≤

1
4

∑
z∈X
z �=z0

λ2n
z u(x, z)2.

Proof From (1.26) we have

‖ν(n)
x − π‖2TV =

1
4
‖ν(n)

x − π‖2L1(X)

=
1
4

⎧⎨⎩∑
y∈X

[∣∣∣p(n)(x, y)− π(y)
∣∣∣ 1√

π(y)

]√
π(y)

⎫⎬⎭
2

by Cauchy–Schwarz ≤ 1
4
‖ν(n)

x − π‖21
π

∑
y∈X

π(y)

=
1
4

∑
z∈X
z �=z0

λ2n
z u(x, z)2.

In what follows we show that Corollary 1.9.2 is a good tool to bound
‖ν(n)

x − π‖2TV . Indeed, we will present several examples where also a
lower bound for ‖ν(n)

x − π‖2TV is available and the two estimates agree.

Example 1.9.3 For the two state Markov chain (Example 1.5.6) the
upper bound lemma gives:

‖ν(n)
0 − π‖2TV ≤

1
4
(1− p− q)2n p

q
. (1.28)

By the explicit formula 1.21, ‖ν(n)
0 −π‖2TV = ( p

p+q )2(1− p− q)2n and so
equality holds in (1.21) if and only if p = q.
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A looser bound, that uses only the second largest eigenvalue modu-
lus, namely λ∗ = max {|λz| : z ∈ X \ {z0}} (see Definition 1.7.8), is the
following.

Corollary 1.9.4

‖ν(n)
x − π‖2TV ≤

1− π(x)
4π(x)

|λ∗|2n.

Proof

‖ν(n)
x − π‖2TV ≤

1
4

∑
z∈X\{z0}

λ2n
z u(x, z)2

≤ 1
4
|λ∗|2n

∑
z∈X\{z0}

u(x, z)2

=
1
4
|λ∗|2n

(
1

π(x)
− u(x, z0)2

)
=

1
4
|λ∗|2n

(
1

π(x)
− 1

)
=
|λ∗|2n

4
1− π(x)

π(x)
,

where the first inequality follows from Corollary 1.9.2 and the first
equality from (1.18).

The method in the proof of the previous corollary is an example of
the so-called analytic techniques that will be not treated in our book.
There is a growing literature on this subject; for instance Saloff-Coste’s
lecture notes [184], the book in preparation by Aldous and Fill [2], and
the monographs by Stroock [215], Behrends [18] and Bremaud [32]. A
quick introduction is also available in [60].

We end this section fixing some notation and recalling two inequalities
that will be used to obtain lower bound estimates. Let X be a finite set,
μ a probability measure on X and f a real valued function defined on
X. The mean value of f respect to μ is

Eμ(f) =
∑
x∈X

f(x)μ(x)

and the variance of f respect to μ is

Varμ(f) = Eμ

(
(f − Eμ(f))2

)
≡ Eμ(f2)− Eμ(f)2.
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Proposition 1.9.5 (Markov inequality)

μ{x ∈ X : |f(x)| ≥ α} ≤ 1
α

Eμ(|f |), ∀α > 0.

Proof

1
α

Eμ(|f |) =
1
α

∑
x∈X:

|f(x)|≥α

|f(x)|μ(x) +
1
α

∑
x∈X:

|f(x)|<α

|f(x)|μ(x)

≥ 1
α

∑
x∈X:

|f(x)|≥α

|f(x)|μ(x)

≥
∑

x∈X:
|f(x)|≥α

μ(x)

= μ{x ∈ X : |f(x)| ≥ α}.

Corollary 1.9.6 (Chebyshev inequality)

μ{x ∈ X : |f(x)− Eμ(f)| ≥ α} ≤ Varμ(f)
α2 , ∀α > 0.

Proof

μ{|f − Eμ(f)| ≥ α} = μ{|f − Eμ(f)|2 ≥ α2}

≤ 1
α2 Eμ

(
|f − Eμ(f)|2

)
=

Varμ(f)
α2 .

1.10 Lumpable Markov chains

Let X be a finite space and P = (p(x, y))x,y∈X a stochastic matrix
indexed by X. In this section we study a condition under which from
a Markov chain with transition probability P we can construct another
Markov chain with a smaller state space.

Suppose that P is a partition of X, that is X =
∐

A∈P A. Let ν be a
probability distribution on X and consider the sequence of probability
distributions on X{

ν(0) ≡ ν

ν(k)(y) =
∑

x∈X ν(k−1)(x)p(x, y) k = 1, 2, . . .
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associated with the Markov chain with initial distribution ν and transi-
tion probability P .

We consider the sequence {ν(k)|P}k∈N of probability distributions on
the set P obtained by restricting ν(k) to P: for any A ∈ P, the value of
ν(k)|P on A equals ν(k)(A) ≡

∑
x∈A ν(k)(x).

Definition 1.10.1 We say that the stochastic matrix P is lumpable with
respect to the partition P if, for any initial distribution ν, the sequence
ν(k)|P is the sequence of probability distributions of a Markov chain (the
lumped chain) on P whose transition probability does not depend on the
choice of ν.

In other words, the definition requires the existence of a transition
matrix Q = (q(A, B))A,B∈P indexed by P such that

ν(k)(B) =
∑
A∈P

ν(k−1)(A)q(A, B) k = 1, 2, . . . , n A ∈ P

and that Q does not depend on ν(0) defined by ν(0)(A) = ν(A) for all
A ∈ P.

For x ∈ X and B ∈ P set p(x, B) =
∑

z∈B p(x, z). Then we have

Proposition 1.10.2 P is lumpable with respect to P if and only if for
any pair A, B ∈ P the function x �→ p(x, B) is constant on A. If this is
the case, then the transition matrix Q is given by q(A, B) = p(x, B) for
A, B ∈ P and x ∈ A.

Proof Suppose that P is lumpable. Take A, B ∈ P, x ∈ A and ν = δx so
that ν(0)|P ≡ δA. Then ν(1)(y) = p(x, y) and ν(1)(B) =

∑
y∈B p(x, y) =

p(x, B) must be equal to q(A, B) and therefore cannot depend on x ∈ A.
Conversely, suppose that p(x, B) does not depend on x ∈ A. Set

q(A, B) = p(x, B) and consider an initial distribution ν. Then

ν(k)(B) =
∑
y∈B

ν(k)(y) =
∑
y∈B

∑
x∈X

ν(k−1)(x)p(x, y)

=
∑
x∈X

ν(k−1)(x)p(x, B)

=
∑
A∈P

∑
x∈A

ν(k−1)(x)q(A, B)

=
∑
A∈P

ν(k−1)(A)q(A, B).
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Corollary 1.10.3 Suppose that P is P-lumpable and Q is as above.
Then

(i) p(n)(x, B) = q(n)(A, B) for all A, B ∈ P, x ∈ A and n ∈ N.
(ii) If P is ergodic, Q is ergodic as well.
(iii) If P is reversible and in detailed balance with respect to π then Q

is reversible and in detailed balance with respect to π|P .

Proof (i) and (ii) are trivial. As for (iii) we have

π(A)q(A, B) =
∑
x∈A

π(x)p(x, B)

=
∑
x∈A

∑
y∈B

π(x)p(x, y)

=
∑
y∈B

∑
x∈A

π(y)p(y, x)

=
∑
y∈B

π(y)q(y, A)

= π(B)q(B,A).

As usual, for f ∈ L(X) and x ∈ X set Pf(x) =
∑

y∈X p(x, y)f(y).
Denote by WP the subspace of L(X) spanned by the functions {1A :
A ∈ P}, that is f ∈WP if and only if f is constant on each A ∈ P.

Proposition 1.10.4 P is P-lumpable if and only if WP is P -invariant.
Moreover P (1B) = Q(δB) where Q(δB) denotes the action of Q on the
Dirac function in L(P) centered at B. Therefore there is a bijection
between the eigenfunctions of the lumped chain and the eigenfunctions
of P which are constant on each A ∈ P.

Proof

(P1B)(x) =
∑
y∈B

p(x, y) = p(x, B)

and therefore P1B is constant on each A ∈ P if and only if p(x, B) does
not depend on x ∈ A.

Example 1.10.5 Let Kn be the complete graph on n vertices and P the
transition matrix of the simple random walk on Kn (see Example 1.8.1).
Fix a point x0 ∈ Kn and consider the partition Kn = A

∐
B, where
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A = {x0} and B = Kn \ A. Then P is {A, B}-lumpable: p(x, A) =
p(x, x0) = 1

n−1 for every x ∈ B and p(x, B) = n−2
n−1 for all x ∈ B. The

lumped chain on {A, B} is a two state Markov chain with transition
probabilities

q(A, B) = 1; q(B,A) =
1

n− 1
; q(A, A) = 0; q(B,B) =

n− 2
n− 1

.

In virtue of the symmetry of P , that is p(x, y) = p(y, x) for all x, y ∈ Kn,
we have that p(k)(x0, x) = p(k)(x, x0) = p(k)(x, A) does not depend on
x ∈ A or on x ∈ B (that is it only depends on the partition class to
which x belongs). Therefore if x ∈ B then

p(k)(x0, x) =
1

n− 1
p(k)(x0, B)

=
1

n− 1
q(k)(A, B)

from (1.21) =
1
n
− 1

n

(
− 1

n− 1

)k

and always in virtue of (1.21) we have

p(k)(x0, x0) = p(k)(x0, A) = q(k)(A, A)

=
1
n

+
n− 1

n

(
− 1

n− 1

)k

.

In the previous example the lumped chain contains all the eigenvalues
of the original chain, namely 1 and − 1

n−1 ; only the multiplicity of the
second one changes. In the following exercise, we show that in general
this is not the case.

Exercise 1.10.6 (The star) Let X be a set of cardinality |X| = n+1,
choose an element x0 ∈ X and set X1 = X \ {x0}. The star Tn is the
graph on X with edge set {{x0, x} : x ∈ X1}.

x0 x0 x0

Figure 1.14. The stars T3, T4 and T5
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Let P be the transition matrix of the simple random walk on X. Set

• W0 = {f : X → C : constant}
• W1 = {f : X → C : f(x) = −f(x0), ∀x ∈ X1}
• W2 = {f : X → C : f(x0) = 0 and

∑
x∈X1

f(x) = 0}.
(1) Show that W0, W1 and W2 are eigenspaces of P and that the

corresponding eigenvalues are λ0 = 1, λ1 = −1 and λ2 = 0.
(2) Show that P is {{x0}, X1}-lumpable and that the lumped transi-

tion matrix has only the eigenvalues 1 and −1.

Exercise 1.10.7 Let P be the transition matrix for the simple random
walk on the discrete circle C4.

23

0 1

Figure 1.15.

Consider the partition C4 = A
∐

B, where A = {0, 3} and B = {1, 2}.
Show that P is {A, B}-lumpable and that the lumped transition matrix
is ergodic, while P is not ergodic.

Exercise 1.10.8 Consider the following transition matrix P on {0, 1,

2, 3} ≡ C4: p(k, k + 1) = 1
2 for k = 0, 1, 2, p(k, k) = 1

2 for k = 0, 1, 2, 3,
p(3, 0) = 1

2 .

3 2

0

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1

Figure 1.16.

Set A = {0, 2} and B = {1, 3}. Show that P is {A, B}-lumpable, it is
not reversible, but the lumped chain is reversible.
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Two basic examples on abelian groups

2.1 Harmonic analysis on finite cyclic groups

Let Cn = {0, 1, . . . , n− 1} be the cyclic group of order n. We identify it
with the set Z/nZ of integers modulo n, so that it is written additively.
Therefore x ≡ x+nZ and x+ y = x + y. For simplicity, in what follows
the element x ∈ Cn will be denoted simply by x and we will write
≡n for the equality mod n. The symbol will be used to denote the
conjugate of complex numbers. From the context it will be clear when
x ∈ Z will denote an element in Cn. Moreover a function f ∈ L(Cn)
may be thought as a function f : Z → C which satisfies the periodicity
condition: f(x + n) = f(x) ∀x ∈ Z. In the following we will use the
symbols

∑
y∈Cn

or
∑n−1

y=0 to denote the sum over all the elements of Cn.
We introduce the characters of Cn by setting ω = exp(2πi

n ) = cos( 2π
n )+

i sin( 2π
n ) and χx(y) = ωxy, for all x, y ∈ Cn. Clearly χx(y) = χy(x),

χy(−x) = χy(x) and χ0 ≡ 1.
The basic identity for the characters is χz(x+y) = χz(x)χz(y) and in

the following exercise we ask to prove that it is a characteristic property
(we recall that any nth complex root of the unit is of the form ωk,
k = 0, 1, . . . , n− 1).

Exercise 2.1.1 If φ : Cn → T = {z ∈ C : |z| = 1} satisfies φ(x + y) =
φ(x)φ(y) then φ(x) = χz(x) for some z ∈ Cn.

Lemma 2.1.2 (Orthogonality relations) Set δ0(x) =

{
1 if x ≡n 0

0 otherwise.
Then

n−1∑
y=0

χx1(y)χx2(y) = nδ0(x1 − x2).

46
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Proof Observe that χx1(y)χx2(y) = ωy(x1−x2) = [ω(x1−x2)]y. In the case
x1 �≡n x2 we have that z = ω(x1−x2) satisfies zn−1 = 0 but not z−1 = 0
and from the identity

zn − 1 = (z − 1)(1 + z + · · ·+ zn−1) = (z − 1)
n−1∑
y=0

zy

we deduce that

n−1∑
y=0

χx1(y)χx2(y) =
n−1∑
y=0

zy =
zn − 1
z − 1

= 0.

Clearly if x1 ≡n x2 then ω(x1−x2) = 1 and the above sum equals n.

From the lemma and the fact that χx(y) = χy(x) we immediately
deduce the following dual relation∑

x∈Cn

χx(y1)χx(y2) = nδ0(y1 − y2).

If we use the standard scalar product (as in the preliminaries) we can
express the orthogonality relations as 〈χx1 , χx2〉 = nδ0(x1 − x2). Note
the dim(L(Cn)) = n and therefore the set {χx : x ∈ Cn} is an orthogonal
basis for L(Cn). The Fourier transform of a function f ∈ L(Cn) is the
function f̂ , still in L(Cn), defined by:

f̂(x) = 〈f, χx〉 =
∑

y∈Cn

f(y)χx(y).

The following two theorems express in a functional form the fact that
the χx’s are an orthogonal basis of the space L(Cn).

Theorem 2.1.3 (Fourier inversion formula)

f =
1
n

∑
x∈Cn

f̂(x)χx ∀f ∈ L(Cn).
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Proof

1
n

∑
x∈Cn

f̂(x)χx(y1) =
1
n

∑
x∈Cn

∑
y∈Cn

f(y)χx(y)χx(y1)

=
1
n

∑
y∈Cn

f(y)
∑

x∈Cn

χx(y)χx(y1)

=
1
n

∑
y∈Cn

f(y)δ0(y − y1)n = f(y1).

Theorem 2.1.4 (Plancherel’s formula) For f ∈ L(Cn) we have
‖f̂‖ =

√
n‖f‖.

Proof

‖f̂‖2 = 〈f̂ , f̂〉 =
∑

x∈Cn

f̂(x)f̂(x)

=
∑

x∈Cn

⎛⎝ ∑
y1∈Cn

f(y1)χx(y1)

⎞⎠⎛⎝ ∑
y2∈Cn

f(y2)χx(y2)

⎞⎠
=

∑
y1∈Cn

∑
y2∈Cn

f(y1)f(y2)
∑

x∈Cn

χx(y1)χx(y2)

= n
∑

y∈Cn

f(y)f(y) = n‖f‖2.

For f1, f2 ∈ L(Cn) define their convolution as

(f1 ∗ f2)(y) =
∑

x∈Cn

f1(y − x)f2(x), y ∈ Cn.

Definition 2.1.5 An algebra over a field F ia a vector space A over F
endowed with a product such that: A is a ring with respect to the sum
and the product and the following associative laws hold for the product
and multiplication by a scalar:

α(AB) = (αA)B = A(αB)

for all α ∈ F and A, B ∈ A ([151, 197]).
An algebra A is commutative (or abelian) if it is commutative as a

ring, namely if AB = BA for all A, B ∈ A; it is unital if it has a unit,
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that is there exists an element I ∈ A such that AI = IA = A for all
A ∈ A.

The following proposition gives the main properties of the convolution

Proposition 2.1.6 For all f, f1, f2, f3 ∈ L(Cn) one has

(i) f1 ∗ f2 = f2 ∗ f1 (commutativity)
(ii) (f1 ∗ f2) ∗ f3 = f1 ∗ (f2 ∗ f3) (associativity)
(iii) (f1 + f2) ∗ f3 = f1 ∗ f3 + f2 ∗ f3 (distributivity)

(iv) f̂1 ∗ f2 = f̂1 · f̂2

(v) δ0 ∗ f = f ∗ δ0 = f .

In particular, L(Cn) is a commutative algebra over C with unit I = δ0.

Proof We prove only (iv), namely that the Fourier transform of the
convolution of two functions equals the pointwise product of their trans-
forms.

f̂1 ∗ f2(y) =
∑

x∈Cn

(f1 ∗ f2)(x)χy(x)

=
∑

x∈Cn

∑
t∈Cn

f1(x− t)f2(t)χy(x− t)χy(t)

= f̂1(y)f̂2(y).

The other identities are left as an exercise.

Exercise 2.1.7 Show that δ̂x = χx for all x ∈ Cn.

The translation operator Tx : L(Cn) → L(Cn), x ∈ Cn is defined by:

(Txf)(y) = f(y − x) ∀x, y ∈ Cn, f ∈ L(Cn).

Clearly T̂xf(y) = χy(x)f̂(y) and Txf = f ∗ δx.
Suppose that R is the linear operator on L(Cn) associated with the

matrix {r(x, y)}x,y∈Cn , that is (Rf)(x) =
∑

y∈Cn
r(x, y)f(y). We say

that R is Cn-invariant if commutes with all translations, namely

RTx = TxR ∀x ∈ Cn.

Also we say that R is a convolution operator when there exists an h ∈
L(Cn) such that Rf = f ∗ h ∀f ∈ L(Cn). The function h is called the
(convolution) kernel of R.
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Lemma 2.1.8 The linear operator R associated with the matrix
{r(x, y)}x,y∈Cn is Cn-invariant if and only if

r(x− z, y − z) = r(x, y), ∀x, y, z ∈ Cn. (2.1)

Proof The linear operator R is Cn-invariant if and only if for all v, z ∈ Cn

and f ∈ L(Cn) one has [Tz(Rf)](v) = [R(Tz(f))](v), that is∑
u∈Cn

r(v − z, u)f(u) =
∑

u∈Cn

r(v, u)f(u− z)

which is equivalent to∑
u∈Cn

r(v − z, u− z)f(u− z) =
∑

u∈Cn

r(v, u)f(u− z).

Theorem 2.1.9 Let R : L(Cn) → L(Cn) be a linear operator. The
following are equivalent:

(i) R is Cn-invariant
(ii) R is a convolution operator
(iii) Every χx is an eigenvector of R.

Proof (i) ⇒ (ii): In this case, by the above lemma, r(x, y) = r(x− y, 0)
so that if we put h(x) = r(x, 0) we have

(Rf)(x) =
∑

y∈Cn

h(x− y)f(y) = (h ∗ f)(x)

and R is a convolution operator. The converse implication ((ii) ⇒ (i))
is trivial since every convolution operator is clearly Cn−invariant. (ii)
⇒ (iii): If R is a convolution operator, i.e. there exists h ∈ L(Cn) such
that

Rf = f ∗ h ∀f ∈ L(Cn)

then

Rχx(y) =
∑
t∈Cn

χx(y − t)h(t) = χx(y)
∑
t∈Cn

χx(t)h(t) = ĥ(x)χx(y)

showing that every χx is an eigenvector with eigenvalue ĥ(x).
(iii) ⇒ (ii): Conversely, if R is a linear operator such that there exists

λ ∈ L(Cn) with

Rχx = λ(x)χx, ∀x ∈ Cn
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i.e. every χx is an eigenvector, then, by the Fourier inversion theorem
applied to f and by the linearity of R, we have

(Rf)(z) =
1
n

∑
x∈Cn

f̂(x)λ(x)χx(z)

=
∑

y∈Cn

f(y)
1
n

∑
x∈Cn

λ(x)χx(z − y)

= (h ∗ f)(z)

where h(y) = 1
n

∑
x∈Cn

λ(x)χx(y), showing that R is a convolution
operator and ending the proof.

From the proof of the previous theorem we extract the following.

Corollary 2.1.10 Let R be a convolution operator with kernel h ∈
L(Cn). Then Rχx = ĥ(x)χx. In particular, the spectrum of R is given
by σ(R) = {ĥ(x) : x ∈ Cn}.

Exercise 2.1.11 A matrix of the form

A =

⎛⎜⎜⎜⎜⎜⎝
a0 a1 a2 · · · · · · an−1

an−1 a0 a1 · · · · · · an−2

an−2 an−1 a0 · · · · · · an−3
...

...
... · · · · · ·

...
a1 a2 a3 · · · · · · a0

⎞⎟⎟⎟⎟⎟⎠
with a0, a1, . . . , an−1 ∈ C is said to be circulant. Denote by Cn the set
of all n× n circulant matrices.

(1) Show that if A, B ∈ Cn then AB = BA and AB ∈ Cn. Since
clearly αA+βB ∈ Cn for all α, β ∈ C, one has that Cn is a commutative
algebra with unit.

(2) For the space L(Cn) take the basis B = {δ0, δ1, . . . , δn−1}. Show
that a linear operator T : L(Cn) → L(Cn) is a convolution operator
Tf = f ∗ h if and only if in the basis B it is represented in the form⎛⎜⎜⎜⎝

f(0)
f(1)

...
f(n− 1)

⎞⎟⎟⎟⎠ −→

⎛⎜⎜⎜⎝
h(0) h(n− 1) · · · h(1)
h(1) h(0) · · · h(2)

...
... · · ·

...
h(n− 1) h(n− 2) · · · h(0)

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

f(0)
f(1)

...
f(n− 1)

⎞⎟⎟⎟⎠
that is, if and only if the matrix representing it is circulant. In particular,
show that Cn is isomorphic to L(Cn) as algebras.
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(3) Set

F =
1√
n

⎛⎜⎜⎜⎜⎜⎜⎝
1 1 · · · · · · 1
1 ω−1 ω−2 · · · ω−(n−1)

1 ω−2 ω−4 · · · ω−2(n−1)

...
...

... · · ·
...

1 ω−(n−1) ω−2(n−1) · · · ω−(n−1)2

⎞⎟⎟⎟⎟⎟⎟⎠ .

Observe that F is symmetric so that its adjoint F ∗ is equal to its
conjugate F . Show also that the orthogonality relations in Lemma 2.1.2
are equivalent to say that F is a unitary matrix.

(4) Prove that an n × n matrix belong to Cn if and only if FAF ∗ is
diagonal. FAF ∗ is called the matrix form of the Fourier transform on
Cn, or the discrete Fourier transform DFT.

A book entirely devoted to circulant matrices is that of Davis [50].
For more on the matrix form of the DFT, see [35]. For applications to
number theory see the monographs of Terras [220] and Nathanson [169].

Lemma 2.1.12 The spectrum of the convolution operator Rf = f ∗ h,
with h real valued, is real if and only if h(−y) = h(y) ∀y ∈ Cn; if this is
the case, we say that h is symmetric.

Proof By Corollary 2.1.10, the spectrum of R is given by {ĥ(x) : x ∈ Cn}
and it is real if and only if, ∀x ∈ Cn,

0 = ĥ(x)− ĥ(x) =
∑

y∈Cn

h(y)χx(y)−
∑

y∈Cn

h(y)χx(y)

=
∑

y∈Cn

[h(y)− h(−y)]χx(y)

and this latter vanishes for all x ∈ Cn if and only if h(y) = h(−y) ∀y ∈
Cn.

We say that a Markov chain on Cn is invariant when its transition
matrix {p(x, y)}x,y∈Cn

is Cn-invariant : p(x−z, y−z) = p(x, y) ∀x, y, z ∈
Cn. In this case we define a probability measure μ by setting μ(x) =
p(0, x), x ∈ Cn. Then we have p(x, y) = μ(y − x) and, more generally,

p(k)(x, y) = μ∗k(y − x), (2.2)



2.1 Harmonic analysis on finite cyclic groups 53

where μ∗k is the kth convolution power of μ, that is μ∗k = μ ∗μ ∗ · · · ∗μ

(k times). Indeed,

p(2)(x, y) =
∑

z∈Cn

p(x, z)p(z, y)

=
∑

z∈Cn

μ(z − x)μ(y − z) = μ∗2(y − x)

and iterating one obtains (2.2). Moreover,∑
y∈X

p(x, y)f(y) =
∑
y∈X

f(y)μ(y − x) =
∑
y∈X

f(y)μ̃(x− y) = (f ∗ μ̃)(x)

(2.3)
where μ̃(y) = μ(−y).

From Lemma 2.1.12 we obtain the following.

Lemma 2.1.13 An invariant transition matrix p(x, y) is reversible if
and only if μ(x) = p(0, x) is symmetric. If this is the case then p

is in detailed balance with respect to the uniform measure (or uniform
distribution) π(x) = 1

n .

Proof If p(x, y) is reversible then its eigenvalues are real (Remark 1.5.4)
and by Lemma 2.1.12 μ̃ in (2.3) (and therefore μ) must be symmetric.
Conversely, if μ is symmetric p(x, y) = p(y, x) and therefore p is in
detailed balance with respect to the uniform measure.

If μ is a symmetric probability measure, μ and μ̂ are real valued
(cf. Lemma 2.1.12) and in the formula of the Fourier transform and its
inversion applied to μ all the contributes of the imaginary part of χx’s
disappear. Therefore

μ̂(z) =
∑
t∈Cn

μ(t) cos
[
2πtz

n

]

and

p(k)(x, y) = μ∗k(x− y) =
1
n

∑
z∈Cn

(μ̂(z))k cos
[
2πz(x− y)

n

]

where in the last equality we have used the Fourier inversion formula
and the fact μ̂∗k(z) = (μ̂(z))k which follows from Proposition 2.1.6 (iv).
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Moreover, from the Plancherel formula, if ν
(k)
x (y) = p(k)(x, y) = μ∗k(x−

y) and π still denotes the uniform measure, we have

‖ν(k)
x − π‖2 =

∑
y∈Cn

|p(k)(x, y)− π(y)|2

=
∑

z∈Cn

|μ∗k(z)− π(z)|2

=
1
n

∑
z∈Cn

|μ̂(z)k − π̂(z)|2 (2.4)

=
1
n

∑
z∈Cn:z �=0

μ̂(z)2k

since π̂(z) = 1
n 〈χ0, χz〉= δ0(z) and μ̂(0) = 1. But ‖f‖TV = 1

2‖f‖L1(Cn)≤√
n

2 ‖f‖ (by Cauchy–Schwarz) and therefore the upper bound lemma
(Corollary 1.9.2) now becomes:

‖ν(k)
x − π‖2TV ≡ ‖μ∗k − π‖2TV ≤

1
4

∑
z∈Cn:z �=0

μ̂(z)2k. (2.5)

In the following exercise we ask the reader to analyze some examples of
invariant Markov chains on Cn that are not necessarily reversible.

Exercise 2.1.14 (1) Let μ and π denote a probability measure and the
uniform measure on Cn, respectively. Show that

‖μ∗k − π‖2TV ≤
1
4

∑
z∈Cn:z �=0

|μ̂(z)|2k

and that the random walk with transition matrix p(x, y) = μ(y − x) is
ergodic if and only if 1 is the only eigenvalue of modulus 1 and it has
multiplicity 1. Note that if μ̃ is as in (2.3), then ̂̃μ(x) = μ̂(x) for all
x ∈ Cn. Moreover, the spectrum of the transition matrix p(x, y) is given
by {μ̂(x) : x ∈ Cn}.

(2) Show that the spectrum of the random walk on Cn associated with
the measure μ(1) = p and μ(−1) = 1 − p, with 0 < p < 1 is given by
{cos 2πk

n + i(2p − 1) sin 2πk
n : k = 0, 1, . . . , n− 1}. Deduce from (1) that

the random walk is ergodic if and only if n is odd.
(3) Also prove that the spectrum of the random walk on C3n associated

with the measure μ(1) = 1
2 and μ(−2) = 1

2 contains the three cubic roots
of the unity and therefore is not ergodic. Show the nonergodicity of the
walk, by observing that, setting Xl = {x ∈ C3n : x ≡3 l} for l = 0, 1, 2,
we have μ∗k(x) = 0 if x ∈ Xl and k �≡3 l.
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2.2 Time to reach stationarity for the simple random walk
on the discrete circle

We now focus on the Markov chain described by the symmetric measure

μ(−1) = μ(1) =
1
2

and μ(x) = 0 for x �≡n ±1.

It is clear that μ describes the random walk in Example 1.8.2, the simple
random walk on the discrete circle:

p(x, y) = μ(y − x) =

⎧⎪⎪⎨⎪⎪⎩
1/2 if y ≡n x + 1

1/2 if y ≡n x− 1

0 otherwise.

The random walk is ergodic if and only if n is odd. From Theorem 2.1.9
we get that its spectrum is equal to the set of numbers

μ̂(x) =
1
2
(e

2πi
n x + e

−2πi
n x) = cos

2πx

n
(2.6)

with x = 0, 1, . . . , n− 1.
We now give an upper and lower bound for ‖μ∗k − π‖TV . See [55]

and [58].

Theorem 2.2.1 For n odd and k ≥ n2 we have

‖μ∗k − π‖TV ≤ e
−π2k

2n2 .

For n ≥ 6 and any k we have

‖μ∗k − π‖TV ≥
1
2
e−π2k/2n2−π4k/2n4

.

Proof First of all note that if we set h(x) = log(ex2/2 cos x) then h′(x) =
x−tanx ≤ 0, ∀x ∈ [0, π/2) and therefore h(x) ≤ h(0) = 0, ∀x ∈ [0, π/2),
that is we have

cos x ≤ e−x2/2 ∀x ∈ [0, π/2]. (2.7)

From the upper bound lemma (2.5) and from (2.6) we deduce that

‖μ∗k − π‖2TV ≤
1
4

n−1∑
x=1

[
cos

2πx

n

]2k

=
1
2

n−1
2∑

x=1

[
cos

2πx

n

]2k

(2.8)
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where the last equality follows from the trigonometric equality cos 2πx
n =

cos 2π(n−x)
n (we also recall that n is odd). Moreover,

n−1
2∑

x=1

[
cos

2πx

n

]2k

=

n−1
2∑

x=1

[
cos

πx

n

]2k

. (2.9)

Indeed,

n−1
2∑

x=1

[
cos

2πx

n

]2k

=
n−1∑
y=2

y even

[
cos

πy

n

]2k

=

n−1
2∑

y=2
y even

[
cos

πy

n

]2k

+
n−1∑

y= n+1
2

y even

[
cos

πy

n

]2k

and for n+1
2 ≤ y ≤ n− 1 we can use the identity cos πy

n = − cos π(n−y)
n .

From (2.8) and (2.9) we get

‖μ∗k − π‖2TV ≤
1
2

n−1
2∑

x=1

[
cos

πx

n

]2k

≤ 1
2

n−1
2∑

x=1

e− π2x2k
n2 from(2.7)

≤ 1
2
e− π2k

n2

∞∑
x=1

e− π2(x2−1)k

n2

≤ 1
2
e− π2k

n2

∞∑
x=1

e− 3π2(x−1)k

n2

since x2 − 1 ≥ 3(x− 1), x = 1, 2, 3, . . .

=
1
2e− π2k

n2

1− e− 3π2k
n2

by the sum of a geometric series.

If k ≥ n2 then

1

2
(
1− e− 3π2k

n2

) ≤ 1
2(1− e−3π2)

≤ 1

and, by taking the square root, this establishes the upper bound.



2.2 Time to reach stationarity for Cn 57

In order to prove the lower bound we first observe that the sum in
(2.8) is dominated by the term for x = n−1

2 , that is∣∣∣∣cos
2πx

n

∣∣∣∣ ≤ ∣∣∣∣cos
2π n−1

2

n

∣∣∣∣ =
∣∣∣− cos

π

n

∣∣∣ = cos
π

n

for x = 1, 2, . . . , n− 1. Setting φ(y) = cos π(n−1)y
n = �

[
χn−1

2
(y)

]
, from

the fact that μ̂ is real valued, we get

n−1∑
y=0

μ∗k(y)φ(y) =
[
μ̂

(
n− 1

2

)]k

= (−1)k
(
cos

π

n

)k

.

Since |φ(y)| ≤ 1, ∀y ∈ Cn and

n−1∑
y=0

π(y)φ(y) =
n−1∑
y=0

1
n

φ(y) =
1
n
�
[

n−1∑
y=0

χ0(y)χn−1
2

(y)

]
= 0.

from (1.27) it follows that

2‖μ∗k − π‖TV ≥
∣∣∣cos

π

n

∣∣∣k . (2.10)

With h(x) = log
[
e

x2
2 + x4

2 cos x
]
, showing that h(0) = h′(0) = h′′(0) =

h′′′(0) = 0 and hiv(x) > 0 for 0 ≤ x ≤ π
6 , one deduces that cosx ≥

e− x2
2 − x4

2 for 0 ≤ x ≤ π
6 and therefore (2.10) gives

‖μ∗k − π‖TV ≥
1
2
e− π2k

2n2 − kπ4

2n4

for any k and n ≥ 6.

From Exercise 1.4.3 one could get the estimate

‖μ∗k − π‖TV ≤ 2(2m + 1)e− k

m22m+1 ,

which is clearly weaker than the upper estimate in the above theorem
(with n = 2m+1). This shows the power of the upper bound lemma and
of finite harmonic analysis: a complete knowledge of the spectrum leads
us to a sharp result for the convergence to the stationary distribution.

Remark 2.2.2 Actually, it is easy to see (exercise) that the upper bound
in Theorem 2.2.1 is valid for k ≥ n2

3π2 . See also Section 2.5.

Remark 2.2.3 We observe that for n even the random walk is not
ergodic.
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2.3 Harmonic analysis on the hypercube

The n-dimensional hypercube Qn (see also Example 1.8.3) is the carte-
sian product of n copies of the cyclic group C2, that is Qn = {(x1,

x2, . . . , xn) : x1, x2, . . . xn ∈ {0, 1}}, equipped with the commutative
product

(x1, x2, . . . , xn)+(y1, y2, . . . , yn) = (x1+y1, x2+y2, . . . , xn+yn) mod 2.

Note that if x ∈ Qn then x + x = 0, that is x = −x.
We introduce the characters of Qn by setting, for x, y ∈ Qn,

χx(y) = (−1)x1y1+x2y2+···+xnyn .

We also write χx(y) = (−1)x·y, where x · y = x1y1 + x2y2 + · · ·+ xnyn.
Note that the characters are real valued. Clearly χz(x+y) = χz(x)χz(y).
Conversely we have

Exercise 2.3.1 If φ : Qn → T = {z ∈ C : |z| = 1} satisfies φ(x + y) =
φ(x)φ(y) then φ(x) = χz(x) for some z ∈ Qn.

Lemma 2.3.2

∑
y∈Qn

χx(y) =

{
2n if x = 0

0 otherwise.

Proof If x = 0 then χx(y) = 1 for all y ∈ Qn and, since |Qn| = 2n, the
first equality is established.

If x �= 0 there exists z ∈ Qn such that χx(z) = −1. Therefore

−
∑

y∈Qn

χx(y) = χx(z)
∑

y∈Qn

χx(y) =
∑

y∈Qn

χx(y + z) =
∑

y∈Qn

χx(y)

which gives the second equality.

Corollary 2.3.3 (Orthogonality relations)∑
x∈Qn

χy(x)χz(x) = 2nδy(z) =
∑

x∈Qn

χx(y)χx(z).
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Proof The first equality follows from the previous lemma. Indeed:∑
x∈Qn

χy(x)χz(x) =
∑

x∈Qn

χy+z(x).

The second equality from χx(y) = χy(x).

Let L(Qn) = {f : Qn → C} be the space of complex valued functions
on Qn. The Fourier transform of a function f ∈ L(Qn) is defined, for
x ∈ Qn, by:

f̂(x) = 〈f, χx〉 =
∑

y∈Qn

f(y)χx(y).

As in Section 2.1, the following theorems express in a functional form
the fact that the χx’s are an orthogonal basis of the space L(Qn).

Theorem 2.3.4 (Fourier inversion formula) For f ∈ L(Qn) we
have

f =
1
2n

∑
x∈Qn

f̂(x)χx.

Proof

1
2n

∑
x∈Qn

f̂(x)χx(z) =
1
2n

∑
y∈Qn

f(y)
∑

x∈Qn

χx(y + z)

= f(z).

Theorem 2.3.5 (Plancherel’s formula)

‖f̂‖ =
√

2n‖f‖.

Proof

‖f̂‖2 = 〈f̂ , f̂〉 =
∑

y,z∈Qn

f(y)f(z)
∑

x∈Qn

χx(y)χx(z)

= 2n‖f‖2.

For f1, f2 ∈ L(Qn) define their convolution as

(f1 ∗ f2)(y) =
∑

x∈Qn

f1(y − x)f2(x).
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The convolution is commutative, associative, distributive. Moreover it
is easy to check that f̂1 ∗ f2 = f̂1 · f̂2

The translation operator is defined by:

(Txf)(y) = f(y − x) ∀x, y ∈ Qn, f ∈ L(Qn).

Clearly T̂xf(y) = χy(x)f̂(y) and Txf = f ∗ δx.
We say that a linear operator R : L(Qn) → L(Qn) is Qn-invariant

when

RTx = TxR, ∀x ∈ Qn.

The proof of the following theorem is similar to that one of Theorem 2.1.9
(for the cyclic group Cn) and it is left as an exercise.

Theorem 2.3.6 Let R : L(Qn) → L(Qn) be a linear operator. The
following are equivalent:

(i) R is Qn-invariant

(ii) R is a convolution operator

(iii) Every χx is an eigenvector of R.

Moreover if R is the convolution operator Rf = f∗h then Rχx = ĥ(x)χx.

Now suppose that μ is a probability measure on Qn. From the Fourier
inversion formula (Theorem 2.3.4) we have

μ̂(z) =
∑

t∈Qn

μ(t)(−1)t·z

and

μ∗k(y − x) =
1
2n

∑
z∈Qn

(μ̂(z))k(−1)z·(y−x).

An invariant Markov chain on Qn is given by a stochastic matrix
{p(x, y)}x,y∈Qn which is Qn-invariant, namely

p(x + z, y + z) = p(x, y) ∀x, y, z ∈ Qn.
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In this case, if we set μ(x) = p(0, x) for all x ∈ Qn then μ is a probability
measure on Qn and we have p(x, y) = μ(y−x). Therefore, as in formula
(2.2),

p(k)(x, y) = μ∗k(y − x). (2.11)

Note that in this case Lemma 2.1.12 is replaced by the simple remark
that any real valued h : Qn → R has a real valued Fourier transform,
since every character is real valued (alternatively every h ∈ L(Qn) is
symmetric : h(x) = h(−x) since x = −x) and Lemma 2.1.13 is replaced
by the remark that every invariant p(x, y) is symmetric and therefore
reversible and in detailed balance with respect to the uniform measure
π(x) = 1

2n .
Moreover, from the Plancherel formula, taking into account that

π̂(z) = δ0(z) and that μ̂(0) = 1, and reasoning as in (2.4) we get

‖ν(k)
x − π‖2 =

1
2n

∑
z∈Qn
z �=0

μ̂(z)2k

and therefore the upper bound lemma now becomes

‖ν(k)
x − π‖2TV = ‖μ∗k − π‖2TV ≤

1
4

∑
z∈Qn
z �=0

[μ̂(z)]2k
. (2.12)

2.4 Time to reach stationarity in the Ehrenfest
diffusion model

Now we consider the measure μ defined by setting

μ(0, 0, . . . , 0) = μ(1, 0, . . . , 0) = · · · = μ(0, 0, . . . , 0, 1) =
1

n + 1
(2.13)

and vanishing on others points of Qn. The corresponding transition
matrix coincides with the one in Example 1.8.3

p(x, y) = μ(x− y) =

⎧⎪⎪⎨⎪⎪⎩
1

n+1 if x = y
1

n+1 if x ∼ y

0 otherwise.

For x = (x1, x2, . . . , xn) ∈ Qn we set w(x) = |{j : xj = 1}| = number
of ones in x. w(x) is called the weight of x.
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Proposition 2.4.1 If μ is as in (2.13) then

μ̂(x) = 1− 2w(x)
n + 1

.

Proof

μ̂(x) =
∑

y∈Qn

μ(y)(−1)x·y =
1

n + 1
+

1
n + 1

n∑
j=1

(−1)xj

=
1

n + 1
− w(x)

n + 1
+

n− w(x)
n + 1

= 1− 2w(x)
n + 1

.

Let Vk be the subspace of L(Qn) spanned by the χx’s with w(x) = k:

Vk = 〈χx : w(x) = k〉.

Then from Proposition 2.4.1 and Theorem 2.3.6 we get

Corollary 2.4.2 Each Vk is an eigenspace of the convolution operator
Tf = f ∗ μ and the corresponding eigenvalue is 1 − 2k

n+1 . Moreover
dimVk =

(
n
k

)
and L(Qn) = ⊕n

k=0Vk is the orthogonal decomposition of
L(Qn) into eigenspaces of T . In particular, 1− 2

n+1 is the second largest
eigenvalue and its multiplicity is equal to n.

We now study the convergence to the stationary measure of the con-
volution powers μ∗k.

The following theorem is taken from [55] and [58]. We have also used
a simplification of the proof of the lower bound contained in [185].

Theorem 2.4.3 Let μ be as in (2.13). For k = 1
4 (n + 1)(log n + c) we

have

‖μ∗k − π‖2TV ≤
1
2
(ee−c − 1).

Moreover, for k = 1
4 (n + 1)(log n − c), 0 < c < log n and n large we

have

‖μ∗k − π‖TV ≥ 1− 20e−c.
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Proof From (2.12), Proposition 2.4.1 and its corollary we get

‖μ∗k − π‖2TV ≤
1
4

∑
z∈Qn
z �=0

[μ̂(z)]2k

=
1
4

n∑
j=1

dimVj

(
1− 2j

n + 1

)2k

=
1
4

n∑
j=1

(
n

j

)(
1− 2j

n + 1

)2k

≤ 1
2

[ n+1
2 ]∑

j=1

(
n

j

)(
1− 2j

n + 1

)2k

since
(

1− 2j

n + 1

)2k

=
(

1− 2j′

n + 1

)2k

if j + j′ = n + 1

≤ 1
2

[ n+1
2 ]∑

j=1

nj

j!
e− 4kj

n+1 (∗)

since
(
n
j

)
= n!

j!(n−j)! ≤
nj

j! and 1− x ≤ e−x yields
(
1− 2j

n+1

)2k

≤ e− 4kj
n+1 ,

when j ≤ n+1
2 (if j satisfies this condition, then 1− 2j

n+1 > 0).

Now, if k = 1
4 (n + 1)(log n + c), (∗) becomes

‖μ∗k − π‖2TV ≤
1
2

[ n+1
2 ]∑

j=1

nj

j!
e−j log n−jc

=
1
2

[ n+1
2 ]∑

j=1

1
j!

e−jc

≤ 1
2

∞∑
j=1

1
j!

(
e−c

)j

=
1
2

(
ee−c − 1

)
.

To get the lower bound, consider the function

φ(x) =
n∑

j=1

(−1)xj = n− 2w(x) =
∑
y∈A

χy(x)
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where A = {y ∈ Qn : w(y) = 1}. The mean of φ with respect to π (see
Section 1.9) is given by

Eπ(φ) =
1
2n

∑
y∈Qn

φ(y) =
1
2n

∑
x∈A

∑
y∈Qn

χx(y) = 0 (2.14)

by the orthogonality relation for the characters. For the variance we
have:

V arπ(φ) = Eπ(φ2)− Eπ(φ)2 = Eπ(φ2)

=
1
2n

∑
x1,x2∈A

∑
y∈Qn

χx1(y)χx2(y) = n (2.15)

again for the orthogonality relations for the characters.
Moreover

Eμ∗k(φ) =
∑
x∈A

∑
y∈Qn

μ∗k(y)χx(y) =
∑
x∈A

[μ̂(x)]k = n

(
1− 2

n + 1

)k

(2.16)
since μ̂(x) = 1− 2

n+1 for all x ∈ A.
Setting B = {x ∈ Qn : w(x) = 2} we find

Eμ∗k(φ2) =
∑

x1,x2∈A

∑
y∈Qn

χx1(y)χx2(y)μ∗k(y)

=
∑

x1,x2∈A

∑
y∈Qn

χx1+x2(y)μ∗k(y)

= n [μ̂(0)]k + 2
∑
x∈B

[μ̂(x)]k

since x1 = x2 ⇒ χx1+x2 = χ0 and
∑

x1,x2∈A
x1 �=x2

χx1+x2 = 2
∑

x∈B χx.

But μ̂(0) = 1, μ̂(x) = 1− 4
n+1 for all x ∈ B and |B| = n(n−1)

2 .
Therefore

V arμ∗k(φ) = Eμ∗k(φ2)− Eμ∗k(φ)2

= n + n(n− 1)
(

1− 4
n + 1

)k

− n2
(

1− 2
n + 1

)2k

≤ n. (2.17)

Now define Aβ = {x ∈ Qn : |φ(x)| < β
√

n}, where β is a constant
0 < β < 1√

n
Eμ∗k(φ) that will be suitably chosen later. From Markov’s
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inequality (Proposition 1.9.5) it follows that

π(Aβ) = 1− π{x : |φ(x)| ≥ β
√

n}
= 1− π{x : φ(x)2 ≥ β2n}

≥ 1− 1
β2n

Eπ(φ2) = 1− 1
β2

(2.18)

where the last equality follows from (2.15). In the same way, from Cheby-
shev’s inequality (Corollary 1.9.6) and the fact that Aβ ⊆ {x ∈ Qn :
|φ(x)− Eμ∗k(φ)| ≥ Eμ∗k(φ)− β

√
n}, we have

μ∗k(Aβ) ≤
V arμ∗k(φ)

(Eμ∗k(φ)− β
√

n)2
. (2.19)

Set k = 1
4 (n+1)(log n− c), 0 < c < log n. From the Taylor expansion

of the logarithm it follows that

log(1− x) = −x− x2

2
ω(x) (2.20)

with ω(x) ≥ 0 and limx→0 ω(x) = 1. Then applying (2.20) to the right
hand side of (2.16) we get

Eμ∗k(φ) = n exp
[
log

(
1− 2

n + 1

)
· 1
4
(n + 1)(log n− c)

]
= n exp

[(
− 2

n + 1
− 2

(n + 1)2
ω

(
2

n + 1

))
1
4
(n + 1)(log n− c)

]
=
√

nec/2 exp
[
c− log n

2(n + 1)
ω

(
2

n + 1

)]
and therefore for n large we have

Eμ∗k(φ) ≥ 3
4
√

nec/2 (2.21)

Choosing β = ec/2

2 and taking into account (2.4) and (2.21), we have
that (2.19) becomes

μ∗k(Aβ) ≤ n

( 3
2β
√

n− β
√

n)2
=

4
β2 . (2.22)

Therefore from (2.18) and (2.22)

‖μ∗k − π‖TV ≥ π(Aβ)− μ∗k(Aβ) = 1− 5
β2 = 1− 20

ec
.



66 Two basic examples on abelian groups

Remark 2.4.4 The set Aβ in the above proof is a slice of the cube
formed by the vertices x ∈ Qn with w(x) sufficiently close to n

2 . Since
the random walk starts at zero, if it does not run enough, the probability
of being in Aβ is close to zero (2.22), but Aβ is a consistent part of Qn;
see (2.16).

The analysis of a more general class of random walks on the hypercube
is presented in [46].

2.5 The cutoff phenomenon

In the last section, we have proved that the variation distance of μ∗k

and π for the Ehrenfest model has the following asymptotic behavior.

μ∗k − π T V

k1
4

(n + 1) log n

Figure 2.1. The cutoff phenomenon

In other words the variation distance remains close to 1 for a long
time, then it drops down to a small value quite suddenly and decreases
exponentially fast. This is a quite surprising phenomenon discovered for
the first time by Diaconis and Shahshahani [69]. Now we give a precise
definition (see [58] and [68]).

Definition 2.5.1 Let (Xn, νn, pn) be a sequence of Markov chains, that
is, for all n ∈ N, Xn is a finite set, νn a probability measure on Xn and
pn an ergodic transition probability kernel on Xn. Also denote by πn the
stationary measure of pn and by ν

(k)
n the distribution of (Xn, νn, pn) after

k steps. Suppose that (an)n∈N, (bn)n∈N are two sequences of positive
real numbers such that

lim
n→∞

bn

an
= 0.
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We say that the sequence of Markov chains (Xn, νn, pn) has an (an, bn)-
cutoff if there exist two functions f1 and f2 defined on [0, +∞) with

• limc→+∞ f1(c) = 0
• limc→+∞ f2(c) = 1

such that, for any fixed c > 0, one has

‖ν(an+cbn)
n − πn‖TV ≤ f1(c)

and

‖ν(an−cbn)
n − πn‖TV ≥ f2(c),

provided that, in both cases, n is sufficiently large.
Clearly, if an + cbn is not an integer, one has to take k as the smallest

integer greater than an + cbn and similarly for an − cbn.

In other words, when there is a cutoff, the transition of ‖ν(k)
n − πn‖TV

from 1 to 0 (that is, from order to chaos) occurs in a short time: in an
interval of length bn at a scale of length an and bn

an
→ 0 as n tends to

+∞.
The cutoff phenomenon occurs in several examples of Markov chains.

In general, it can be detected thanks to a careful eigenvalue–eigenvector
analysis.

The following lemma is simple but it is important as it clarifies the
fact that the function ‖ν(k) − π‖TV tends to zero monotonically.

Lemma 2.5.2 Suppose that p is an ergodic transition kernel on X,
with stationary distribution π. Let ν be an initial distribution on X and
ν(k)(y) =

∑
x∈X ν(x)p(k)(x, y) the distribution after n steps. Then

‖ν(k+1) − π‖TV ≤ ‖ν(k) − π‖TV ∀k ≥ 0.

Proof From (1.26) we have

‖ν(k+1) − π‖TV =
1
2

∑
z∈X

|ν(k+1)(z)− π(z)|

(using π(z) =
∑
y∈X

π(y)p(y, z)) =
1
2

∑
z∈X

|
∑
y∈X

[
ν(k)(y)− π(y)

]
p(y, z)|

≤ 1
2

∑
z∈X

∑
y∈X

|ν(k)(y)− π(y)|p(y, z)
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(using
∑
z∈X

p(y, z) = 1) =
1
2

∑
y∈X

|ν(k)(y)− π(y)|

= ‖ν(k) − π‖TV .

The following proposition presents a simple necessary condition for the
presence of the cutoff phenomenon.

Proposition 2.5.3 If (Xn, νn, pn) has an (an, bn)-cutoff as in the pre-
vious definition, then for every choice of 0 < ε1 < ε2 < 1 there exist
k

(n)
2 ≤ k

(n)
1 such that

• k
(n)
2 ≤ an ≤ k

(n)
1

• for n large, k ≥ k
(n)
1 ⇒ ‖ν(k)

n − πn‖TV ≤ ε1

• for n large, k ≤ k
(n)
2 ⇒ ‖ν(k)

n − πn‖TV ≥ ε2

• limn→∞
k
(n)
1 −k

(n)
2

an
= 0.

Proof It is a straightforward exercise. Indeed there exist c1 and c2

such that f2(c) ≥ ε2 for c ≥ c2 and f1(c) ≤ ε1 for c ≥ c1. Setting
k

(n)
2 = an − c2bn and k

(n)
1 = an + c1bn the proposition follows from the

definition of cutoff.

The simple random walk on the circle Cn does not have any cutoff.
Indeed, in the notation of Theorem 2.2.1, we have for k2 ≥ n2

2 (see
Remark 2.2.2)

‖μ∗k2 − π‖TV ≤ e− π2
4 =: ε2

and for k1 ≤ 3n2

2

‖μ∗k1 − π‖TV ≥
1
2
e− 3π2

4 − 3π4

4n2 =: ε1

and since e− π2
4 > 1

2e− 3π2
4 − 3π4

4n2 the transition from ε2 to ε1 is gradual
from n2

2 to 3n2

2 .
The Eherenfest model has a cutoff with an = 1

4 (n + 1) log n, bn =
1
4 (n + 1), f1(c) = 1

2

(
ee−c − 1

)
and f2(c) = 1− 20e−c.

Exercise 2.5.4 ([68]) Show that the simple random walk on the com-
plete graph Kn has a (1, εn)-cutoff, for any sequence (εn)n∈N such that
limn→+∞ εn = 0.
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It is still an open problem to determine what makes a Markov chain
cutoff. In general, it depends on the size and the multiplicity of the
second eigenvalue of the transition matrix. A clear and comprehensive
discussion is in [58]. A recent conjecture is analyzed in [68].

2.6 Radial harmonic analysis on the circle and the hypercube

In this section, we apply the theory of lumpable Markov chains to the
random walk on the discrete circle (Example 1.8.2 and Section 2.2) and
to the random walk on the hypercube (Example 1.8.3 and Section 2.4).
See Sections 5.2 and 5.3 for another approach to the topics presented in
this section.

Consider the simple random walk on C2n, the set of integers mod
2n. Let P be its transition probability. It is easy to check that P is
lumpable with respect to the following partition: C2n =

∐n
k=0 Ωk, where

Ω0 = {0}, Ωn = {n} and Ωk = {n−k, n+k} for k = 1, 2, . . . , n−1. The
lumped transition matrix Q is indexed by 0, 1, . . . , n (k corresponds to
Ωk) and is given by:

q(0, 1) = q(n, n− 1) = 1

q(k, k + 1) = q(k, k − 1) =
1
2
, k = 1, 2, . . . , n− 1.

For instance, we indeed have q(0, 1) = p(0, Ω1) = p(0, 1)+p(0, 2n−1) =
1. This matrix Q is the transition matrix of the simple random walk on
the path Pn+1, that is the graph with vertex set {0, 1, . . . , n} and edges
{{k, k + 1} : k = 0, 1, . . . , n − 1}. It is reversible with respect to the
measure π defined by

π(0) = π(n) =
1
2n

and π(k) =
1
n

for k = 1, 2, . . . , n− 1. (2.23)

The sets Ω0, Ω1, . . . ,Ωn are the balls of center 0, namely:

Ωk = {x ∈ C2n : d(x, 0) = k}

where d denotes the distance on the graph C2n. We recall that the
distance between two points x, y in a graph X is the length of the shortest
path on X joining x and y. We can also introduce the function σ : C2n →
C2n defined by σ(n − k) = n + k which is a bijective involution whose
orbits are the Ωk = {k, σ(k)} for k = 0, 1, . . . , n.

For h, k ∈ Z, set ck(h) = cos πhk
n and sk(h) = sin πhk

n . Then the
characters of C2n (see Section 2.1) may be expressed as follows:

χk = ck + isk k = 0, 1, 2, . . . , 2n− 1.
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Figure 2.2.

Set

〈f1, f2〉π =
n∑

h=0

π(h)f1(h)f2(h)

=
1
2n

f1(0)f2(0) +
1
n

n−1∑
h=0

f1(h)f2(h) +
1
2n

f1(n)f2(n)

(2.24)

where π is as in (2.23).

Theorem 2.6.1 In the space L(Pn+1) endowed with the scalar product
〈·, ·〉π, the functions

c0,
√

2c1, . . . ,
√

2ck, . . . ,
√

2cn−1, cn

form an orthonormal basis of eigenfunctions for the transition matrix
Q. The corresponding eigenvalues are

1, cos
π

n
, . . . , cos

kπ

n
, . . . , cos

(n− 1)π
n

, −1.

Proof The proof is just elementary and tedious trigonometry. However,
there is a fast way to deduce if from the harmonic analysis on C2n.
First of all, note that the function ck, seen as a function on C2n, is
the real part of χk and therefore it is an eigenfunction of the transition
matrix P of the simple random walk on C2n: the eigenvalues of P are real
valued. Moreover, ck(σ(h)) = ck(h) for h = 0, 1, . . . , n and therefore ck is
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constant on each Ω0, Ω1, . . . ,Ωn. Then we can apply Proposition 1.10.4.
For the orthogonality relations, note that

ck(h) =
χk(h) + χk(−h)

2
,

and apply the orthogonality relations for the characters of C2n (Lemma
2.1.2). We leave the details as an exercise.

In Appendix 1 we give several other orthonormal systems for L(Pn+1)
that can be expressed in terms of trigonometric functions.

Consider now the simple random walk on the hypercube Qn. More
precisely, we consider the original definition given in Example 1.2.2
rather than its variation in (1.25). Let P = (p(x, y))x,y∈Qn

be its tran-
sition probability matrix. Let w be the weight function on Qn as in
Section 2.4 and define Ωk = {x ∈ Qn : w(x) = k}, k = 0, 1, . . . , n.

Exercise 2.6.2 Show that Ωk = {x ∈ Qn : d(x, x0) = k} where x0 =
(0, 0, . . . , 0).

Proposition 2.6.3 The transition matrix P is lumpable with respect to
the partition Qn =

∐n
k=0 Ωk. The lumped chain has state space In =

{0, 1, . . . , n} and transition matrix Q = (q(k, j))k,j∈I defined by

q(k, k + 1) =
n− k

n
for k = 0, 1, . . . , n− 1

q(k, k − 1) =
k

n
for k = 1, 2, . . . , n

q(k, j) = 0 otherwise.

Proof First of all, note that if x, y ∈ Qn and x ∼ y then |w(x)−w(y)| =
1. In other words, if we are in Ωk then we can only jump to Ωk−1 or
Ωk+1. Moreover, if x ∈ Ωk then

p(x,Ωk+1) = |{y ∈ Ωk+1 : x ∼ y}| 1
n

=
n− k

n

and similarly one obtains p(x,Ωk−1) = k
n .

From Corollary 1.10.3 it follows that Q is reversible and in detailed
balance with the measure π defined on {0, 1, . . . , n} by setting

π(k) =
|Ωk|
|Qn|

=

(
n
k

)
2n

.
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Moreover define for f1, f2 ∈ L(In)

〈f1, f2〉π =
n∑

h=0

π(h)f1(h)f2(h). (2.25)

We want to describe the eigenfunctions of P that are radial on Qn,
namely that are constant on each Ωk (see Proposition 1.10.4 and Exer-
cise 2.6.5 below). Let Vh = 〈χx : w(x) = h〉 as in Section 2.4. Set

φh(k) =
1(
n
h

) min{h,k}∑
�=max{0,h+k−n}

(
k

�

)(
n− k

h− �

)
(−1)�

and

Φh =
n∑

k=0

φh(k)1Ωk
.

Then we have:

Proposition 2.6.4

(i) Each Φh is a radial eigenfunction of P .
(ii) The set {Φh}h∈I is an orthogonal basis for the radial functions

on Qn and

‖Φh‖2L(Qn) =
2n(
n
h

) .

Proof (i) Clearly, each Φh is radial. Moreover we have

Φh =
1(
n
h

) ∑
x∈Ωh

χx. (2.26)

Indeed, if y ∈ Ωk then

∑
x∈Ωh

χx(y) =
∑

x∈Ωh

(−1)x·y =
min{h,k}∑

�=max{0,h+k−n}

(
k

�

)(
n− k

h− �

)
(−1)�.

For, given y ∈ Ωk to get an x ∈ Ωh such that |{t : xt = yt = 1}| = �, we
have to choose � coordinates in {t : yt = 1} (whose cardinality is k) and
h− � coordinates in {t : yt = 0} (whose cardinality is n− k). But (2.26)
implies that Φh ∈ Vh, so that, from Corollary 2.4.2 we deduce that it is
an eigenfunction of P and the corresponding eigenvalue is 1− 2h

n+1 .
(ii) From the previous part we have that Φ0, Φ1, . . . ,Φn are eigenfunc-

tions of the selfadjoint operator P whose corresponding eigenvalues are
all distinct. Therefore the Φh’s are orthogonal. But the dimension of
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the space of radial functions on Qn is equal to n+1. Therefore the Φh’s
form a basis for this space. Finally, from (2.26) one has

‖φn‖2L(Qn) =
1(
n
h

)2

∑
x∈Ωh

〈χx, χx〉L(Qn) =
1(
n
h

)2 · 2
n|Ωh| =

2n(
n
h

)
and the proof is complete.

Exercise 2.6.5 (The spherical Fourier transform on Qn) Show
that if f ∈ L(Qn) is radial, then its Fourier transform is radial and it is
equal to

f̂ =
n∑

h=0

〈f,Φh〉L(Qn)1Ωh

and the inversion formula in Theorem 2.3.5 becomes

f =
1
2n

n∑
h=0

〈f,Φh〉L(Qn)

(
n

h

)
Φh.

Now we may apply Proposition 1.10.4. Set φh(−1) = φh(n + 1) = 0,
for h = 0, 1, . . . , n.

Corollary 2.6.6 The functions φh, h = 0, 1, . . . , n satisfy the finite
difference equation

n− k

n
φh(k + 1) +

k

n
φh(k − 1) =

n− 2h

n
φh(k)

for k = 0, 1, . . . , n, and the orthogonality relations
n∑

k=0

φh(k)φt(k)

(
n
k

)
2n

=
1(
n
h

)δh,t.

This corollary is just a translation of the fact that the functions φh

constitute an orthogonal basis of eigenfunctions for the lumped chain Q.
In particular, the eigenvalues of Q are n−2h

n , for h = 0, 1, . . . , n, each with
multiplicity one. The coefficients φh belong to a family of orthogonal
polynomials of a discrete variable called Krawtchouk polynomials; see
Section 5.3.
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3

Basic representation theory of finite groups

This chapter contains the fundamentals of finite group representations.
Our approach emphasizes the harmonic analytic point of view (we focus
on unitary representations and on Fourier transforms). Our exposition is
inspired to Diaconis’ book [55] and to Figà-Talamanca lecture notes [88].
We also gained particular benefit from the monographs by: Alperin and
Bell [4], Fulton and Harris [95], Isaacs [129], Naimark and Stern [168],
Ricci [180], Serre [196], Simon [198] and Sternberg [212].

3.1 Group actions

We start the chapter with a short review on group actions: it is based
on class notes by A. Mach̀ı [160].

In this section Ω will denote a finite set and G a finite group. 1G is
the identity of G.

Definition 3.1.1 A (left) action of G on Ω is a map

G× Ω −→ Ω
(g, ω) �→ g · ω

such that

(i) (gh) · ω = g · (h · ω) for all ω ∈ Ω and g, h ∈ G;
(ii) 1G · ω = ω for all ω ∈ Ω.

If we have an action of G on Ω, then we say that G acts on Ω.

Remark 3.1.2 A right action is defined, mutatis mutandis, in the same
way. We only consider left actions. Note that, given a left action
(g, ω) �→ g ·ω the map (g, ω) �→ ωg := g−1 ·ω defines a right action, and
vice versa.

77
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If H is a subgroup of G, then H also acts on Ω: this action is called
the restriction.

An action is transitive if for any ω1, ω2 ∈ Ω there exists g ∈ G such that
g ·ω1 = ω2. If G acts transitively on Ω we say that Ω is a (homogeneous)
G-space.

A point ω ∈ Ω is fixed by a group element g if g · ω = ω. If ω is fixed
by all elements in G, one says that it is a fixed point of the group action.

For ω ∈ Ω we denote by

StabG(ω) = {g ∈ G : g · ω = ω}

the stabilizer of ω, and by

OrbG(ω) = {g · ω : g ∈ G},

also denoted by Gω, the G-orbit of ω.
Clearly, if ω1 ∈ OrbG(ω) then OrbG(ω) = OrbG(ω1). The subsets

OrbG(ω), ω ∈ Ω, are the orbits of G on Ω. If we define the relation ∼ on
Ω by setting: ω1 ∼ ω2 if there exists g ∈ G such that ω1 = g · ω2, then
we have:

Lemma 3.1.3 ∼ is an equivalence relation on Ω and the orbits of G on
Ω are the equivalence classes of this relation. In particular, the orbits of
Ω form a partition of Ω.

Proof It is straightforward to see that ∼ is an equivalence relation.
Moreover, ω1 ∼ ω2 if and only if ω1 ∈ OrbG(ω2).

An immediate consequence is the following fact: the action of G on
Ω is transitive if and only if there is a single orbit, that is OrbG(ω) = Ω
(and this holds for any ω ∈ Ω). Another consequence is the following
equation:

Ω =
∐
ω∈Γ

OrbG(ω) (3.1)

where Γ is a set of representatives for the orbits.

Example 3.1.4 Let G be a finite group and K ≤ G a subgroup. Denote
by X = G/K = {gK : g ∈ G} the homogeneous space consisting of
the right cosets of K in G. Then, G acts on X by left translations:
h · gK := (hg)K, for g, h ∈ G. In Lemma 3.1.6 we will prove that every
transitive action is indeed of this type.
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Observe that the restriction to K of the action of G on X is not
transitive (for instance, if x0 ∈ X is the point stabilized by K, then
clearly OrbK(x0) = {x0}); the set of K-orbits can be identified with the
set of double cosets K\G/K = {KgK : g ∈ G}.

Denote by SΩ the group of all bijections Ω → Ω. An element σ ∈ SΩ

is called a permutation of Ω. If Ω = {1, 2, . . . , n} then SΩ is denoted by
Sn and it is called the symmetric group on n elements (see Chapter 10).

Proposition 3.1.5 Suppose that G acts on a set Ω.

(i) Any element g ∈ G induces a permutation σg ∈ SΩ.
(ii) The map

G � g �→ σg ∈ SΩ (3.2)

is a group homomorphism.
(iii) There is a natural bijection between the set of all actions of G on

Ω and the set of all homomorphisms from G to SΩ.

Proof Suppose that G acts on Ω. For all g ∈ G, the map σg : Ω → Ω
defined by σg(ω) = g · ω is a bijection. Indeed σg−1 is the inverse of σg:
for all ω ∈ Ω one has

ω = 1G · ω = (g−1g) · ω = g−1 · (g · ω) = σg−1 [σg(ω)] = [σg−1 ◦ σg](ω)

and similarly, [σg ◦ σg−1 ](ω) = ω. This proves (i).
Also, for all g1, g2 ∈ G and ω ∈ Ω one has

σg1g2(ω) = (g1g2) · ω = g1 · (g2 · ω) = σg1 [σg2(ω)] = [σg1 ◦ σg2 ](ω)

and this shows (ii).
Finally, suppose that σ : G → SΩ is a homomorphism. Then the

map G × Ω � (g, ω) �→ σg(ω) ∈ Ω defines an action of G on Ω as
one easily checks. We also leave it to the reader to verify that these
two processes are one inverse to the other, thus establishing the desired
bijective correspondence.

Given an action of G on Ω the kernel of the homomorphism (3.2) is
the subgroup

H = {g ∈ G : g · ω = ω for all ω ∈ Ω}

consisting of all elements in G which fix all elements in Ω. This subgroup
is called the kernel of the action. If it is trivial, then the action is termed
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faithful. In other words the action is faithful if the homomorphism (3.2)
is injective: in this case G is isomorphic to a subgroup of SΩ.

Two G-spaces Ω and Ω′ are isomorphic as G-spaces if there exists a
bijection φ : Ω → Ω′ which is G-equivariant, that is φ(g · ω) = g · [φ(ω)]
for all ω ∈ Ω and g ∈ G.

Lemma 3.1.6 Let Ω be a G-space, ω ∈ Ω and set K = StabG(ω). Then
the map

Ψ : G/K → Ω
gK �→ g · ω,

(3.3)

is a G-equivariant bijection, thus making Ω and G/StabG(ω) isomorphic
as G-spaces.

Proof We simultaneously show that Ψ is well defined and injective. For,

g1K = g2K ⇔ g−1
1 g2 ∈ K ⇔ g−1

1 g2 · ω = ω

⇔ g−1
1 · (g2 · ω) = ω ⇔ g2 · ω = g1 · ω.

Moreover Ψ is clearly surjective. Finally,

g1 ·Ψ(g2K) = g1 · (g2 · ω) = (g1g2) · ω = Ψ(g1g2K) = Ψ(g1 · g2K)

and Ψ is G-equivariant.

Corollary 3.1.7 Let G act on a set Ω. Then,

|G| = |StabG(ω)| · |OrbG(ω)| (3.4)

for all ω ∈ Ω.

Proof Applying Lemma 3.1.6 to the action of G on OrbG(ω) we get:

|OrbG(ω)| = |G/StabG(ω)| = |G|/|StabG(ω)|

and (3.4) follows.

Exercise 3.1.8 Suppose that φ : Ω → Ω′ is a G-equivariant isomorphism
of G-spaces. Show that for all ω ∈ Ω one has

StabG(ω) = StabG(φ(ω)). (3.5)

Exercise 3.1.9 Suppose that a finite group G acts transitively on a set
X. Also consider the left action of G on itself. Show that the diagonal
action of G on G ×X has |X| orbits and that each orbit is isomorphic
to G with the left action.
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Lemma 3.1.10 Let Ω be a G-space. Then StabG(g ·ω) = gStabG(ω)g−1

for all g ∈ G and ω ∈ Ω.

Proof This follows from the equivalences below.

h ∈ StabG(g · ω) ⇔ h · (g · ω) = g · ω
⇔ g−1 · [h · (g · ω)] ≡ (g−1hg) · ω = ω

⇔ g−1hg ∈ StabG(ω).

Proposition 3.1.11 Let H, K ≤ G be two subgroups. Then G/H and
G/K are isomorphic as G-spaces if and only if H and K are conjugate
in G (there exists g ∈ G such that K = g−1Hg).

Proof Suppose first that there exists g ∈ G such that K = g−1Hg.
Set Ω = G/H and ω = g−1H. Then K = StabG(ω). By virtue of
Lemma 3.1.6, we have that G/K is isomorphic to Ω ≡ G/H as G-spaces.

Conversely, suppose that φ : G/H → G/K is a G-equivariant iso-
morphism. Let g ∈ G be such that φ(H) = gK. Then, by (3.5) we
have StabG(H) = StabG(gK). Since, clearly, StabG(gK) = gKg−1 and
StabG(H) = H we conclude that H = gKg−1.

Example 3.1.12 (Trivial action) Let G be a group and Ω a set. The
action g · ω = ω for all g ∈ G and ω ∈ Ω is the trivial action. For all
ω ∈ Ω one has OrbG(ω) = {ω} and StabG(ω) = G.

Example 3.1.13 (Cayley’s actions) Let G be a group. We consider
two (left) actions of G on itself. The Cayley action on the left (resp. on
the right) is defined by setting g · h = gh (resp. g · h = hg−1). These
actions are clearly transitive and faithful. In this case G is isomorphic
to a subgroup of SG (Cayley theorem).

Example 3.1.14 (Conjugacy actions) Let G be a group. For g, h ∈ G

we set g · h = ghg−1. It is immediate to check that this is an action of
G on itself, the conjugacy action on G. An orbit is called a conjugacy
class and the stabilizer of an element h is called the centralizer of h. A
fixed point h ∈ G is called a central element: it commutes with every
element in the group, gh = hg for all g ∈ G.

Clearly, if G is abelian this action is trivial: every element is central.
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Let now Ω denote the set of all subgroups H ≤ G of G. Define an
action of G on Ω by setting g ·H = gHg−1 = {ghg−1 : h ∈ H}. This is
the conjugacy action on subgroups. Clearly, an element H ∈ Ω is fixed
by this action if and only if it is a normal subgroup. The stabilizer of a
point H is called the normalizer of H in G.

Example 3.1.15 (Product action) Let G1, G2 be two finite groups
acting on Ω1 and Ω2, respectively. Then we define the product action of
G1 ×G2 on Ω1 × Ω2 by setting (g1, g2) · (ω1, ω2) = (g1 · ω1, g2 · ω2).

Example 3.1.16 (Diagonal action) Let G act on a set Ω. We define
an action of G on Ω × Ω by setting g · (ω1, ω2) = (g · ω1, g · ω2). This
is called the diagonal action of G on Ω. When the action of G on
Ω is transitive, the description of the G-orbits on Ω × Ω is given in
Theorem 3.13.1 and Corollary 3.13.2. Note that the diagonal action is
the restriction of the product action of G×G on Ω×Ω to the diagonal
subgroup G̃ = {(g, g) : g ∈ G}.

Example 3.1.17 Let G be a group and Ω1, Ω2 be two sets. Suppose
that G acts on Ω1. Then G acts on the space ΩΩ1

2 = {f : Ω1 → Ω2} of
all functions with domain Ω1 and range Ω2 as follows

[g · f ](ω1) = f(g−1 · ω1)

for all f ∈ ΩΩ1
2 and ω1 ∈ Ω1 and g ∈ G.

When Ω1 = G and Ω2 = C, then ΩΩ1
2 is denoted by L(G). If the action

is the Cayley action on the left (resp. on the right) (see Example 3.1.13),
then the corresponding action of G on L(G) is called the left (resp. right)
regular representation (see Example 3.4.1 and Exercise 3.4.2).

When the action of G on Ω1 is transitive, so that Ω1 ≡ X = G/K

(here K denotes the stabilizer of a point, see Lemma 3.1.6) and Ω2 = C,
then ΩΩ1

2 is denoted by L(X) and the corresponding action of G on L(X)
is called the permutation representation.

Example 3.1.18 A rich source of group actions is geometry. For in-
stance, if we take a regular n-gon, then its isometry group is the dihedral
group Dn (see Example 3.8.2) and we may think of Dn as a group that
acts on the vertices of the n-gon. For an elementary but thorough intro-
duction to simmetry groups in Eucledean geometry we refer to Artin’s
book [6]. A complete treatment is in Coxeter’s monograph [47].
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3.2 Representations, irreducibility and equivalence

Let G be a finite group and V a finite dimensional vector space over C.
We denote by GL(V ) the linear group of V consisting of all invertible
linear maps A : V → V .

Definition 3.2.1 A representation of G over V is an action G × V �
(g, v) �→ ρ(g)v ∈ V such that any ρ(g) is an (invertible) linear map. In
other words one has ρ(g) : V → V is linear and invertible, ρ(g1g2) =
ρ(g1)ρ(g2) for all g1, g2 ∈ G and ρ(1G) = IV where 1G is the identity
element in G and IV : V → V is the identity element in GL(V ). It may
also be seen as a homomorphism ρ : G → GL(V ).

We shall denote the representation by the pair (ρ, V ).

Denoting by n the dimension of V , as GL(V ) is isomorphic to GL(n, C)
the group of all invertible n by n matrices, we can regard a representa-
tion of G as a group homomorphism ρ : G → GL(n, C). Then n is the
dimension or degree of ρ and it will be denoted by dρ.

Suppose that (ρ, V ) is a representation of G and that W ≤ V is a
G-invariant subspace, namely ρ(g)w ∈ W for all g ∈ G and w ∈ W

(sometimes we shall more concisely write ρ(G)W ≤ W ). Then denoting
by ρW : G � g �→ ρ(g)|W ∈ GL(W ) the restriction of ρ to the subspace
W , we say that (ρW , W ) is a sub-representation of (ρ, V ). We also say
that ρW is contained in ρ. This fact will be also indicated by ρW  ρ.
Clearly every representation is a sub-representation of itself.

An important class of representations consists of the irreducible rep-
resentations. A representation (ρ, V ) of a group G is irreducible if the
only G-invariant subspaces are trivial: W ≤ V and ρ(G)W ≤ W im-
plies either W = {0} or W = V . For instance, any one-dimensional
representation is clearly irreducible.

We now introduce the important notion of equivalence of representa-
tions. Let (ρ, V ) and (σ, W ) be two representations of the same group
G. Suppose there exists a linear bijection J : V → W such that, for all
g ∈ G, σ(g)J = Jρ(g). Then one says that the two representations are
equivalent and one writes ρ ∼ σ. Note that ∼ is an equivalence relation
and that two equivalent representations have the same degree.

3.3 Unitary representations

Suppose the vector space V is endowed with a scalar product 〈·, ·〉; then
we can define the notion of a unitary representation.
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Let V and W be two vector spaces endowed with scalar products 〈·, ·〉V
and 〈·, ·〉W , respectively. The adjoint of a linear operator T : V → W ,
is the linear operator T ∗ : W → V such that 〈w, Tv〉W = 〈T ∗w, v〉V
for all v ∈ V and w ∈ W . A linear operator U : V → W is unitary
if U∗U = I = UU∗, equivalently if 〈Uv, Uv′〉W = 〈v, v′〉V for every
v, v′ ∈ V . Recall that if U is a unitary matrix then U∗ = U

t
is the

conjugate transpose of U . Moreover, the spectrum of a unitary operator
(or matrix) is contained in the unit circle: σ(U) ⊆ {z ∈ C : |z| = 1}.

A representation (ρ, V ) is unitary if it preserves the inner product,
namely 〈ρ(g)v, ρ(g)v′〉 = 〈v, v′〉 for all g ∈ G and v, v′ ∈ V . Equivalently,
ρ is unitary if ρ(G) ≤ U(V ) is a subgroup of the unitary group of V .

It is worth to mention that, given an arbitrary representation (ρ, V ) it
is always possible to endow V with an inner product so that ρ becomes
unitary. Given an arbitrary inner product 〈·, ·〉 for V define, for all v

and w in V ,

(v, w) =
∑
g∈G

〈ρ(g)v, ρ(g)w〉 . (3.6)

Proposition 3.3.1 The representation (ρ, V(·,·)) is unitary and equiva-
lent to (ρ, V〈·,·〉). In particular, every representation of G is equivalent
to a unitary representation.

Proof First of all it is easy to see that (·, ·) as defined in (3.6) is an inner
product. Moreover, for all v, w ∈ V and all h ∈ G one has

(ρ(h)v, ρ(h)w) =
∑
g∈G

〈ρ(g)ρ(h)v, ρ(g)ρ(h)w〉

=
∑
g∈G

〈ρ(gh)v, ρ(gh)w〉

=
∑
k∈G

〈ρ(k)v, ρ(k)w〉

= (v, w).

The equivalence is trivial: it is given by the identity IV .

We are mostly interested in equivalence classes of representations,
thus we might confine ourselves to unitary representations. We thus
suppose that V is a finite dimensional (complex) vector space with a
G-invariant inner product and that ρ is unitary: note that under these
assumptions we have ρ(g−1) = ρ(g)−1 = ρ(g)∗ for all g ∈ G. Finally,
two representations (ρ, V ) and (σ,W ) are unitarily equivalent if there
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exists a unitary linear operator U : V → W such that σ(g)U = Uρ(g)
for all g ∈ G.

Lemma 3.3.2 Suppose that (ρ, V ) and (σ,W ) are unitary represen-
tations of a finite group G. If they are equivalent then they are also
unitarily equivalent.

Proof We want to show that if there exists an invertible linear map
T : V → W such that

ρ(g) = T−1σ(g)T (3.7)

for all g ∈ G, then there exists a unitary U : V → W such that

ρ(g) = U−1σ(g)U

for all g ∈ G.
Taking adjoints in (3.7), using ρ(g)∗ = ρ(g−1) and replacing g by g−1

one has

ρ(g) = T ∗σ(g)(T ∗)−1.

As, by (3.7), σ(g) = Tρ(g)T−1, one has T ∗Tρ(g)(T ∗T )−1 =
T ∗σ(g)(T ∗)−1 = ρ(g) or, equivalently,

ρ(g)−1(T ∗T )ρ(g) = T ∗T. (3.8)

Let T = U |T | be the polar decomposition of T (see Exercise 3.3.5):
here |T | : V → V is the square root of the positive linear operator T ∗T ,
while U : V → W is unitary. We have, by the uniqueness of the square
root,

ρ(g)−1|T |ρ(g) = |T | (3.9)

since the left hand side of (3.9) is the square root of the left hand side
of (3.8). Therefore, as |T | is invertible, we have

Uρ(g)U−1 = T |T |−1ρ(g)|T |T−1

= Tρ(g)T−1

= σ(g)

where the second equality follows from (3.9) and the third one from
(3.7).

We now define the direct sum of a finite number of representations. If
(ρj , Wj), j = 1, 2, . . . , k are representations of a group G and
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V = W1 ⊕W2 ⊕ · · · ⊕Wk is the direct sum of the corresponding spaces,
then ρ = ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρk is their direct sum, that is

ρ(g)v = ρ1(g)w1 + ρ2(g)w2 + · · ·+ ρk(g)wk

for all v = w1 + w2 + · · ·+ wk ∈ V , wi ∈Wi, and g ∈ G.
Observe that if W is a G-invariant subspace of V under the represen-

tation ρ, then W⊥ = {v ∈ V : 〈v, w〉 = 0, ∀w ∈ W}, the orthogonal
complement of W , is also G-invariant. Indeed, if v ∈W⊥ and g ∈ G one
has 〈ρ(g)v, w〉 =

〈
v, ρ(g−1)w

〉
= 0 for all w ∈ W . Recall that, under

the previous assumptions, V can be expressed as the direct sum of the
orthogonal subspaces W and W⊥, namely V = W ⊕W⊥ and, denoting
by ρ1 = ρW and ρ2 = ρW⊥ the corresponding sub-representations, we
see that ρ is the direct sum of these: ρ = ρ1 ⊕ ρ2.

Lemma 3.3.3 Every representation of G is the direct sum of a finite
number of irreducible representations.

Proof Let (ρ, V ) be a representation of G. If ρ is irreducible there is
nothing to prove. If not, the proof follows an inductive argument on
the dimension of V : as before, V = V1 ⊕ V2, with the subspaces Vi

G-invariant and dim(Vi) < dim(V ).

Definition 3.3.4 (Dual) Let G be a finite group. We denote by Ĝ, the
dual of G, a complete set of irreducible pairwise nonequivalent (unitary)
representations of G (in other words, Ĝ contains exactly one element
belonging to each equivalence class of irreducible representations).

We end this section by sketching a proof of the polar decomposition
for an invertible linear operator.

Exercise 3.3.5 Let V be a finite dimensional complex vector space
with inner product 〈·, ·〉. We say that a linear operator P : V → V is
positive if 〈Pv, v〉 > 0 for all v ∈ V , v �= 0.

(1) Prove that any positive operator is selfadjoint.
(2) Prove that if two selfadjoint operators A and B commute, namely

AB = BA, then they admit a common basis of eigenvectors, that is there
exists an orthogonal decomposition V =

⊕m
i=1 Wi such that AWi =

Wi = BWi for all i = 1, 2, . . . , m.
(3) Prove that if P is positive, then there exists a unique positive

operator Q such that Q2 = P . This is called the square root of P .
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(4) Show that any invertible linear operator A : V → V can be written,
in a unique way, as A = UP where U is unitary and P is positive. This
is called the polar decomposition of A.

3.4 Examples

Example 3.4.1 Let G be a finite group. Denote by L(G) = {f : G →
C} the space of all complex valued functions on G endowed with the
scalar product

〈f1, f2〉 =
∑
g∈G

f1(g)f2(g) (3.10)

for all f1, f2 ∈ L(G). The representation (λG, L(G)) defined by

[λG(g)f ](h) = f(g−1h) (3.11)

for all g, h ∈ G and f ∈ L(G), is called the left regular representation of
G.

Exercise 3.4.2 Show that λG(g1g2) = λG(g1)λG(g2) for all g1, g2 in G

and that λG is unitary.

Analogously, the representation (ρG, L(G)) defined by

[ρG(g)f ](h) = f(hg) (3.12)

is again a unitary representation, the right regular representation.
The two representations above commute: λG(g)ρG(h) = ρG(h)λG(g)

for all g, h ∈ G.

Remark 3.4.3 In many books, the scalar product (3.10) is normalized,
that is 〈f1, f2〉 = 1

|G|
∑

g∈G f1(g)f2(g). This changes many formulæ
given in the current and following chapters by a factor of 1/|G|.

Example 3.4.4 Let Cn = {1, a, a2, . . . , an−1} denote the cyclic group
of order n generated by the element a (here we use multiplicative no-
tation). Set ω = e2πi/n (a primitive nth root of the unity). Then
(ρk, C) defined by ρk(ah) = ωkh, for each k = 0, 1, . . . , n − 1 is a one-
dimensional representation of Cn. As we shall see in Example 3.8.1,
every irreducible representation of Cn is one of these, namely Ĉn =
{ρk : k = 0, 1, . . . , n− 1}. See also Exercise 3.5.3.
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Example 3.4.5 Let G = Sn be the symmetric group of degree n,
that is the group of permutations on n elements; equivalently, Sn is the
group of all bijections g : {1, 2, . . . , n} → {1, 2, . . . , n}. We mention three
representations of such a group.

(a) The trivial representation. It is one dimensional, that is V = C
and it assigns to each group element the identity: ρ1(g) = 1 for
all g ∈ G.

(b) The sign (or alternating) representation. This is also one dimen-
sional (V = C). It assigns to each group element the identity 1 if
g is an even permutation (that is g is the product of an even num-
ber of transpositions, equivalently g ∈ An, the alternating group),
and the opposite of the identity, −1 otherwise, that is if g is an
odd permutation. In other words, denoting by sign(g) the sign
of a permutation g, we have ρ2(g) = sign(g)I. As sign is a ho-
momorphism G → Sn/An ≡ C2 (sign(g1g2) = sign(g1)sign(g2)),
ρ2 is indeed a representation. As it is one dimensional, it is also
irreducible.

(c) The permutation representation. This is n dimensional: fix an or-
thonormal basis {e1, e2, . . . , en} of an n-dimensional vector space
V and set ρ3(g)ej = eg(j) for all g ∈ Sn. With respect to the fixed
basis for V , ρ3(g) is a so called permutation matrix, that is, a ma-
trix obtained by permuting the rows of the identity matrix. This
representation is not irreducible. For instance, an Sn-invariant
subspace is the hyperplane

∑n
i=1 xi = 0, that is the n− 1 dimen-

sional subspace W = {w =
∑n

i=1 xiei :
∑n

i=1 xi = 0}. However
it is not difficult to show that (ρ3)|W , the restriction of ρ3 to this
G-invariant subspace, is irreducible.

Exercise 3.4.6 Prove that (ρ3)|W is irreducible.

3.5 Intertwiners and Schur’s lemma

Let (ρ, V ) and (σ, W ) be two representations of a group G. Let L : V →
W be a linear transformation. One says that L intertwines ρ and σ if
Lρ(g) = σ(g)L for all g ∈ G. The following result relates the notion of
reducibility of a representation with the existence of intertwiners.

Lemma 3.5.1 (Schur) Let (ρ, V ) and (σ, W ) be two irreducible repre-
sentations of a group G. If L intertwines ρ and σ, then either L is zero,
or it is an isomorphism.
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Proof Let V0 = {v ∈ V : L(v) = 0} and W0 = {L(v) : v ∈ V } ≤ W

denote the kernel and the range of L. If L intertwines ρ and σ then
V0 and W0 are ρ- and σ-invariant, respectively. By irreducibility, either
V0 = V and W0 = {0} or V0 = {0} and, necessarily, W0 = W . In the
first case L vanishes, in the second case it is an isomorphism.

Corollary 3.5.2 Let (ρ, V ) be an irreducible representation of a group
G. Let L be a linear transformation of V which intertwines ρ with itself
(that is Lρ(g) = ρ(g)L for all g ∈ G). Then L is a multiple of the
identity: L ∈ CI.

Proof Let λ be an eigenvalue of L. Then (λI − L) also intertwines ρ

with itself and, by the previous lemma, it is either invertible or zero. But
by definition of eigenvalue it cannot be invertible, therefore necessarily
L = λI. Note that λ exists because we are dealing with complex vector
spaces.

Exercise 3.5.3 Let G be a (finite) abelian group. A representation
(ρ, V ) of G is irreducible if and only if it is one dimensional. Use this
fact to prove that Ĉn = {ρk : k = 0, 1, . . . , n − 1} as in Example 3.4.4
(see also Section 2.1).

Exercise 3.5.4 Show that if ρ ∈ Ĝ and g0 is in the center Z(G) = {g ∈
G : gh = hg, ∀h ∈ G} of G, then ρ(g0) = λI for some λ ∈ C.

Exercise 3.5.5 (Converse to Schur’s lemma) Suppose that the
representation (ρ, V ) of G has the property that whenever T : V → V

is a linear mapping and ρ(g)T = Tρ(g) for all g ∈ G then necessarily
T = λI for some λ ∈ C. Show that ρ is irreducible.

3.6 Matrix coefficients and their orthogonality relations

Let (ρ, V ) be a unitary representation of a group G. For v and w in V we
consider the complex valued function uv,w(g) = 〈ρ(g)w, v〉, g ∈ G, which
is called a (matrix) coefficient of the representation ρ. This terminology
comes from the fact that if {v1, v2, . . . , vn} is an orthonormal basis for
V , then ρ(g), viewed as an n by n matrix coincides with (uvi,vj (g))i,j ,
in other words the uvi,vj (g)’s are the matrix coefficients of ρ(g), for all
g ∈ G.

It is interesting to note that any complex valued function u : G →
C can be realized as a coefficient of a unitary representation. Indeed,
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denoting by V = L(G), the space of all complex valued functions on G

endowed with the scalar product (3.10) we have that u(g) = 〈λ(g)δ1G
, u〉

where λ is the left regular representation of G (see Example 3.4.1) and
δ1G

is the Dirac function on the unit element 1G of G.
We now show that the coefficients of irreducible representations con-

stitute an orthogonal basis for L(G), the space of all complex valued
functions on G endowed with the scalar product (3.10).

Lemma 3.6.1 Let (ρ, V ) and (σ,W ) be two irreducible, nonequivalent
representations of a group G. Then all coefficients of ρ are orthogonal
to all coefficients of σ.

Proof Let v1, v2 ∈ V and w1, w2 ∈ W . Our goal is to show that the
functions u(g) = 〈ρ(g)v1, v2〉V and u′(g) = 〈σ(g)w1, w2〉W are orthog-
onal in L(G). Consider the linear transformation L : V → W defined
by Lv = 〈v, v2〉V w2 for all v ∈ V . Then, the linear transformation
L̃ : V → W defined by

L̃ =
∑
g∈G

σ(g−1)Lρ(g)

satisfies L̃ρ(g) = σ(g)L̃ for all g ∈ G, that is L̃ intertwines ρ and σ. In
virtue of Schur’s lemma we have that either L̃ is invertible or L̃ = 0. As
ρ �∼ σ we necessarily have the second possibility and thus

0 =
〈
L̃v1, w1

〉
W

=
∑
g∈G

〈Lρ(g)v1, σ(g)w1〉W

=
∑
g∈G

〈ρ(g)v1, v2〉V · 〈w2, σ(g)w1〉W

=
∑
g∈G

u(g)u′(g).

Corollary 3.6.2 Let G be a finite group. Then there exist only finitely
many irreducible unitary representations pairwise non equivalent, in other
words |Ĝ| < ∞.

Proof The space L(G) is finite dimensional and contains only finitely
many distinct pairwise orthogonal functions and the statement follows
from the previous lemma.
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Let (ρ, V ) be an irreducible unitary representation. Let {v1, v2, . . . , vd}
be an orthonormal basis of V . Then the coefficients uij(g) = 〈ρ(g)vj , vi〉
are pairwise orthogonal. More precisely

Lemma 3.6.3 〈uij , ukh〉L(G) =
|G|
d

δikδjh.

Proof Fix indices i and k and consider the operator Lik : V → V

defined by Lik(v) = 〈v, vi〉V vk. Observe that tr(Lik) = δik. Now define
L̃ik = 1

|G|
∑

g∈G ρ(g−1)Likρ(g) and observe that L̃ikρ(g) = ρ(g)L̃ik. As

ρ is irreducible, necessarily L̃ik = αI for a suitable α ∈ C. Actually
α = δik/d as dα = tr(L̃ik) = tr(Lik) = δik (recall that if A, B ∈ GL(V )
then tr(AB) = tr(BA)). It follows that L̃ik = (1/d)δikI and therefore〈
L̃ikvj , vh

〉
V

= (1/d)δjhδik. But〈
L̃ikvj , vh

〉
V

=
1
|G|

∑
g∈G

〈Likρ(g)vj , ρ(g)vh〉V

=
1
|G|

∑
g∈G

〈ρ(g)vj , vi〉V · 〈vk, ρ(g)vh〉V

=
1
|G| 〈uij , ukh〉L(G)

which ends the proof.
The following lemma presents further properties of the matrix coeffi-

cients of a unitary representation.

Lemma 3.6.4 Under the same hypotheses preceding Lemma 3.6.3 (with
no irreducibility assumption), for all g, g1, g2 ∈ G and 1 ≤ i, j, k ≤ d one
has:

(i) ui,j(g−1) = uj,i(g);
(ii) ui,j(g1g2) =

∑d
h=1 ui,h(g1)uh,j(g2);

(iii)
∑d

j=1 uj,i(g)uj,k(g) = δi,k and
∑d

i=1 uj,i(g)uk,i(g) = δj,k (dual
orthogonality relations).

Proof (i) follows immediately from ρ(g)∗ = ρ(g−1) and 〈x, y〉 = 〈y, x〉
for all g ∈ G and x, y ∈ V .

(ii) For all x ∈ V one has x =
∑d

i=1 vi〈x, vi〉 so that, for all g ∈ G and
j = 1, 2, . . . , d

ρ(g)vj =
d∑

h=1

vhuh,j(g). (3.13)
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Thus
∑d

h=1 vhuh,j(g1g2) = ρ(g1g2)vj =
∑d

h=1 ρ(g1)vhuh,j(g2) and tak-
ing the scalar product with vi yields the desired equality.

(iii) Recalling that ρ(g) is unitary, we have

d∑
j=1

uj,i(g)uj,k(g) = 〈
d∑

j=1

vjuj,i(g),
d∑

j′=1

vj′uj′,k(g)〉

= 〈ρ(g)vi, ρ(g)vk〉 = 〈vi, vk〉 = δi,k.

In the following we shall refer to the matrix (ui,j) as a (unitary) matrix
realization of the (unitary) representation ρ.

3.7 Characters

With each equivalence class of irreducible representations one associates
a function, called the character of the representation defined by χρ(g) =
tr(ρ(g)). We recall that if V is a finite dimensional complex vector space
and denoting by End(V ) the space of all linear maps T : V → V , the
trace is the (necessarily unique) linear functional tr : End(V ) → C such
that tr(TS) = tr(ST ) for all T, S ∈ End(V ) and tr(IV ) = dimV . In the
following exercise we collect the basic properties of the trace.

Exercise 3.7.1 Let V be a finite dimensional vector space. (1) Show
the uniqueness of the trace.

(2) Endow V with a scalar product 〈·, ·〉 and fix an orthonormal basis
{v1, v2, . . . , vd} for V . Then

tr(T ) =
d∑

i=1

〈Tvi, vi〉

for T ∈ End(V ). This amounts to saying that the trace of a linear
operator equals the sum of the diagonal entries of its representing matrix.

(3) Let A ∈ GL(V ) and T ∈ End(V ). Then tr(T ) = tr(A−1TA).
This is the central property of the trace.

(4) Let λ1, λ2, . . . , λd denote the eigenvalues of T ∈ End(V ), listed
according to their algebraic multiplicities. Then tr(T ) =

∑d
i=1 λi.

(5) With the notation in (2) we have

tr(TS) =
d∑

i,j=1

〈Tvj , vi〉 〈Svi, vj〉 (3.14)

for all T, S ∈ End(V ).
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From (2) in the previous exercise we then have tr(ρ(g)) =
∑n

j=1 ujj(g)
(where the functions uij are the matrix coefficients defined in the previ-
ous section) and the function χρ does not depend on the particular choice
of the orthonormal system {v1, v2, . . . , vd} in V , nor on the particular
element ρ in its equivalent class (this in virtue of (3) in Exercise 3.7.1).

We observe that if ρ is a one-dimensional representation, then it
coincides with its character: ρ = χρ.

It is also possible to define the character for a representation which
is not irreducible. If (ρ, V ) is a unitary representation one sets χρ(g) =
tr(ρ(g)), for all g ∈ G.

Sometimes we shall write χV instead of χρ.

Proposition 3.7.2 Let χρ be the character of a representation (ρ, V )
of a group G. Denote by d = dim(V ) its degree. Then, for all s, t ∈ G,

(i) χρ(1G) = d;
(ii) χρ(s−1) = χρ(s);
(iii) χρ(t−1st) = χρ(s).

Proof To prove (i) observe that ρ(1G) = I the identity on V whose trace
clearly equals the dimension of V .

We have

χρ(s−1) = tr(ρ(s−1)) = tr(ρ(s)∗) = χρ(s)

since ρ(s−1) = ρ(s)∗ (recall that ρ(s) is unitary) and tr(A∗) = tr(A) for
all A ∈ GL(V ). This proves (ii).

The last statement follows again from the central property of the trace.
Note that ρ(g) is diagonalizable (it is unitary) and its trace coincides
with the sum of its eigenvalues.

Exercise 3.7.3 (1) Let G be a finite group and ρ a G-representation.
Show that if n = |G| then the eigenvalues of ρ(s), s ∈ G are nth roots of
the unity.

(2) Deduce that |χρ(g)| ≤ d for all g ∈ G.

From Lemma 3.6.1 it follows that characters relative to inequivalent
representations are orthogonal in L(G), while, from Lemma 3.6.3, it
follows that the norm of a character equals |G|: indeed the square of
its norm is the sum of the squares of the norms of the ujj ’s, which
all have the same norm |G|/d. We thus have that the characters of
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irreducible representations constitute an orthonormal system (not com-
plete!). Therefore they are finite in number and their cardinality equals
the number of equivalence classes of irreducible representations. We
state this as follows:

Proposition 3.7.4 Let ρ and σ be irreducible representations of a group
G.

(i) If ρ and σ are inequivalent then 〈χρ, χσ〉 = 0.
(ii) 〈χρ, χρ〉 = |G|.

Proposition 3.7.5 Let ρ and σ be two representations of a group G.
Suppose that ρ decomposes into irreducibles as ρ = ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρk

and that σ is irreducible. Then, setting mσ = |{j : ρj ∼ σ}|, one has

mσ =
1
|G| 〈χρ, χσ〉 . (3.15)

In particular, mσ does not depend on the chosen decomposition of ρ.

Proof If ρ decomposes as the direct sum ρ = ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρk of irre-
ducible sub-representations, then χρ =

∑k
j=1 χρj , that is the character

of ρ is the sum of the characters of the components ρj ’s.
Therefore, given an irreducible representation σ, the inner product

〈χρ, χσ〉 is different from zero if and only if σ is a sub-representation of
ρ, equivalently σ = ρj for some j = 1, . . . , k.

The number mσ in (3.15) is called the multiplicity of σ as a sub-
representation of ρ. If σ is not contained in ρ then clearly mσ = 0.

Corollary 3.7.6 Let ρ be a representation of a group G. Then

ρ =
⊕
σ∈Ĝ

mσσ

where mσσ = σ ⊕ σ · · · ⊕ σ is the direct sum of mσ copies of σ and

χρ =
∑
σ∈Ĝ

mσχσ.

Corollary 3.7.7 Let ρ, σ be two representations of G. Suppose that they
decompose as ρ = ⊕i∈Imiρi and σ = ⊕j∈Jnjρj, respectively, where the
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ρi’s are irreducible and the mi’s and nj’s are the corresponding multi-
plicities. Then, denoting by I ∩ J the index set of common irreducible
representations, we have

1
|G| 〈χρ, χσ〉 =

∑
i∈I∩J

mini.

Corollary 3.7.8 A representation ρ of a group G is irreducible if and
only if 〈χρ, χρ〉 = |G|.

Corollary 3.7.9 Two representations ρ and σ are equivalent if and only
if χρ = χσ.

Exercise 3.7.10 Let n, k ∈ N. Denote by p(k) = |{g ∈ Sk : g(i) �=
i,∀i = 1, 2, . . . , k}| the cardinality of the set of elements in the symmetric
group of degree k with no fixed points; also, for g ∈ Sn denote by

a(g) = |{i ∈ {1, 2, . . . , n} : g(i) = i}|

the number of points fixed by g.
Let now χV and χW denote the characters of the representations in

Example 3.4.5 (c).
(1) Prove that

∑n
a=0

(
n
a

)
p(n− a) = n!.

(2) Prove that χW (g) = χV (g) − 1 and that χV (g) = a(g) for all
g ∈ Sn.

(3) From (1) and (2) deduce that
∑

g∈Sn
(χW (g))2 = n!. In particular,

the representation of Sn on W is irreducible.

Theorem 3.7.11 (Peter–Weyl) Let G be a finite group and denote
by (λ, L(G)) the left regular representation.

(i) Any irreducible representation of (ρ, Vρ), ρ ∈ Ĝ appears in the
decomposition of λ with multiplicity equal to its dimension dρ.

(ii) Denoting by uρ
i,j the matrix coefficients of ρ ∈ Ĝ with respect to

an orthonormal basis, then the functions{√
dρ

|G|u
ρ
i,j : i, j = 1, . . . , dρ, ρ ∈ Ĝ

}

constitute an orthonormal system in L(G).
(iii) |G| =

∑
ρ∈Ĝ d2

ρ and L(G) =
⊕

ρ∈Ĝ dρVρ.
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Proof Denote by

λ =
⊕
ρ∈Ĝ

mρρ

the decomposition of λ into irreducibles where the integer mρ denotes
the multiplicity in λ of the corresponding sub-representation ρ and mρρ

stands for the direct sum of mρ copies of ρ.
We observe that using the (complete) orthonormal system {δg}g∈G of

the Dirac deltas in L(G) we immediately obtain that χλ(1G) = |G| and
χλ(g) = 0 if g �= 1G: this follows from the fact that if h, g ∈ G, then
λ(h)δg = δhg.

On the other hand, if ρ ∈ Ĝ, then from Proposition 3.7.5, we get
mρ = 1

|G| 〈χλ, χρ〉 = χρ(1G). This yields mρ = dρ and |G| ≡ dim L(G) =∑
ρ∈Ĝ mρdρ =

∑
ρ∈Ĝ d2

ρ which might also be derived from the formula

χλ(1G) = |G| =
∑
ρ∈Ĝ

mρχρ(1G).

From Lemma 3.6.1 and Lemma 3.6.3 we have that the functions√
dρ

|G|u
ρ
ij where ρ ∈ Ĝ and 1 ≤ i, j ≤ dρ constitute an orthonormal sys-

tem in L(G). This system is in fact complete. Indeed as
∑

ρ∈Ĝ d2
ρ = |G|

one has that |
{√

dρ

|G|u
ρ
ij : ρ ∈ Ĝ, 1 ≤ i, j ≤ dρ

}
| = |G|. As the latter

equals the dimension of L(G) we are done.

3.8 More examples

Example 3.8.1 Let Cn = 〈a〉 be the cyclic group and {ρk : k =
0, 1, . . . , n−1} be the representations as in Example 3.4.4. We are now in
position to prove that these constitute a complete system, in other words
{ρk : k = 0, 1, . . . , n−1} = Ĉn. Indeed, observing that the character of a
one-dimensional representation coincides with the representation itself,
we have that these representations are pairwise inequivalent. Another
way to prove this fact is to use the orthogonality relations in Section 2.1
and Proposition 3.7.4:

〈χρk
, χρh

〉 =
n−1∑
j=0

e2πi(k−h)j/n =

{
n if h = k

0 if h �= k.

Since the number of the ρk’s is n = |Cn|, by (iii) of the Peter–Weyl the-
orem (Theorem 3.7.11), these one-dimensional representations exhaust
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Ĉn, the irreducible representations of Cn. Alternatively, one can use
Exercise 3.5.3.

Example 3.8.2 Let Dn = 〈a, b : a2 = bn = 1, aba = b−1〉 be the
dihedral group of degree n, i.e. the group of isometries of a regular
polygon with n vertices. In the following we outline the determination
of all the irreducible representations of Dn.

We consider first the case when n is even. We have four one-dimensional
representations (we identify these with the corresponding characters),
namely, for all h = 0, 1 and k = 0, 1, . . . , n− 1

χ1(ahbk) = 1

χ2(ahbk) = (−1)h

χ3(ahbk) = (−1)k

χ4(ahbk) = (−1)h+k.

(3.16)

Set ω = e2πi/n and, for t = 0, 1, . . . , n, define the two-dimensional
representation ρt by setting

ρt(bk) =
(

ωtk 0
0 ω−tk

)
and ρt(abk) =

(
0 ω−tk

ωtk 0

)
.

Exercise 3.8.3 (1) Show that ρt is indeed a representation.

(2) Show that ρt ∼ ρn−t.

(3) Show that χρ0 = χ1 + χ2 and χρn/2 = χ3 + χ4.

(4) Show that ρt, with 1 ≤ t ≤ n
2 − 1, are pairwise nonequivalent

irreducible representations in two different ways, namely:

(a) by inspecting for invariant subspaces and intertwining
operators;

(b) by computing the characters and their inner products.

(5) Conclude that χ1, χ2, χ3, χ4, χρt , with 1 ≤ t < n/2 constitute a
complete list of irreducible representations of Dn.

Exercise 3.8.4 Determine a complete list of irreducible representations
of Dn in the case n odd.
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3.9 Convolution and the Fourier transform

Definition 3.9.1 Let P and Q be two complex valued functions defined
on the group G. The convolution of P with Q is the function defined by

[P ∗Q](g) =
∑
h∈G

P (gh−1)Q(h).

Note that the convolution may be also written in the following equiv-
alent forms:

[P ∗Q](g) =
∑
h∈G

P (h)Q(h−1g) =
∑

h,k∈G
kh=g

P (k)Q(h).

Remark 3.9.2 The order of the two functions in the convolution is
essential, since in general P ∗Q �= Q∗P . Indeed the convolution product
is commutative if and only if the group G is abelian. To see this, note
that if a, b ∈ G then

δa ∗ δb = δab and δb ∗ δa = δba,

where δt(g) =
{

1 if g = t

0 if g �= t.
The arbitrarity of the elements a, b in-

fers that the commutativity of the group is a necessary condition for the
commutativity of the convolution. On the other hand one immediately
checks that if G is abelian then P ∗Q = Q ∗ P (see also Chapter 2).

Lemma 3.9.3 The space L(G) of complex valued functions defined on
the group G endowed with the convolution product is an algebra (over C:
see Definition 2.1.5). Indeed it satisfies the following properties:

(i) L(G) endowed with the (pointwise) sum is a vector space over the
field of complex numbers;

(ii) the convolution product is distributive on the right and on the
left with respect to the sum: (P + Q) ∗ R = P ∗ R + Q ∗ R and
R ∗ (P + Q) = R ∗ P + R ∗Q;

(iii) L(G) has δ1G
as a unit element with respect to the convolution

product: P ∗ δ1G
= P = δ1G

∗ P ;
(iv) the convolution product is associative: (P ∗Q) ∗R = P ∗ (Q ∗R).

Proof (i) and (ii) are obvious.
(iii) One easily checks that δ1G

is the unit element with respect to the
convolution product.
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(iv) Let P, Q and R be complex valued functions defined on G. Then
we have

[P ∗ (Q ∗R)](g) =
∑
h∈G

P (gh−1)(Q ∗R)(h)

=
∑
h∈G

∑
t∈G

P (gh−1)Q(ht−1)R(t)

(setting h = mt) =
∑
t∈G

∑
m∈G

P (gt−1m−1)Q(m)R(t)

=
∑
t∈G

(P ∗Q)(gt−1)R(t) = [(P ∗Q) ∗R](g).

In virtue of the above properties, L(G) is called the group algebra of
the group G.

The center of L(G) is the subalgebra made up of all functions P ∈
L(G) commuting with every element in L(G), that is P ∗Q = Q ∗P for
all Q ∈ L(G). Such elements P ∈ L(G) are termed central.

Lemma 3.9.4 A function P ∈ L(G) is central if and only if P (a−1ta) =
P (t) for all a, t ∈ G, i.e. it is constant on each conjugacy class of G.

Proof For a function P the condition of belonging to the center is
equivalent to∑

h∈G

Q(gh−1)P (h) =
∑
h∈G

P (gh−1)Q(h) ∀Q ∈ L(G),∀g ∈ G. (3.17)

If we choose Q = δa and g = ta in (3.17) we obtain: P (a−1ta) =
P (t), ∀a, t ∈ G. The converse is trivial.

Definition 3.9.5 Let P ∈ L(G). The Fourier transform of P with
respect to the G-representation (ρ, V ) is the linear operator P̂ (ρ) : V →
V defined by P̂ (ρ) =

∑
g∈G P (g)ρ(g).

Lemma 3.9.6 For every couple of functions P, Q ∈ L(G) and every
G-representation (ρ, V ) we have:

P̂ ∗Q(ρ) = P̂ (ρ)Q̂(ρ).
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Proof

P̂ ∗Q(ρ) =
∑
g∈G

[∑
h∈G

P (gh−1)Q(h)

]
ρ(g)

=
∑
g∈G

∑
h∈G

P (gh−1)Q(h)ρ(gh−1)ρ(h)

=
∑
h∈G

⎡⎣∑
g∈G

P (gh−1)ρ(gh−1)

⎤⎦Q(h)ρ(h) = P̂ (ρ)Q̂(ρ).

Proposition 3.9.7 If P is a central function, then its Fourier transform
with respect to the irreducible G-representation (ρ, V ) is given by:

P̂ (ρ) = λI with λ =
1
dρ

∑
g∈G

P (g)χρ(g) =
1
dρ
〈P, χρ〉 .

Proof Observe that for any g ∈ G

ρ(g)P̂ (ρ)ρ−1(g) =
∑
h∈G

P (h)ρ(g)ρ(h)ρ(g−1) =
∑
h∈G

P (h)ρ(ghg−1)

=
∑
h∈G

P (ghg−1)ρ(ghg−1) = P̂ (ρ),

so that P̂ (ρ) intertwines ρ with itself. By Corollary 3.5.2 we deduce that
P̂ (ρ) = λI. Computing the trace of both members we obtain:

tr
(
P̂ (ρ)

)
=

∑
h∈G

P (h)χρ(h) = λdρ.

Theorem 3.9.8 (Fourier’s inversion formula) For a function P ∈
L(G) the following formula holds:

P (g) =
1
|G|

∑
ρ∈Ĝ

dρtr
(
ρ(g−1)P̂ (ρ)

)
∀g ∈ G.

In particular if P1, P2 ∈ L(G) satisfy the condition P̂1(ρ) = P̂2(ρ) for
every ρ ∈ Ĝ, then we have P1 = P2.

Proof We know, by Theorem 3.7.11, that the coefficients
√

dρ

|G|u
ρ
i,j ,

computed with respect to an orthonormal basis {vρ
1 , vρ

2 , . . . , vρ
dρ
} for all
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ρ ∈ Ĝ, constitute an orthonormal basis in L(G). Then also the conju-

gates
√

dρ

|G|u
ρ
i,j form an orthonormal basis and therefore we can express

every function P ∈ L(G) as

P (g) =
1
|G|

∑
ρ∈Ĝ

dρ

dρ∑
i,j=1

〈
P, uρ

i,j

〉
uρ

i,j(g), (3.18)

where 1 ≤ i, j ≤ dρ. We recall that P̂ (ρ) =
∑

g∈G P (g)ρ(g) and uρ
i,j(g) =

〈ρ(g)vρ
j , vρ

i 〉, which implies that

〈P, uρ
i,j〉 =

∑
g∈G

P (g)uρ
i,j(g) =

∑
g∈G

P (g)〈ρ(g)vρ
j , vρ

i 〉 =
〈
P̂ (ρ)vρ

j , vρ
i

〉
(3.19)

and

dρ∑
i,j=1

〈
P, uρ

i,j

〉
uρ

i,j(g) =
dρ∑

i,j=1

〈
P̂ (ρ)vρ

j , vρ
i

〉
〈vρ

i , ρ(g)vρ
j 〉

=
dρ∑

i,j=1

〈
P̂ (ρ)vρ

j , vρ
i

〉
〈ρ(g−1)vρ

i , vρ
j 〉

= tr
(
ρ(g−1)P̂ (ρ)

)
,

where the last equality follows from (3.14). Therefore, taking into ac-
count (3.18), the statement follows.

The Fourier inversion formula shows that every function in L(G) is
uniquely determined by its Fourier transforms with respect to the ir-
reducible representations; moreover it gives an explicit way to express
a function P as linear combination of an orthonormal system. Finally
from this analysis we can deduce that the algebra L(G) is isomorphic to
a direct sum of matrix algebras namely L(G) ∼ ⊕ρ∈ĜMdρ , where Mdρ

is the algebra of dρ × dρ matrices over C (this fact will be exploited in
Section 9.5). In particular, defining C(G) =

⊕
ρ∈Ĝ{P̂ (ρ) : P ∈ L(G)},

then the following holds.

Corollary 3.9.9 The Fourier transform L(G) � P �→ P̂ ∈ C(G) and the
map C(G) � Q �→ Q̌ ∈ L(G), where Q̌(g) = 1

|G|
∑

ρ∈Ĝ dρtr(ρ(g−1)Q(g)),
are bijective and inverses one of each other. Moreover, C(G) =⊕

ρ∈Ĝ Hom(Vρ).
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Theorem 3.9.10 The characters {χρ, ρ ∈ Ĝ} constitute an orthogonal
basis for the subspace of central functions. In particular |Ĝ| equals the
number of conjugacy classes in G.

Proof We have already showed (cf. Proposition 3.7.2 and Proposi-
tion 3.7.4) that the characters of irreducible representations are central
functions pairwise orthogonal if the representations are inequivalent. If a
central function P is orthogonal to these characters, by Proposition 3.9.7
we have P̂ (ρ) = 0 for all ρ ∈ Ĝ and therefore by Fourier’s inversion for-
mula we have P = 0. Therefore the characters are an orthogonal basis
of the subspace of central functions which has dimension equal to the
number of conjugacy classes (Lemma 3.9.4).

Exercise 3.9.11 (1) Use Theorem 3.9.10 to prove that a finite group
G is abelian if and only if its irreducible representations are all one-
dimensional.

(2) More generally, prove that if a group G contains a commutative
subgroup A, then dρ ≤ |G/A| for all ρ ∈ Ĝ.

Proposition 3.9.12 (Plancherel’s formula) Let P and Q be func-
tions on G. Then we have

〈P, Q〉 =
1
|G|

∑
ρ∈Ĝ

dρtr
(
P̂ (ρ)Q̂(ρ)∗

)
. (3.20)

Proof It is analogous to that one used for the Fourier inversion formula
(Theorem 3.9.8). Indeed, starting from the formula

〈P, Q〉 =
∑
ρ∈Ĝ

dρ

|G|

dρ∑
i,j=1

〈
P, uρ

i,j

〉〈
uρ

i,j , Q
〉

,

one can use (3.19) to show that

〈P, Q〉 =
1
|G|

∑
ρ∈Ĝ

dρ

dρ∑
i,j=1

〈
P̂ (ρ)vρ

j , vρ
i

〉
·
〈
vρ

i , Q̂(ρ)vρ
j

〉
=

1
|G|

∑
ρ∈Ĝ

dρtr
(
P̂ (ρ)Q̂(ρ)∗

)
.
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Exercise 3.9.13 From the orthogonality relations for the characters of
the irreducible representations:

1
|G|

∑
g∈G

χρ1(g)χρ2(g) = δρ1,ρ2 , ρ1, ρ2 ∈ Ĝ (3.21)

deduce the dual orthogonality relations:∑
ρ∈Ĝ

χρ(t1)χρ(t2) =
|G|

|C(t1)|
δt1,t2 t1, t2 ∈ T

where T ⊆ G is a set of representatives for the conjugacy classes of G

and C(t) = {g−1tg : g ∈ G} denotes the conjugacy class of t ∈ T .

We end this section with a simple property of the convolution of matrix
coefficients.

Lemma 3.9.14 Let ρ, σ ∈ Ĝ and denote by uρ
i,j and uσ

h,k, 1 ≤ i, j ≤ dρ

and 1 ≤ h, k ≤ dσ, the corresponding matrix coefficients (with respect to
orthonormal bases on Vρ and Vσ, respectively). Then

uρ
i,j ∗ uσ

h,k =
|G|
dρ

δj,hδρ,σuρ
i,k.

Proof Using first (ii) in Lemma 3.6.4 and then the orthogonality rela-
tions in Lemma 3.6.3 we have

[uρ
i,j ∗ uσ

h,k](g) =
∑
s∈G

uρ
i,j(gs)uσ

h,k(s−1)

=
dρ∑

�=1

uρ
i,�(g)

∑
s∈G

uρ
�,j(s)u

σ
k,h(s)

=
dρ∑

�=1

uρ
i,�(g)δ�,kδj,h

|G|
dρ

δρ,σ

=
|G|
dρ

δj,hδρ,σuρ
i,k(g).

3.10 Fourier analysis of random walks on finite groups

We recall that a probability measure on a group G is a function P : G →
R which satisfies the following conditions:
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(i) P (g) ≥ 0,∀g ∈ G;

(ii)
∑

g∈G P (g) = 1.

It is easy to show that if P and Q are probability measures on G, so
is their convolution product Q ∗ P , defined by

Q ∗ P (g) =
∑
h∈G

Q(h)P (h−1g) =
∑

h,k∈G:hk=g

Q(h)P (k).

Intuitively we can say that, if Q(g) represents the probability that the
element g is chosen according with the law defined by Q, then Q ∗
P (g) represents the probability that g equals hk when we first choose k

according with the law P and after we independently choose h following
the law Q.

The uniform distribution is the probability measure U defined by
U(g) = 1

|G|∀g ∈ G. It is characterized by the condition P ∗ U =
U ∗ P = U for every probability measure P , as easily follows from
U(gh) = U(g) ∀g, h ∈ G.

Let us explain the use of the Fourier analysis for random walks on
the group G. Suppose we have a probability measure P on the group
G. Then P induces a random walk on G in the sense that P (h−1g)
represents the probability to pass from the element h to the element g.
Suppose that Q is another probability measure. Interpreting Q(g) as
the probability to stay in the element g, we can say that Q represents
an initial distribution. If the transition from a state to the following
one is determined by P , we have that Q ∗ P (g) =

∑
h∈G Q(h)P (h−1g)

represents the probability to stay in the element g after one step.
Equivalently, if we define the |G| × |G| transition matrix P =

(p(h, g))h,g∈G by setting p(h, g) = P (h−1g) and Q represents the initial
distribution, then, after one step we are in g with probability

∑
h∈G Q(h)

p(h, g) = Q∗P (g). After n steps we are in g with probability
∑

h∈G Q(h)
p(n)(h, g) = Q ∗ P ∗n(g). Here

(
p(n)(h, g)

)
h,g∈G

= Pn is the transition
matrix corresponding to the nth convolution powers P ∗n = P ∗ · · · ∗ P

of P .
In particular, if the initial distribution is the Dirac function δ1G

(that
is we start our process from 1G), then the distribution after n steps is
simply P ∗n.x

If we use the Fourier inversion formula (Theorem 3.9.8) to express P

P (g) = |G|−1
∑
ρ∈Ĝ

dρtr
(
P̂ (ρ)ρ(g−1)

)
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and we take in account Lemma 3.9.6 we obtain

P ∗n(g) = |G|−1
∑
ρ∈Ĝ

dρtr
(
P̂ (ρ)nρ(g−1)

)
where P̂ (ρ)n is the nth power of the matrix P̂ (ρ). While the matrix
P = (p(h, g))h,g∈G =

(
P (h−1g)

)
h,g∈G

has dimension |G| × |G|, each

matrix P̂ (ρ) has smaller dimension dρ × dρ and thus, at least in theory,
the computation of the nth powers should be easier. Obviously the
computation would be easier the smaller the dimensions dρ, which in
any case should satisfy the constraint

∑
ρ∈R d2

ρ = |G|.
When G is abelian, Schur’s lemma (Lemma 3.5.1) implies dρ = 1,∀ρ ∈

Ĝ. This is the easiest case (see the examples in Chapter 2) and the
setting the most similar to classical Fourier analysis, i.e. Fourier series,
that indeed are an important tool in analyzing classical random walks
(on Euclidean lattices).

We have to say that the computation of the nth powers of the matrices
P̂ (ρ) is only in theory easier than the computation of the nth powers
of the matrix P (h−1g), since, in order to determine these matrices, a
detailed knowledge of the irreducible representations of G is necessary.
The computation can be really easier if P satisfies certain symmetry
conditions that, in practise, arise very often. It could happen that the
matrices P̂ (ρ) reduce to matrices with only one nontrivial entry which is
on the diagonal. This radical but frequent simplification can be studied
in the framework of the so-called Gelfand pairs, that will be the object
of the next chapter.

3.11 Permutation characters and Burnside’s lemma

Let G be a group acting on a set Ω. From now on, to denote the action
of an element g ∈ G on a point ω ∈ Ω, we shall simply write gω instead
of g · ω.

Recall that the permutation representation of G on Ω is the G-
representation (λ, L(Ω)) defined by

[λ(g)f ] (ω) = f(g−1ω)

for all f ∈ L(Ω), g ∈ G and ω ∈ Ω. The permutation representation is
unitary with respect to the usual scalar product on L(Ω), namely

〈f1, f2〉 =
∑
ω∈Ω

f1(ω)f2(ω),

for f1, f2 ∈ L(Ω).
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The corresponding character χλ, that here we simply denote by χ is
called the permutation character. Observe that the set {δω : ω ∈ Ω} is
an orthonormal basis in L(Ω) and therefore the expression

χ(g) ≡
∑
ω∈Ω

〈λ(g)δω, δω〉 =
∑
ω∈Ω

〈δgω, δω〉 = |{ω ∈ Ω : gω = ω}|, (3.22)

which counts the points in Ω fixed by g ∈ G, is called the fixed point
character formula for a permutation representation.

The following lemma is usually called “the Burnside lemma”, but it
was known already to Cauchy, see [28, 171, 233].

Lemma 3.11.1 (Burnside’s lemma) Let G act on a set Ω. The
following equalities hold true:

1
|G|

∑
g∈G

χ(g) =
1
|G|

∑
ω∈Ω

|StabG(ω)| = number of G-orbits in Ω. (3.23)

Proof Let Ω1, Ω2, . . . ,Ωh denote the orbits of G on Ω. From (3.22) we
have

1
|G|

∑
g∈G

χ(g) =
1
|G|

∑
g∈G

|{ω ∈ Ω : gω = ω}|

=
1
|G| |{(g, ω) ∈ G× Ω : gω = ω}|

=
1
|G|

∑
ω∈Ω

|{g ∈ G : gω = ω}|

=
1
|G|

∑
ω∈Ω

|StabG(ω)|

=
1
|G|

h∑
i=1

∑
ω∈Ωi

|StabG(ω)|

=(∗)
1
|G|

h∑
i=1

∑
ω∈Ωi

|G|
|Ωi|

=
h∑

i=1

1
|Ωi|

· |Ωi|

= h

where in (∗) we used (3.4).
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Remark 3.11.2 There is a purely representation theoretical interpre-
tation of the Burnside lemma. We clearly have

1
|G|

∑
g∈G

χ(g) =
1
|G| 〈χ,1G〉 (3.24)

where 1G denotes (the character of) the trivial representation. As we
have proved in Proposition 3.7.5, the right hand side of (3.24) denotes
the multiplicity of the trivial representation as a subrepresentation of the
permutation representation. But, by definition, the multiplicity of the
trivial representation inside a representation (ρ, V ) equals the dimension
of the subspace W = {w ∈ V : ρg(v) = v,∀g ∈ G} of G-invariant
vectors in V . In our setting V = L(Ω) and W = ⊕h

i=1C1Ωi
where 1Ωi

denotes the characteristic function of the orbit Ωi, i = 1, 2, . . . , h and
this dimension is exactly dim(W ) = h.

3.12 An application: the enumeration of finite graphs

In this section we present an interesting application of Burnside’s lemma,
namely the enumeration of isomorphism classes of finite graphs. First
of all, we need a preliminary result which is a first step towards the so-
called Polya–Redfield theory of enumeration under group actions (see
[156]).

Let X and Y be finite sets and denote by Y X = {f : X → Y } the set
of all functions from X to Y .

Suppose that a finite group G acts on X. Then G acts on Y X by
setting

[gf ](x) = f(g−1x)

for all g ∈ G, f ∈ Y X and x ∈ X.
Fix g ∈ G and consider the following equivalence relation on X: x ∼g

y if there exists t ∈ Z such that x = gty. Then denote by

X =
�∐

j=1

Xj(g)

the corresponding decomposition into equivalence classes. The subsets
Xj(g) are called G-cycles. We also set �(g) := number of cycles of g on
X. Denote by C� = {g ∈ G : �(g) = �} the subset of elements g ∈ G

which induce a decomposition of X into exactly � g-cycles.
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Exercise 3.12.1 Let g, h ∈ G and let X =
∐�

j=1 Xj(g) denote the

decomposition of X into g-cycles. Show that X =
∐�

j=1 hXj(g) is the
decomposition of X into hgh−1-cycles and deduce that the number �(g)
is a conjugacy invariant.

Lemma 3.12.2 The number of G-orbits on Y X is equal to

1
|G|

|X|∑
�=1

|C�| · |Y |�. (3.25)

Proof First observe that for g ∈ G and f ∈ Y X one has gf = f if and
only if f(g−1x) = f(x) for all x ∈ X, that is if and only if f is constant
on each g-cycle on X. Therefore, if g has �(g) cycles on X, then the
number of G-fixed points in Y X equals the number |Y |�(g). We then
deduce

1
|G|

∑
g∈G

|{f ∈ Y X : gf = f}| = 1
|G|

|X|∑
�=1

|C�| · |Y |�,

and the proof follows from Burnside’s lemma (Lemma 3.11.1).

Let Kn be the complete graph on n elements (see Example 1.8.1).
Then its edge set is En = {{i, j} : 1 ≤ i �= j ≤ n}. The set of all simple
(and with no loops) graphs on given vertices 1, 2, . . . , n may be identified
with the set {0, 1}En . Indeed, for ω : En → {0, 1} the corresponding
graph has edge set {e ∈ En : ω(e) = 1}. The symmetric group Sn acts
on En and the orbits on {0, 1}En correspond to the isomorphism classes
of finite simple graphs on n vertices.

Example 3.12.3 (Graphs on three vertices) For n = 3 the complete
graph K3 is just a triangle.

• The trivial element 1S3 has clearly three cycles, namely

E3 = {1, 2}
∐
{1, 3}

∐
{2, 3}.

• A transposition τ has exactly two cycles: for instance for τ =
(1, 2) one has E3 = {1, 2}

∐
{{1, 3}, {2, 3}}.

• Finally, a nontrivial even permutation has only one cycle.

The formula (3.25) gives exactly 1
6 [2 × 2 + 3 × 22 + 1 × 23] = 4

nonisomophic graphs on three vertices, namely
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Figure 3.1. The graphs on three vertices

Example 3.12.4 (Graphs on four vertices) For n = 4 the complete
graph K4 is as in Example 1.12.

• The trivial element 1S4 has six cycles, namely

E4 = {1, 2}
∐
{1, 3}

∐
{1, 4}

∐
{2, 3}

∐
{2, 4}

∐
{3, 4}.

• A transposition τ has exactly four cycles: for instance for τ =
(1, 2) one has

E4 = {1, 2}
∐
{3, 4}

∐
{{1, 3}, {2, 3}}

∐
{{1, 4}, {2, 4}} .

Note that there are six transpositions.

• A nontrivial product of commuting transpositions has four cycles:
for instance if π = (12)(34) one has

E4 = {1, 2}
∐
{3, 4}

∐
{{1, 3}, {2, 4}}

∐
{{1, 4}, {2, 3}} .

Note that there are three such permutations.

• A three-cycle has two cycles: for instance for π = (1, 2, 3) one
has

E4 = {{1, 2}, {2, 3}, {1, 3}}
∐
{{1, 4}, {2, 4}, {3, 4}} .

Note that there are eight three-cycles.

• Finally a four-cycle has again two cycles: for instance if π =
(1, 2, 3, 4) one has

E4 = {{1, 2}, {2, 3}, {3, 4}, {1, 4}}
∐
{{1, 3}, {2, 4}} .

In this case we have six four-cycles.

Grouping together according to the size of the g-cycles we have C2 =
8 + 6 = 14, C4 = 6 + 3 = 9, C6 = 1 and C� = 0 for all other �’s.
Then the formula (3.25) gives exactly 1

24 [14× 22 + 9× 24 + 1× 26] = 11
nonisomophic graphs on four vertices, namely
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Figure 3.2. The graphs on four vertices

Exercise 3.12.5 (Graphs on five vertices) Work out the analogous
computations from previous examples for n = 5.

An entire book on applications of group actions to enumeration prob-
lems is Kerber’s monograph [143] (on the cover of that book there is the
picture (above) of the 11 nonisomorphic graphs on four vertices!).

3.13 Wielandt’s lemma

Theorem 3.13.3 below was surely known to Schur and possibly even
to Frobenius. A standard reference is the book by Wielandt [228]; for
convenience we refer to it as to “Wielandt’s lemma”. Before that, a few
observations.

Suppose we are given an action of a group G on a set X and denote by
χ its permutation character. Then, the corresponding diagonal action
of G on X ×X (see Example 3.1.16) has χ2 as permutation character.
Indeed

χ(g)2 = |{x ∈ X : gx = x}|2

= |{x1 ∈ X : gx1 = x1}| · |{x2 ∈ X : gx2 = x2}|
= |{(x1, x2) ∈ X ×X : g(x1, x2) = (x1, x2)}|.

(3.26)

Theorem 3.13.1 Let G act transitively on X = G/K. Denote by x0 ∈
X the point stabilized by K and by X = Ω0

∐
· · ·

∐
Ωn the decomposition

into K-orbits of X (with Ω0 = {x0}). Choose xi ∈ Ωi for all i =
0, 1, . . . , n. Then the sets

G(xi, x0) = {(gxi, gx0) : g ∈ G}

are the orbits of the diagonal action of G on X ×X.
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Proof First of all, note that if (x, y) ∈ X ×X then there exist g ∈ G,
k ∈ K and i ∈ {0, 1, . . . , n} such that

(x, y) = (x, gx0) = (gg−1x, gx0) = (gkxi, gkx0) ∈ G(xi, x0).

Indeed G is transitive on X and we denote by Kxi = Ωi the K-orbit
containing g−1x. This shows that X × X = ∪n

i=0G(xi, x0). It is also
easy to show that G(xi, x0) ∩ G(xj , x0) = ∅ if i �= j, showing that the
union above is in fact a disjoint union.

In other words, we may also say the following.

Corollary 3.13.2 Let Θ be a G-orbit on X × X. Then the set Ω =
{x ∈ X : (x, x0) ∈ Θ} is an orbit of K on X and the map Θ �→ Ω is
a bijection between the set of orbits of G on X ×X (with the diagonal
action) and those of K on X.

It is also easy to see (exercise) that the map KgK �→ Kgx0 is a
bijection between the double cosets of G modulo K and the orbits of K

on X.

Theorem 3.13.3 (Wielandt’s lemma) Let G be a finite group, K ≤
G a subgroup and denote by X = G/K the corresponding homogeneous
space. Let L(X) = ⊕N

i=0miVi be a decomposition into irreducible G-
subrepresentations, where mi denotes the multiplicity of Vi. Then

N∑
i=0

m2
i = number of G-orbits on X ×X = number of K-orbits on X.

(3.27)

Proof Denote by χ the permutation character associated with the G-
action on X. We have

N∑
i=1

m2
i =∗)

1
|G| 〈χ, χ〉

=
1
|G|

∑
g∈G

χ(g)2

=∗∗)
1
|G|

∑
(x1,x2)∈X×X

|StabG(x1, x2)|

=∗∗∗) number of G-orbits on X ×X

=∗∗∗∗) number of K−orbits on X
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where: =∗) comes from Corollary 3.7.7; =∗∗) is the combination of (3.26)
with the first equality in Lemma 3.11.1; =∗∗∗) is nothing but the sec-
ond equality in Lemma 3.11.1 and, finally, =∗∗∗∗) follows from previous
corollary.

Remark 3.13.4 Again, the above formula can be viewed as follows

〈χ, χ〉 =
〈
χ2,1G

〉
so that the right hand side expresses the number of G-invariant sub-
spaces in the representation associated with the action of G on X × X.

The following is a slight but useful generalization of Wielandt’s lemma
(Theorem 3.13.3).

Exercise 3.13.5 Let G act transitively on two finite sets X = G/K and
Y = G/H. Define the diagonal action of G on X × Y by setting, for all
x ∈ X, y ∈ Y and g ∈ G

g(x, y) = (gx, gy).

(1) Show that the number of G-orbits on X × Y equals the number
of H-orbits on X which in turn equals the number of K-orbits on Y .

(2) Let L(X) = ⊕i∈ImiVi and L(Y ) = ⊕j∈JnjVj , I, J ⊆ Ĝ, be
the decomposition of the permutation representations L(X) and L(Y )
into irreducible representations. Denoting by I ∩ J the set of indices
corresponding to common subrepresentations show that the number of
G-orbits on X × Y equals the sum

∑
i∈I∩J mini.

Example 3.13.6 Let now G = Sn be the symmetric group of degree
n and X = {1, 2, . . . , n} as in Example 3.4.5 (c). Denote by K the
stabilizer of the point 1 which is clearly isomorphic to Sn−1. We have
that K has exactly two orbits on X, namely {1} and {2, 3, . . . , n}. From
Wielandt’s lemma (Theorem 3.13.3) it follows that L(X) decomposes
into two irreducible Sn-representations, each with multiplicity one.

On the other hand, we have the decomposition L(X) = W0 ⊕ W1,
where W0 = {f : X → C, constant} is the trivial representation and
W1 = {f : X → C,

∑n
j=1 f(j) = 0}. Indeed these subspaces are clearly

Sn-invariant and orthogonal; moreover, given any f ∈ L(X) we have

f =
1
|X|

∑
x∈X

f(x) +

[
f − 1

|X|
∑
x∈X

f(x)

]
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where the first summand belongs to W0 and the second one to W1.
Therefore W0 and W1 are irreducible. Compare with Exercise 3.4.6.

Definition 3.13.7 Suppose that G acts on X. The action is doubly
transitive if for all (x1, x2), (y1, y2) ∈ (X ×X) \ {(x, x) : x ∈ X} there
exists g ∈ G such that gxi = yi for i = 1, 2.

Exercise 3.13.8 Suppose that G acts transitively on X.

(1) Set W0 = {f : X → C, constant} and W1 = {f : X → C,∑
x∈X f(x) = 0}. Prove that L(X) = W0 ⊕W1 is the decompo-

sition of the permutation representation into irreducibles if and
only if G acts doubly transitively on X.

(2) Show that the action of Sn on {1, 2, . . . , n} is doubly transitive.
(3) Prove that if the action of G on X = G/K is doubly transitive,

then K is a maximal subgroup (K ≤ H < G infers H = K).

3.14 Examples and applications to the symmetric group

In this section we apply the results from previous section to some repre-
sentations of Sn of small dimension. Consider the following homogeneous
spaces

Ωn−1,1 = Sn/(Sn−1 × S1)

≡ {1, 2, . . . , n}

Ωn−2,2 = Sn/(Sn−2 × S2)

≡ {{i, j} : i, j ∈ {1, 2, . . . , n}, i �= j}
≡ {2−subsets in {1, 2, . . . , n}}
≡ {unordered pairs of distinct elements in {1, 2, . . . , n}}

Ωn−2,1,1 = Sn/(Sn−2 × S1 × S1)

≡ {(i, j) : i, j ∈ {1, 2, . . . , n}, i �= j}
≡ {ordered pairs of distinct elements in {1, 2, . . . , n}}

where we regard Sn−1 × S1 as the stabilizer of {1} and Sn−2 × S2 and
Sn−2 × S1 × S1 as the stabilizers of {1, 2} and (1, 2), respectively (that
is, Sn−2 acts on {3, 4, . . . , n}, S2 acts on {1, 2} and S1 × S1 reduces to
the trivial group acting as the identity on {1, 2}).
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Set

Mn−1,1 = L(Ωn−1,1)

Mn−2,2 = L(Ωn−2,2)

Mn−2,1,1 = L(Ωn−2,1,1).

1. We have the following decomposition into irreducibles

Mn−1,1 = Sn ⊕ Sn−1,1 (3.28)

where Sn = W0 and Sn−1,1 = W1 as in Examples 3.4.5 (c) and 3.13.6.
2. The orbits of Sn−1 × S1 (the stabilizer of {1}) on Ωn−2,2 are exactly
two, namely {{1, j} : j ∈ {2, 3, . . . , n}} and {{i, j} : i, j ∈ {2, 3, . . . , n} ,
i �= j}.

In virtue of Remark 3.11.2 the trivial representation Sn appears with
multiplicity one in Mn−2,2. Also, by (3.28) and Exercise 3.13.5 we have
that the number of (Sn−1 × S1)-orbits on Ωn−2,2 equals

∑
i∈I∩J mini

(here we use the notation from Exercise 3.13.5) so that, necessarily |I ∩
J | = 2 (thus I ⊆ J) and mi = ni = 1 for all i ∈ I. This shows that also
Sn−1,1 is contained in Mn−2,2 with multiplicity one.

But the orbits of Sn−2 × S2 (stabilizer of {1, 2}) on Ωn−2,2 are ex-
actly three, namely {{i, j} ∈ Ωn−2,2 : |{i, j} ∩ {1, 2}| = k}, k = 0, 1, 2.
Therefore, by Wielandt’s lemma, Mn−2,2 decomposes into three distinct
irreducible representations:

Mn−2,2 = Sn ⊕ Sn−1,1 ⊕ Sn−2,2 (3.29)

where Sn−2,2, the orthogonal complement of Sn ⊕ Sn−1,1 in Mn−2,2, is
a new (irreducible) representation.

3. The orbits of Sn−1×S1 (the stabilizer of {1}) on Ωn−2,1,1 are exactly
three, namely {(1, j) : j �= 1}, {(j, 1) : j �= 1} and {(i, j) : i, j �= 1}.

Therefore, by Exercise 3.13.5, and recalling that Sn has multiplicity
one, one deduces, as before, that

Sn−1,1 has multiplicity two in Mn−2,1,1. (3.30)

Also, Sn−2,2 has exactly four orbits on Ωn−2,1,1, namely {(1, 2), (2, 1)},
{(1, j), (2, j) : j �= 1, 2}, {(j, 1), (j, 2) : j �= 1, 2} and {(i, j) : i, j �= 1, 2}.
Therefore, from (3.29) and (3.30) it follows that

Sn−2,2 has multiplicity one in Mn−2,1,1. (3.31)

On the other hand, Sn−2×S1×S1 has exactly seven orbits on Ωn−2,1,1,
namely {(1, 2)}, {(2, 1)}, {(1, j) : j �= 1}, {(j, 1) : j �= 1}, {(2, j) : j �= 2},
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{(j, 2) : j �= 2} and {(i, j) : i, j �= 1, 2}. Therefore, by Wielandt’s lemma,
(3.30) and (3.31), as 1 + 22 + 1 = 6 (the first term corresponds to Sn,
the second one to Sn−1,1 and the last one to Sn−2,2), we have

Mn−2,1,1 = Sn ⊕ 2Sn−1,1 ⊕ Sn−2,2 ⊕ Sn−2,1,1, (3.32)

where Sn−2,1,1, the orthogonal complement of Sn⊕ 2Sn−1,1⊕Sn−2,2 in
Mn−2,2 is a new (irreducible) representation.

Exercise 3.14.1 Let χn, χn−1,1, χn−2,2 and χn−2,1,1 be the charac-
ters of the irreducible representations Sn, Sn−1,1, Sn−2,2 and Sn−2,1,1,
respectively.

For g ∈ Sn we denote by a1(g) the number of fixed points of g and by
a2(g) the number of two cycles in g; in other words we have

g = (i1) · · · (ia1(g)) · (j1, j2) · · · (j2a2(g)−1, j2a2(g))(k1k2k3 · · · ) · · ·

(1) Show that

• χn−1,1(g) = a1(g)− 1 (see also Exercise 3.7.10)
• χn−2,2(g) = 1

2 (a1(g)− 1) (a1(g)− 2) + a2(g)− 1
• χn−2,1,1(g) = 1

2 (a1(g)− 1) (a1(g)− 2)− a2(g)
• Deduce that, in particular,

dimSn−1,1 = n− 1

dimSn−2,2 =
(

n

2

)
− n

dimSn−2,1,1 = (n− 1)(n− 2)/2.

(2) Show that

(χn−1,1)
2 = χn + χn−1,1 + χn−2,2 + χn−2,1,1. (3.33)

Exercise 3.14.2 Set Ωn−k,k = Sn/(Sn−k×Sk) ≡ {k-subsets of {1, 2, . . . ,

n}} (we regard Sn−k×Sk as the stabilizer of the k−subset {1, 2, . . . , k})
and denote by Mn−k,k = L(Ωn−k,k) the corresponding permutation
representation.

Let now k ∈ {0, 1, . . . , [n/2]}.
(1) Show that

• Sn−k+1 × Sk−1 has k orbits on Ωn−k,k

• Sn−k × Sk has k + 1 orbits on Ωn−k,k.
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(2) Use the previous part and the decomposition Mn−1,1 = Sn ⊕
Sn−1,1 (i.e. (3.28)) to prove, by induction on n, that

• Mn−k,k decomposes into k+1 distinct irreducible representations;
• Mn−k,k contains all the irreducible representations in Mn−k+1,k−1

together with just one new irreducible representation, say Sn−k,k;

(3) Show that Ωn−k,k is isomorphic to Ωk,n−k as Sn-homogeneous
spaces and deduce from (2) that

Mn−h,h = ⊕min{n−h,h}
k=0 Sn−k,k

for all h = 0, 1, . . . , n. Moreover dimSn−k,k =
(
n
k

)
−

(
n

k−1

)
.

The results of this section will be generalized and completed in Chap-
ter 10 (see Example 10.5.15). See also Chapter 6.



4

Finite Gelfand pairs

This chapter contains an exposition on the theory of (finite) Gelfand
pairs and their spherical functions. This theory originally was developed
in the setting of Lie groups with the seminal paper by I. M. Gelfand [98]
(see also [23]); another earlier contribution is the paper by Godement
[100].

Expositions of the theory in the setting of locally compact and/or Lie
groups are in Dieudonné’s treatise on analysis [71] and in the mono-
graphs by: Dym and McKean [82], Faraut [86], Figà-Talamanca and
Nebbia [91], Helgason [117, 118], Klimyk and Vilenkin [146], Lang [149]
and Ricci [180]. See also the papers by Bougerol [30].

Recently, finite and infinite Gelfand pairs have been studied in asymp-
totic and geometric group theory in connection with the so-called branch
groups introduced by R.I. Grigorchuk in [107] (see [15, 19]).

Several examples of finite Gelfand pairs, where G is a Weyl group or
a Chevalley group over a finite field were studied by Delsarte, Dunkl
and Stanton (see the surveys [77, 209, 211] or the book [146] by Klimyk
and Vilenkin). Delsarte was motivated by applications to association
schemes of coding theory, while Dunkl and Stanton were interested in
applications to orthogonal polynomials and special functions. For the
point of view of the theory of association schemes see the monographs
by Bailey [7], Bannai and Ito [12]; see also the work of Takacs [216], on
harmonic analysis on Schur algebras, that contains several applications
to probability.

Our exposition is inspired to the book by Diaconis [55] and to Figà-
Talamanca’s lecture notes [88]. The finite case is also treated in the
monographs by: Bump [37], I.G. Macdonald [165] and Terras [220]. See
also the papers by Garsia [97] and Letac [152, 153].

117



118 Finite Gelfand pairs

Persi Diaconis used Gelfand pairs in order to determine the rate of
convergence to the stationary distribution of finite Markov chains. More
precisely, given a Markov chain which is invariant under the action of a
group G, its transition operator can be expressed as a convolution oper-
ator whose kernel can be written, at least in theory, as a “Fourier series”
where the classical exponentials exp(inx) are replaced by the irreducible
representations of the group G. This would, in theory, yield an analysis
of the convolution powers of the kernel and therefore of the powers of
the transition operator, in order to determine their asymptotic behav-
ior and related problems as the rate of convergence to the stationary
distribution.

This program, however, is not easy to handle, because on the one
hand, the irreducible representations of a finite group, although “known”
in theory, most often are in practice not suitable for concrete calculations
and, on the other hand, because the representations, being not neces-
sarily just one-dimensional, cannot lead to a complete diagonalization
of the transition operator, but just to a block decomposition.

There are however some cases where this Fourier analysis of the action
of a group over a finite set can be easily handled and reduced to an
essentially commutative analysis, even if the representations involved
still remain of dimension higher than one. This is indeed the case when
the action of the group on the set corresponds to a Gelfand pair.

4.1 The algebra of bi-K-invariant functions

Let G be a finite group and K ≤ G a subgroup of G. We say that
a function f ∈ L(G) is K-invariant on the right (resp. on the left) if
f(gk) = f(g) (resp. f(kg) = f(g)) for all g ∈ G and k ∈ K. Denoting by
X = G/K the corresponding homogeneous space, one can identify the
space L(X) = {f : X → C} of all complex valued functions on X with
the L(G)-subspace of right-K-invariant functions; the isomorphism is in-
duced by the map in (3.3). It is given by the map f �→ f̃ which associates
with f ∈ L(X) the right-K-invariant function f̃ ∈ L(G) defined by

f̃(g) = f(gx0) (4.1)

where x0 ∈ X is the point stabilized by K.
We then say that f is bi-K-invariant if it is both K-invariant on the

right and on the left, that is f(kgk′) = f(g) for all g ∈ G and k, k′ ∈
K; in analogy with the previous situation, the space of bi-K-invariant
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functions can be identified with the space L(K\G/K) = {f : K\G/K →
C} of complex valued functions on K\G/K, the set of double cosets
KgK, g ∈ G. In view of this identification, we denote by L(K\G/K) the
space of bi-K-invariant functions on G. Note also that in virtue of (4.1),
L(K\G/K) coincides with the subspace of K-invariant functions on X,
that is with L(X)K = {f ∈ L(X) : f(kx) = f(x), ∀x ∈ X, k ∈ K}. In
other words, the map KgK �→ Kgx0 is a bijection between K\G/K and
the set of K-orbits on X; compare with Corollary 3.13.2.

It is easy to see that given f1, f2 ∈ L(G), the convolution f1 ∗f2 is left
invariant if f1 is left invariant, it is right invariant if f2 is right invariant.
As a consequence of this, the right (resp. left) invariant elements in
L(G) form a subalgebra (indeed a right (resp. left) ideal) of L(G). The
same is true for bi-invariant elements (in this case we have a two-sided
ideal).

Note that if f1, f2 ∈ L(X) and f̃i are the associated right-K-invariant
functions in L(G) given by (4.1), i = 1, 2, then

〈f̃1, f̃2〉L(G) = |K|〈f1, f2〉L(X). (4.2)

For f ∈ L(G) set

fK(g) =
1
|K|

∑
k∈K

f(gk).

The map f �→ fK is the orthogonal projection of L(G) onto L(X).
Similarly we may define the map f �→ KfK , where

KfK(g) =
1
|K|2

∑
k,k′∈K

f(kgk′). (4.3)

This is a conditional expectation of L(G) onto L(K\G/K) (that is K(f1∗
f ∗ f2)K = f1 ∗ KfK ∗ f2 for all f1, f2 ∈ L(K\G/K) and f ∈ L(G)).

Remark 4.1.1 In the sequel we shall make use of the following ex-
pression for the total mass of a function in L(X). For f ∈ L(X) we
have ∑

y∈X

f(y) =
1
|K|

∑
h∈G

f(hx0).
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Indeed, if h1, h2, . . . , ht is a set of representatives for the right cosets of
K in G, so that G =

∐t
i=1 hiK, then

∑
h∈G

f(hx0) =
t∑

i=1

∑
k∈K

f(hikx0)

=
t∑

i=1

∑
k∈K

f(hix0)

= |K|
t∑

i=1

f(hix0)

= |K|
∑
y∈X

f(y).

4.2 Intertwining operators for permutation representations

Given two representations (ρ1, V1) and (ρ2, V2) of a group G we denote by

HomG(V1, V2) ={T : V1 → V2 :

ρ2(g)[Tv] = T [ρ1(g)v] for all g ∈ G, v ∈ V1} (4.4)

the space of operators intertwining (or, briefly, intertwiners of) the rep-
resentations (ρ1, V1) and (ρ2, V2). If T ∈ HomG(V1, V2), we also say that
T is G-equivariant. Note also that if V1 = V2, then HomG(V1, V1) is an
algebra (see Definition 2.1.5): indeed it is closed under composition of
maps.

In our context we have the following important fact. First recall that
given two algebras A and B, an anti-isomorphism is a linear bijection
τ : A → B such that τ(aa′) = τ(a′)τ(a) for all a, a′ ∈ A.

Proposition 4.2.1 The algebra of operators intertwining L(X) with it-
self is isomorphic to the convolution algebra of bi-K-invariant functions;
in formulae: HomG(L(X), L(X)) ∼= L(K\G/K).

Proof An operator T : L(X) → L(X) is expressed by a complex ma-
trix (r(x, y))x,y∈X in the sense that Tf(x) =

∑
y∈X r(x, y)f(y). If T

is an intertwiner or, what is the same, it is G-equivariant, it satisfies
the condition [λ(g)(Tf)] = T [λ(g)f ] which yields r(g−1x, y) = r(x, gy),
equivalently, r(x, y) = r(gx, gy) for all x, y ∈ X and g ∈ G. This means
that r is constant on the orbits of G on X × X. Therefore, if x0 is
the point stabilized by K, in virtue of Corollary 3.13.2, the function
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ψ : X → C defined by ψ(z) = r(z, x0), for all z ∈ X, is constant on the
orbits of K on X.

Hence, recalling Remark 4.1.1, if x = gx0, one has

[Tf ](x) =
1
|K|

∑
h∈G

r(x, hx0)f(hx0)

=
1
|K|

∑
h∈G

r(h−1gx0, x0)f(hx0) (4.5)

=
1
|K|

∑
h∈G

f(hx0)ψ(h−1gx0).

If ψ̃ ∈ L(G) is defined as in (4.1), the correspondence T ≡ (r(x, y))x,y∈X

�→ ψ̃ is an anti-isomorphism. Indeed if S ≡ (s(x, y))x,y∈X �→ φ̃, where
φ ∈ L(X) is defined by φ(x) = s(x, x0), then, for x = hx0 and z = tx0,
one has ∑

y∈X

r(x, y)s(y, z) =
1
|K|

∑
g∈G

r(hx0, gx0)s(gx0, tx0)

=
1
|K|

∑
g∈G

r(g−1hx0, x0)s(t−1gx0, x0)

=
1
|K|

∑
g∈G

φ̃(t−1g)ψ̃(g−1h)

=
1
|K|

(
φ̃ ∗ ψ̃

)
(t−1h).

In order to have an isomorphism, set, for all ξ ∈ L(G), ξ̌(g) = ξ(g−1);
then the correspondence T �→ (ψ̃)∨ is the desired isomorphism (note
that ξ �→ ξ̌ is an anti-automorphism of the group algebra L(G) with
L(K\G/K) an invariant subspace).

Exercise 4.2.2 Let ψ ∈ L(G). Using the notation from Example 3.4.1
and Exercise 3.4.2, show that

(1) λG(g)f = δg ∗ f for all f ∈ L(G) and g ∈ G;
(2) ρG(g)f = f ∗ δg−1 for all f ∈ L(G) and g ∈ G.

Then deduce the following.
(3) The operator T : L(G) → L(G), defined by Tf = f ∗ ψ, for all

f ∈ L(G), commutes with λG.
(4) The operator T : L(G) → L(G), defined by Tf = ψ ∗ f , for all

f ∈ L(G), commutes with ρG.
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This explains the reason why the map T �→ ψ̃ in the proof of Propo-
sition 4.2.1 is an anti-isomorphism: T acts on the “left”, while the
convolution is expressed as multiplication on the “right”.

Remark 4.2.3 (4.5) may be written in form of convolution

T̃ f =
1
|K| f̃ ∗ ψ̃

where we used the notation in (4.1). The function ψ is called the
convolution kernel of T .

In the following exercise we sketch an alternative and more combina-
torial description of HomG (L(X), L(X)).

Exercise 4.2.4 Let G be a group acting transitively on a set X. Let
Θ0, Θ1, . . . ,ΘN be the orbits of G on X×X (with Θ0 = {(x, x) : x ∈ X})
and set

Δif(x) =
∑

y∈X:(x,y)∈Θi

f(y)

for f ∈ L(X). Define

Ξi,j(x, y) = {z ∈ X : (x, z) ∈ Θi and (z, y) ∈ Θj}.

Show that

(1) Δ0, Δ1, . . . ,ΔN constitute a basis for HomG ((L(X), L(X)).

(2) |Ξi,j(x, y)| =: ξi,j(s) only depends on the G-orbit Θs containing
(x, y).

(3) ΔiΔj =
∑N

s=0 ξi,j(s)Δs and Δ0 is the identity.

(4) There is a bijection i �→ i′ such that Δ∗
i = Δi′ .

Exercise 4.2.5 Suppose that G acts transitively on X = G/K and Y =
G/H. Show that the vector space HomG(L(X), L(Y )) is isomorphic to

L(K\G/H) = {f ∈ L(G) :

f(kgh) = f(g) for all g ∈ G, k ∈ K and h ∈ H},

the space of K-H-invariant functions on G. Compare with Exercise
3.13.5.
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4.3 Finite Gelfand pairs: definition and examples

Definition 4.3.1 Let G be a finite group and K ≤ G a subgroup.
The pair (G, K) is called a Gelfand pair if the algebra L(K\G/K) of
bi-K-invariant functions is commutative.

More generally, if G acts transitively on a finite space X, we say that
the action defines a Gelfand pair if (G, K) is a Gelfand pair, when K is
the stabilizer of a point x0 ∈ X. Note that if gx0 = x then K ′ := gKg−1

is the stabilizer of x and (G, K) is a Gelfand pair if and only if (G, K ′)
is a Gelfand pair (as it easily follows from the definition of convolution):
the algebras L(K\G/K) and L(K ′\G/K ′) are isomorphic (exercise).

Example 4.3.2 (Symmetric Gelfand pairs [153]) Let G and K ≤ G

be finite groups. Suppose that for any g ∈ G one has g−1 ∈ KgK. Then
(G, K) is a Gelfand pair. In this case we say that (G, K) is symmetric.

Proof Observe that if f ∈ L(K\G/K), under our hypothesis we have
f(g−1) = f(g). Then for f1, f2 ∈ L(K\G/K) we get

[f1 ∗ f2](g) =
∑
h∈G

f1(gh)f2(h−1)

=
∑
h∈G

f1(gh)f2(h)

setting t = gh

=
∑
t∈G

f1(t)f2(g−1t)

=
∑
t∈G

f2(g−1t)f1(t−1)

= [f2 ∗ f1](g−1) = [f2 ∗ f1](g),

showing that L(K\G/K) is commutative.

A straightforward generalization is the following:

Exercise 4.3.3 (Gelfand’s lemma [55]) Let G and K ≤ G be finite
groups. Suppose there exists an automorphism τ of G such that g−1 ∈
Kτ(g)K for all g ∈ G. Show that (G, K) is a Gelfand pair. We then say
that (G, K) is weakly symmetric.

In Example 9.6.1 we present an example of a finite Gelfand pair which
is not weakly symmetric.
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We now use the following notation: if a group G acts on a set Y , for
two elements x, y ∈ Y we write x ∼ y if there exists g ∈ G such that
gx = y (equivalently if x and y belong to the same G-orbit: OrbG(x) =
OrbG(y)).

Lemma 4.3.4 Let X be a finite set and G a group acting transitively
on it. Let x0 ∈ X and K = StabG(x0) = {k ∈ G : kx0 = x0} be a point
of X and its stabilizer. The following are equivalent:

(i) For all x, y ∈ X one has (x, y) ∼ (y, x) with respect to the action
of G on X ×X.

(ii) g−1 ∈ KgK for all g ∈ G.

Proof (i)⇒ (ii): As (x0, g
−1x0) = g−1(gx0, x0) ∼ (gx0, x0) ∼(i) (x0, gx0),

there exists k ∈ G such that k(x0, g
−1x0) = (x0, gx0), that is kg−1x0 =

gx0 and kx0 = x0, i.e. k∈K. The first condition then gives g−1kg−1x0 =
x0 i.e. g−1kg−1 ∈ K and thus g−1 ∈ KgK.

(ii) ⇒ (i): Let t, s ∈ G be such that x = tx0 and y = tsx0. Moreover
let k1, k2 ∈ K be such that s−1 = k1sk2. Then:

(x, y) = t(x0, t
−1y) ∼ (x0, t

−1y) = (x0, sx0)

= s(s−1x0, x0) ∼ (s−1x0, x0) = (k1sk2x0, x0)

= (k1sx0, x0) = k1(sx0, k
−1
1 x0) = k1(sx0, x0)

∼ (sx0, x0) = (t−1y, x0) ∼ t(t−1y, x0) = (y, x).

Exercise 4.3.5 With the notation of Exercise 4.2.4 show that

(1) (Orbit criterion) (G, K) is a Gelfand pair if and only if

ξi,j(s) = ξj,i(s) for all i = 0, 1, . . . , N . (4.6)

(2) (G, K) is symmetric if and only if i′ = i for all i = 0, 1, . . . , N .

Definition 4.3.6 Let (X, d) be a finite metric space and G a group
acting on X by isometries (i.e. d(gx, gy) = d(x, y) for all x, y ∈ X and
g ∈ G). The action is 2-point homogeneous (or distance-transitive) if for
all (x1, y1), (x2, y2) ∈ X ×X such that d(x1, y1) = d(x2, y2) there exists
g ∈ G such that gx1 = x2 and gy1 = y2.

From Example 4.3.2 and the previous lemma one deduces immediately
the following.
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Example 4.3.7 Let (X, d) be a finite metric space on which a finite
group G acts isometrically and 2-point homogeneously. Fix x0 ∈ X and
denote by K = {g ∈ G : gx0 = x0} the stabilizer of this point. Then
(G, K) is a symmetric Gelfand pair. Indeed d(x, y) = d(y, x) and thus
(x, y) ∼ (y, x) for all x, y ∈ X.

We observe that the K-orbits of X are exactly the spheres {x ∈ X :
d(x, x0) = j}, j = 0, 1, 2, . . . Therefore a function f ∈ L(X) is K-
invariant if and only if it is constant on the spheres (i.e. it is radial).

In this setting we can introduce the Markov operator M : L(X) →
L(X) defined by

[Mf ](x) =
1

|{y : d(x, y) = 1}|
∑

d(x,y)=1

f(y). (4.7)

Exercise 4.3.8 Show that M is the convolution operator (see Re-
mark 4.2.3) with kernel 1

|Ω1|1Ω1 , where Ω1 = {x ∈ X : d(x, x0) = 1}
is the unit sphere centered at x0.

4.4 A characterization of Gelfand pairs

Definition 4.4.1 A representation (ρ, V ) of a group G is multiplicity-
free if all the irreducible subrepresentations are pairwise nonequivalent,
in symbols ρ = ⊕n

i=1ρi, ρi irreducible, ρi �∼ ρj if i �= j.

We can now prove the following fundamental characterization of
(finite) Gelfand pairs.

Theorem 4.4.2 Let K ≤ G be finite groups. Set X = G/K. The
following are equivalent:

(i) (G, K) is a Gelfand pair, i.e. L(K\G/K) is commutative;
(ii) HomG(L(X), L(X)) is commutative;
(iii) the permutation representation L(X) is multiplicity-free.

Proof The equivalence (i) ⇔ (ii) follows immediately from Proposi-
tion 4.2.1.

(iii)⇒ (ii): Suppose now that L(X) is multiplicity-free, that is L(X) =
⊕N

i=0Vi with V0, V1, . . . , VN inequivalent irreducible representations. Let
T ∈ HomG(L(X), L(X)) and denote by Ti = T |Vi

the restriction of T

to Vi. If Ti is not trivial, then as Vi is irreducible, it has to be injec-
tive and therefore {Tv : v ∈ Vi} is a G-invariant subspace isomorphic
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to Vi. Hence, by multiplicity-freeness, it coincides with Vi and by Schur’s
lemma (Lemma 3.5.1), there exists λi ∈ C such that Tv = λiv for all
v ∈ Vi.

Since any f ∈ L(X) decomposes uniquely in the form f = v0 +
v1 + · · · + vN , with vi ∈ Vi, by the above we have that for every
T ∈ HomG(L(X), L(X)) there exist λ0, λ1, . . . , λN ∈ C such that

Tf =
N∑

i=0

λivi. (4.8)

If S ∈ HomG(L(X), L(X)), say Sf =
∑N

i=0 μivi, then

STf =
N∑

i=0

μiλivi = TSf

for all f ∈ L(X), showing that HomG(L(X), L(X)) is commutative.
(ii) ⇒ (iii): Suppose that L(X) is not multiplicity-free. Thus there

exist two orthogonal irreducible isomorphic subrepresentations V and
W in L(X); let R : V → W be such an isomorphism. Denote by U the
orthogonal complement of V ⊕W , so that L(X) = V ⊕W ⊕ U .

We define two linear operators S, T : L(X) → L(X) by setting

T (v + w + u) = Rv

S(v + w + u) = R−1w

for all v ∈ V , w ∈ W and u ∈ U . We have that T, S ∈ HomG(L(X),
L(X)); for instance

Tλ(g)(v + w + u) = T (λ(g)v + λ(g)w + λ(g)u)

= Rλ(g)v

= λ(g)Rv

= λ(g)T (v + w + u).

But ST �= TS (for instance, (ST )|W = 0 and (TS)|W = IW ) and
therefore HomG(L(X), L(X)) is not commutative.

From Theorem 4.4.2 and its proof, we can deduce further important
facts. Regard the N + 1 dimensional space CN+1 as an algebra under
the coordinatewise multiplication

(α0, α1, . . . , αN ) · (β0, β1, . . . , βN ) = (α0β0, α1β1, . . . , αNβN )

for any (α0, α1, . . . , αN ), (β0, β1, . . . , βN ) ∈ CN+1.
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Corollary 4.4.3 Let (G, K) be a Gelfand pair and L(X) = ⊕N
i=0Vi be the

decomposition of L(X) into irreducible inequivalent subrepresentations.
Then

(i) If T ∈ HomG(L(X), L(X)) then any Vi is an eigenspace of T .
(ii) If T ∈ HomG(L(X), L(X)) and λi is the eigenvalue of the re-

striction of T to Vi, then the map

T �→ (λ0, λ1, . . . , λN )

is an isomorphism between HomG(L(X), L(X)) and CN+1.
(iii) N + 1 = dim(HomG(L(X), L(X))) = dim(L(K\G/K)) = num-

ber of orbits of K on X.

Proof It suffices to observe that any (λ0, λ1, . . . , λN ) ∈ CN+1 defines,
via (4.8), a (unique) T ∈ HomG(L(X), L(X)).

We end this section with a useful criterion for Gelfand pairs.

Proposition 4.4.4 Let G be a finite group, K ≤ G a subgroup and
denote by X = G/K the corresponding homogeneous space. Suppose
we have a decomposition L(X) = ⊕h

t=0Zt into pairwise inequivalent G-
subrepresentations with h+1 = the number of K-orbits on X. Then the
Zt’s are irreducible and (G, K) is a Gelfand pair.

Proof Refine if necessary the decomposition with the Zt’s into irre-
ducibles as in the statement of Wielandt’s lemma (Theorem 3.13.3).
Then h + 1 ≤

∑N
i=0 mi ≤

∑N
i=0 m2

i (the first inequality comes from the
refinement) and the Wielandt lemma forces h = N and mi = 1 for all
i’s, concluding the proof.

4.5 Spherical functions

From now on we suppose that (G, K) is a Gelfand pair. The purpose
of this section is to introduce the spherical functions and to charac-
terize the multiplicative linear functionals on the commutative algebra
L(K\G/K).

Definition 4.5.1 A bi-K-invariant function φ is called spherical if it
satisfies the following conditions:

(i) for all f ∈ L(K\G/K) there exists λf ∈ C such that φ∗f = λfφ;
(ii) φ(1G) = 1.
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Remark 4.5.2 The constant function φ(g) ≡ 1 is clearly spherical. The
condition (i) means that φ is an eigenfunction for every convolution op-
erator with a bi-K-invariant kernel, equivalently, by Proposition 4.2.1,
for every T ∈ HomG(L(X), L(X)). From (ii) it follows that the corre-
sponding eigenvalues are the numbers λf = [φ ∗ f ](1G) ≡ T [φ](1G).

We will show that nonconstant spherical functions exist and we will
describe all of them. In particular spherical functions are matrix coeffi-
cients of irreducible representations and form an orthogonal basis of the
space L(K\G/K) of all bi-K-invariant functions.

Spherical functions may be characterized in terms of a functional
equation as follows.

Theorem 4.5.3 A bi-K-invariant nonidentically zero function φ is
spherical if and only if

1
|K|

∑
k∈K

φ(gkh) = φ(g)φ(h) (4.9)

for all g, h ∈ G.

Proof Suppose that φ ∈ L(K\G/K) satisfies the functional equation
(4.9). Taking h = 1G yields

φ(g) =
1
|K|

∑
k∈K

φ(gk) = φ(g)φ(1G)

so that φ(1G) = 1 as φ is not identically zero.
If f ∈ L(K\G/K), then, for any k ∈ K

[φ ∗ f ](g) =
∑
h∈G

φ(gh)f(h−1)

=
∑
h∈G

φ(gh)f(h−1k)

(setting t = k−1h)

=
∑
t∈G

φ(gkt)f(t−1)

(averaging over K)

=
1
|K|

∑
t∈G

∑
k∈K

φ(gkt)f(t−1)

= φ(g)
∑
t∈G

φ(t)f(t−1)

= {[φ ∗ f ](1G)}φ(g).



4.5 Spherical functions 129

Vice versa, if φ ∈ L(K\G/K) is a spherical function and g, h ∈ G, set

Fg(h) =
∑
k∈K

φ(gkh).

With f ∈ L(K\G/K) and g, g1 ∈ G we then have

[Fg ∗ f ](g1) =
∑
h∈G

∑
k∈K

φ(gkg1h)f(h−1)

=
∑
k∈K

[φ ∗ f ](gkg1)

= [φ ∗ f ](1G)
∑
k∈K

φ(gkg1)

= [φ ∗ f ](1G)Fg(g1).

(4.10)

On the other hand the function

Jg(h) =
∑
k∈K

f(hkg)

is also bi-K-invariant and

[φ ∗ Jg](1G) =
∑
h∈G

φ(h−1)
∑
k∈K

f(hkg)

=
∑
k∈K

∑
h∈G

φ(h−1)f(hg)

= |K|[φ ∗ f ](g).

Therefore,

[Fg ∗ f ](g1) =
∑
h∈G

∑
k∈K

φ(gkg1h)f(h−1)

=
∑
h∈G

∑
k∈K

φ(gh)f(h−1kg1)

= [φ ∗ Jg1 ](g)

= [φ ∗ Jg1 ](1G)φ(g)

= |K|[φ ∗ f ](g1)φ(g)

= |K|[φ ∗ f ](1G)φ(g1)φ(g).

(4.11)

Since for some f ∈ L(K\G/K) the value [φ ∗ f ](1G) �= 0, from (4.10)
and (4.11) we conclude that Fg(g1) = |K|φ(g1)φ(g), i.e. that φ satisfies
the functional equation (4.9).
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Lemma 4.5.4 Let φ be a spherical function and let Φ be the linear
functional on L(G) defined by

Φ(f) =
∑
g∈G

f(g)φ(g−1). (4.12)

Then Φ is multiplicative on L(K\G/K), that is, for any f1, f2 ∈
L(K\G/K),

Φ(f1 ∗ f2) = Φ(f1)Φ(f2).

Vice versa every nontrivial multiplicative linear functional on L(K\G/K)
is determined by a spherical function as in (4.12).

Proof Let Φ be as in (4.12), with φ spherical. Note that Φ(f) = [f ∗
φ](1G). Then, for any k ∈ K,

Φ(f1 ∗ f2) = [(f1 ∗ f2) ∗ φ](1G)

= [f1 ∗ (f2 ∗ φ)](1G)

= {f1 ∗ [(f2 ∗ φ)(1G)φ]} (1G)

= [f1 ∗ φ](1G)[f2 ∗ φ](1G)

= Φ(f1)Φ(f2).

Conversely, suppose that Φ is a nontrivial multiplicative linear func-
tional on L(K\G/K). Observe that Φ may be extended to a linear
functional on the whole L(G) by defining Φ(f) = Φ(KfK) (see (4.3)).
Therefore there exists an element φ ∈ L(G) such that

Φ(f) =
∑
g∈G

f(g)φ(g−1).

If f is bi-K-invariant then

Φ(f) =
1
|K|2

∑
k,k′∈K

∑
g∈G

f(kgk′)φ(g−1) =
1
|K|2

∑
g∈G

∑
k,k′∈K

f(g)φ(k′g−1k).

Therefore, the function φ may be replaced by the function KφK , that
is we may suppose that φ is bi-K-invariant. Since Φ is multiplicative
on L(K\G/K),
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Φ(f1 ∗ f2) =
∑
g∈G

[f1 ∗ f2](g−1)φ(g)

=
∑

g,h∈G

f1(g−1h)f2(h−1)φ(g)

=
∑
h∈G

[φ ∗ f1](h)f2(h−1)

must equal

Φ(f1)Φ(f2) =
∑
h∈G

Φ(f1)φ(h)f2(h−1)

for every bi-K-invariant function f2. Therefore the equality [φ∗f1](h) =
Φ(f1)φ(h) holds. Taking h = 1G, and observing that, by definition,
[φ ∗ f1](1G) = Φ(f1), one also obtains φ(1G) = 1. In conclusion φ is a
spherical function.

Remark 4.5.5 Some authors, for instance Dieudonné [71], define the
multiplicative functional in (4.12) with g in place of g−1, in other words
Φ(f) =

∑
g∈G f(g)φ(g). Note that, however, the two definitions are

in fact equivalent, up to exchanging the spherical function with its
conjugate (cf. Proposition 4.5.7 and Remark 4.8.5).

Corollary 4.5.6 Let (G, K) be a Gelfand pair. The number of dis-
tinct spherical functions equals the number of distinct irreducible sub-
representations in L(X) and therefore equals the number of K-orbits
on X.

Proof Let N +1 denote the number of irreducible subrepresentations in
L(X). Then, by Corollary 4.4.3, L(K\G/K) is isomorphic to CN+1 as
algebras. Now a linear multiplicative functional Ψ on CN+1 is always of
the form

Ψ(α0, α1, . . . , αN ) = αj

for some j = 0, 1, . . . , N (by linearity, Ψ(α0, α1, . . . , αN ) =
∑N

i=0 aiαi;
then the multiplicativity implies that there exists j such that aj = 1 and
ai = 0 if i �= j). Therefore L(K\G/K) ∼= CN+1 has exactly N + 1 mul-
tiplicative linear functionals. Thus, by the previous lemma, the number
of spherical functions is exactly N + 1.



132 Finite Gelfand pairs

We end this section by proving that distinct spherical functions are
orthogonal; indeed we show even more. We state all these important
properties as follows.

Proposition 4.5.7 Let φ and ψ be two distinct spherical functions.
Then

(i) φ(g−1) = φ(g) for all g ∈ G;
(ii) φ ∗ ψ = 0;
(iii) 〈λ(g1)φ, λ(g2)ψ〉 = 0 for all g1, g2 ∈ G;
(iv) φ and ψ are orthogonal (i.e. 〈φ, ψ〉 = 0).

Proof Set φ∗(g) = φ(g−1) and observe that, by definition of spherical
functions, one has φ∗ ∗ φ = [φ∗ ∗ φ](1G)φ = ‖φ‖2φ. On the other hand,

[φ∗ ∗ φ](g) = [φ∗ ∗ φ](g−1) = [φ∗ ∗ φ](1G) · φ(g−1) = ‖φ‖2φ(g−1)

and we get (i).
Let now φ and ψ be spherical functions. By commutativity, [φ∗ψ](g) =

[φ ∗ ψ](1G)φ(g) must equal [ψ ∗ φ](g) = [ψ ∗ φ](1G)ψ(g). Therefore, if
φ �= ψ, necessarily [φ ∗ ψ](1G) = [ψ ∗ φ](1G) must vanish (which, by (i),
is nothing but (iv)) and therefore φ ∗ ψ = 0 that is (ii).

(iii) follows immediately from (i) and (ii) as

〈λ(g1)φ, λ(g2)ψ〉 = 〈φ, λ(g−1
1 g2)ψ〉 = [φ ∗ ψ](g−1

1 g2).

4.6 The canonical decomposition of L(X) via
spherical functions

Suppose again that (G, K) is a Gelfand pair. In what follows, L(X) will
be systematically identified with the space of K-invariant functions on G.

Let N + 1 denote the number of orbits of K on X. We know that
L(X) decomposes into N +1 distinct irreducible subrepresentations and
that there exist distinct spherical functions, say φ0 ≡ 1, φ1, . . . , φN .

Denote by Vn = 〈λ(g)φn : g ∈ G〉 the subspace of L(X) spanned by
the G-translates of φn, n = 0, 1, . . . , N .

Theorem 4.6.1 L(X) =
⊕N

n=0 Vn is the decomposition of L(X) into
irreducible subrepresentations.

Proof Each Vn is G-invariant and, by Proposition 4.5.7, if n �= m then
Vn is orthogonal to Vm. By the above comment we have that the Vi’s are
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distinct and that they exhaust the whole L(X): in other words ⊕N
n=0Vn

is the direct orthogonal sum of N + 1 invariant subspaces.

The representation Vn is called the spherical representation associ-
ated with the spherical function φn. In particular, V0 is the trivial
representation. Note that we are still dealing with equivalence classes
of representations. Therefore Vn is a concrete realization of an irre-
ducible representation as a subspace of L(X). However, any other
irreducible G-representation which is isomorphic to some Vn will still
be called spherical.

Let (ρ, V ) be a representation of G. For a subgroup K ≤ G denote by

V K = {v ∈ V : ρ(k)v = v, for all k ∈ K}

the space of K-invariant vectors in V .

Theorem 4.6.2 (G, K) is a Gelfand pair if and only if dimV K ≤ 1 for
all irreducible G-representations V .

If this is the case, then V is spherical if and only if dimV K = 1.

Proof Suppose that (G, K) is a Gelfand pair and let (ρ, V ) be an
irreducible G-representation with dimV K ≥ 1.

Fix a nontrivial invariant vector u ∈ V K . Then the linear oper-
ator T : V → L(X), defined by setting Tv(g) = 〈v, ρ(g)u〉V , is in
HomG(V, L(X)). Indeed Tv is a right K-invariant function and

[Tρ(h)v](g) = 〈ρ(h)v, ρ(g)u〉V
= 〈v, ρ(h−1g)u〉V
= [λ(h)(Tv)](g)

(4.13)

for all v ∈ V and h, g ∈ G.
In virtue of Schur’s lemma, V ∼ Vn for some spherical representation

Vn.
But if L(X) = ⊕N

m=0Vm is the decomposition of L(X) into irreducible
sub-representations, then N+1 equals the dimension of the space L(X)K

of K-invariant vectors (Corollary 4.4.3) and must be equal to
∑N

m=0 V K
m .

Since for all m, dimV K
m ≥ 1 (recall that the spherical function φm ∈ V K

m )
we have that dimV K

m = 1 for all m so that dimV K = dimV K
n = 1.

Conversely, suppose that dimV K ≤ 1 for all irreducible representa-
tions V . If L(X) =

∑H
h=0 mhWh is the decomposition into irreducible
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sub-representations, where the mh’s denote multiplicities, and N + 1 is
the number of K-orbits on X, then

H∑
h=0

m2
h = N + 1 =

H∑
h=0

mhdimWK
h ≤

H∑
h=0

mh

where the first equality holds in virtue of Wielandt’s lemma (see (3.27))
and the inequality comes from the hypothesis that the dimension of WK

h

is at most one. This forces mh = 1 for all h = 0, 1, . . . , H so that L(X)
is multiplicity-free and, by Theorem 4.4.2 we are done.

Remark 4.6.3 As L(X)K = ⊕N
i=0V

K
i , we deduce that the spherical

functions φ0, φ1, . . . , φN constitute a basis for the space of bi-K-invariant
functions in L(G) or, what is the same, of the K-invariant functions in
L(X).

From the above proof, we can extract a few more important results.
Often (see for example Sections 6.1 and 6.2) a spherical representation V

is not directly realized as a subspace of L(X). Therefore it is important
to study the immersion of V into L(X).

Corollary 4.6.4 Let (ρ, V ) be a spherical representation of the Gelfand
pair (G, K) and fix a K-invariant vector u ∈ V K of norm one: ‖u‖V =
1. Then, the following holds.

(i) The map T : V → L(X) defined by

[Tv](g) =

√
dimV

|X| 〈v, ρ(g)u〉V

is an isometric immersion of V into L(X);

(ii) φ(g) := 〈u, ρ(g)u〉V is the spherical function in T (V ) ≤ L(X)
associated with V ;

(iii) ‖φ‖2L(X) = |X|
dimV

.

Proof (i) We already proved that T intertwines the representations V

and L(X) in (4.13). Now, set d = dimV and fix an orthonormal basis
{u1, u2, . . . , ud} for V with u1 = u. Then, setting for all j = 1, 2, . . . , d,
αj = 〈v, uj〉, we have that for any v ∈ V
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‖Tv‖2L(X) =
1
|K|

d

|X|
∑
g∈G

|〈v, ρ(g)u〉V |2

=
d

|G|
∑
g∈G

d∑
i,j=1

αiαj〈ui, ρ(g)u1〉V 〈ρ(g)u1, uj〉V

=
d

|G| ‖v‖
2
V

|G|
d

= ‖v‖2V
where the last but one equality follows from the orthogonality rela-
tions for matrix coefficients in Lemma 3.6.3 and the equality ‖v‖2V =∑d

j=1 |αj |2.
(ii) In virtue of the preceding theorem, the spherical function ψ in

the spherical representation T (V ) may be characterized as the unique
left K-invariant function in T (V ) such that ψ(1G) = 1. Therefore ψ ≡√

|X|
d Tu = φ.

(iii) is an immediate consequence of (i) and (ii).

4.7 The spherical Fourier transform

Let (G, K) be a Gelfand pair and X = G/K the corresponding homo-
geneous space. In this section we regard L(X) as the space of complex-
valued functions on X.

Let L(X) = ⊕N
i=0Vi be the decomposition of L(X) into irreducibles.

For i = 0, 1, 2, . . . , N , let φi be the spherical function in Vi, also viewed
as a (K-invariant) function on X, and set di = dimVi. As a consequence
of Proposition 4.5.7 and Corollary 4.6.4 (see also Remark 4.6.3) we get:

Proposition 4.7.1 The spherical functions form a basis for the space
of K-invariant functions in L(X) and satisfy the orthogonality relations

∑
x∈X

φi(x)φj(x) =
|X|
di

δij i, j = 0, 1, . . . , N. (4.14)

The spherical Fourier transform Ff of a K-invariant function f in
L(X) is defined by:

(Ff)(i) =
∑
x∈X

f(x)φi(x), i = 0, 1, . . . , N

i.e. (Ff)(i) = 〈f, φi〉, where i indicates the ith irreducible G-sub-
representation (namely Vi).
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The inversion formula

f(x) =
1
|X|

N∑
i=0

di(Ff)(i)φi(x) (4.15)

and the Plancherel formula

〈f1, f2〉 =
1
|X|

N∑
i=0

di(Ff1)(i)(Ff2)(i)

(in particular, ‖f‖2 = 1
|X|

∑N
i=0 di|Ff(i)|2) are easy consequences of

Proposition 4.7.1.
We now show how the above inversion formula can be deduced from

the Fourier inversion formula presented in Theorem 3.9.8.

Proposition 4.7.2 Let f be a bi-K-invariant function on G and (ρi, Vi)
an irreducible spherical representation, with dim(Vi) = di. Then there
exists an orthonormal basis in Vi such that the matrix representing the
operator f̂(ρi) takes the form⎛⎜⎜⎜⎝

∗ 0 · · · 0
0 0 · · · 0
... · · ·

...
0 · · · 0

⎞⎟⎟⎟⎠
and the nontrivial entry is nothing but |K|Ff(i). Moreover if (π, W ) is
an irreducible nonspherical representation then f̂(π) = 0.

Proof First observe that the operator 1
|K|

∑
k∈K ρi(k) is the orthog-

onal projector onto the one-dimensional subspace V K
i . Therefore if

{v1, v2, · · · , vdi
} is an orthonormal basis of Vi with v1 ∈ V K

i and (l, m) �=
(1, 1) we have, for any bi-K-invariant function f ,

〈f̂(ρi)vl, vm〉=
∑
g∈G

〈f(g)ρi(g)vl, vm〉

=
∑
g∈G

1
|K|

∑
k1∈K

1
|K|

∑
k2∈K

〈f(k1gk2)ρi(g)vl, vm〉

=
∑
g′∈G

f(g′)〈ρi(g′)
1
|K|

∑
k2∈K

ρi(k−1
2 )vl,

1
|K|

∑
k1∈K

ρi(k1)vm〉

= 0.
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Moreover

〈f̂(ρi)v1, v1〉 =
∑
g∈G

f(g)φi(g) = |K|Ff(i).

The fact that f̂(π) vanishes if π ∈ Ĝ is not spherical can be proved
similarly and this ends the proof.

Exercise 4.7.3 Prove that the above properties of the Fourier trans-
form of an irreducible representation characterize the bi-K-invariant
functions.

Exercise 4.7.4 Deduce the (spherical) Fourier inversion formula for
bi-K-invariant functions from Theorem 3.9.8.

Now we give the spectral analysis of a G-invariant operator on L(X) in
terms of the spherical Fourier transform of its convolution kernel (see
Remark 4.2.3). Recall (Corollary 4.4.3) that each subspace Vi is an
eigenspace for every T ∈ HomG(L(X), L(X)).

Proposition 4.7.5 Suppose that T ∈ Hom(L(X), L(X)) and that ψ

(which is a K-invariant function in L(X)) is its convolution kernel.
Then, the eigenvalue of T corresponding to Vi is [Fψ](i).

Proof To compute the eigenvalue of T |Vi
it clearly suffices to compute

T (φi). From Remark 4.2.3 and Definition 4.5.1 it follows that (using the
notation from (4.1))

[Tφi](gx0) =
1
|K| (φ̃i ∗ ψ̃)(g)

=
1
|K| (φ̃i ∗ ψ̃)(1G)φ̃i(g)

=
1
|K|

∑
h∈G

ψ̃(h)φ̃i(h−1)φ̃i(g)

= [Fψ](i)φi(gx0)

where the last equality follows from (i) in Proposition 4.5.7.

Remark 4.7.6 In particular, if ψ is the characteristic function 1Ω of a
K-orbit Ω in X, then the eigenvalues of the corresponding convolution
operator are given by

[F1Ω](i) = |Ω|φi(x) (4.16)

where x is any point in Ω (recall that φi is constant on Ω).
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Exercise 4.7.7 Deduce Remark 4.7.6 from the functional equation (4.9)
in Theorem 4.5.3.

Definition 4.7.8 If f1, f2 ∈ L(X) are K-invariant, we can define their
convolution as the K-invariant function on X corresponding to 1

|K| f̃1∗f̃2.

With the same argument in the proof of Proposition 4.7.5 one can
prove the following.

Proposition 4.7.9 F(f1 ∗ f2) = F(f1)F(f2).

We end this section by giving a formula for the projection onto the
irreducible subspaces Vi’s.

Proposition 4.7.10 The orthogonal projection Ei : L(X) → Vi is given
by the formula:

(Eif)(gx0) =
di

|X| 〈f, λ(g)φi〉L(X) (4.17)

for every f ∈ L(X) and g ∈ G.

Proof Define Ei by the above formula. From Proposition 4.5.7 it follows
that if j �= i and h, g ∈ G then

{Ei[λ(h)φj ]}(gx0) =
di

|X| 〈λ(h)φj , λ(g)φi〉L(X) = 0.

Therefore, since Vj is spanned by the functions λ(h)φj , this proves
that ker Ei ⊇ ⊕j �=iVj . Moreover

〈λ(h)φi, λ(g)φi〉L(X) = 〈φi, λ(h−1g)φi〉L(X)

=
1
|K|

∑
t∈G

φ̃i(t)φ̃i(g−1ht)

(by Proposition 4.5.7)

=
1
|K|

∑
t∈G

φ̃i(t)φ̃i(t−1h−1g)

=
1
|K| [φ̃i ∗ φ̃i](h−1g)

(by Definition 4.5.1)

=
1
|K| [φ̃i ∗ φ̃i](1G)φ̃i(h−1g)
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=
‖φ̃i‖2
|K| φ̃i(h−1g)

=
|X|
di

φ̃i(h−1g)

(by Corollary 4.6.4)

=
|X|
di

[λ(h)φi](gx0)

and this proves that Ei[λ(h)φi] = λ(h)φi for every h ∈ G, and then
Eif = f for every f ∈ Vi. Hence the above defined Ei is the orthogonal
projection from L(X) to Vi.

Formula (4.17) may also be written in the following convolution form

(Eif)(gx0) =
di

|G| f̃ ∗ φ̃i(g).

The G-invariant matrix (ri(x, y))x,y∈X representing the operator Ei

is given by ri(gx0, y) = di

|X|φi(g−1y), i.e. (Eif)(x) =
∑

y∈X ri(x, y)f(y).
Moreover, since Ei is an orthogonal projection, ri is selfadjoint: ri(x, y) =
ri(y, x) and idempotent:

∑
y∈X ri(x, y)ri(y, z) = ri(x, z). The following

formula is an immediate consequence of these properties:

〈Eif1, Eif2〉 =
∑

x,y∈X

f1(y)f2(x)ri(x, y). (4.18)

Let now Ω0, Ω1, . . . ,ΩN be the orbits of G on X × X (with Ω0 =
{(x, x) : x ∈ X}). Define a function d : X × X → {0, 1, 2, . . . N} by
setting d(x, y) = j if (x, y) ∈ Ωj . For instance, if X is a distance-
transitive metric space, we can assume that d is the distance function.
In any case, we can define a function ωi : {0, 1, 2, . . . , N} → C by setting,
for (x, y) ∈ X ×X, ωi(d(x, y)) = ri(x, y) and we have

ωi(d(x, x0)) =
di

|X|φi(x). (4.19)

Under these assumptions, the formulas for Eif and (4.18) become
respectively:

Eif(x) =
N∑

j=0

⎛⎝ ∑
y:d(x,y)=j

f(y)

⎞⎠ωi(j) (4.20)

〈Eif1, Eif2〉 =
N∑

j=0

⎛⎝ ∑
x,y:d(x,y)=j

f1(y)f2(x)

⎞⎠ωi(j). (4.21)
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Formula (4.20) is studied from an algorithmic point of view in [67];
see also [188].

In [56] and [67] a spectral analysis that consists in the decomposition
f = f0 + f1 + · · ·+ fn and the analysis of the most relevant projections
was suggested. For instance, it may happen that a few of the projections
are much larger than the others, and so their sum is a good approxima-
tion of f . From this approximation, it is often possible to derive many
properties of the data represented by f . In Section 6.4, we shall treat a
specific example.

4.8 Garsia’s theorems

In this section we show how the machinery that we have developed can
be used to prove two characterizations of Gelfand pairs due to Adriano
Garsia [97]. Here we shall regard spherical functions as bi-K-invariant
functions on G (rather than functions on X).

A real form of L(K\G/K) is a subalgebra A of L(K\G/K) such that
dimRA = dimCL(K\G/K) and L(K\G/K) = A + iA. There are two
canonical examples of real forms of L(K\G/K):

(1) A1 ≡ the space of real valued bi-K-invariant functions;
(2) A2 ≡ the real linear span of the spherical functions (this is a real

form because the spherical functions satisfy the identity φi ∗φj =
‖φi‖2φiδi,j).

In this section an R-linear anti-automorphism of the group algebra
L(G) will be an R-linear map τ : L(G) → L(G) such that τ(f1 ∗ f2) =
τ(f2) ∗ τ(f1) for all f1, f2 ∈ L(G).

With each real form defined above we associate an R-linear anti-
automorphism. For f ∈ L(G) and g ∈ G we set, with the notation
of Theorem 3.9.8,

f �(g) =
1
|G|

∑
ρ∈Ĝ

dρ

dρ∑
i,j=1

〈f, uρ
i,j〉u

ρ
i,j(g−1)

≡ 1
|G|

∑
ρ∈Ĝ

dρ

dρ∑
i,j=1

〈f, uρ
i,j〉u

ρ
j,i(g);

and

f 
(g) = f(g−1).
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It is obvious that f �→ f 
 is an R-linear anti-automorphism, while for
f �→ f � this follows from the Fourier inversion and the properties of
the matrix coefficients. Indeed for fs ∈ L(G), s = 1, 2, formula (3.18)
becomes

fs(g) =
1
|G|

∑
ρ∈Ĝ

dρ

dρ∑
i,j=1

〈
fs, u

ρ
i,j

〉
uρ

i,j(g)

and therefore, taking into account Lemma 3.9.14 we have

(f1 ∗ f2)� =

⎛⎝ 1
|G|

∑
ρ∈Ĝ

dρ

dρ∑
i,j,m=1

〈
f1, u

ρ
i,j

〉〈
f2, u

ρ
j,m

〉
uρ

i,m(g)

⎞⎠�

=
1
|G|

∑
ρ∈Ĝ

dρ

dρ∑
i,j,m=1

〈
f1, u

ρ
i,j

〉 〈
f2, u

ρ
j,m

〉
uρ

m,i(g)

= f �
2 ∗ f �

1.

Theorem 4.8.1 (G, K) is a Gelfand pair if and only if there exists an
R-linear anti-automorphism τ : L(G) → L(G) of the group algebra L(G)
and a real form A of L(K\G/K) such that τ(f) = f for all f ∈ A.
Moreover, we can always choose A both as A1 and A2.

Proof IfA is a real form of L(K\G/K), then every f and h ∈ L(K\G/K)
can be expressed as f = f1+if2 and h = h1+ih2 with fi, hi ∈ A, i = 1, 2.
Therefore if τ is an anti-automorphism fixing any element f ∈ A we have

f ∗ h = (f1 + if2) ∗ (h1 + ih2)

= (f1 ∗ h1 − f2 ∗ h2) + i(f1 ∗ h2 + f2 ∗ h1)

= (τ(f1) ∗ τ(h1)− τ(f2) ∗ τ(h2)) + i(τ(f1) ∗ τ(h2) + τ(f2) ∗ τ(h1))

= (τ(h1 ∗ f1)− τ(h2 ∗ f2)) + i(τ(h2 ∗ f1) + τ(h1 ∗ f2))

= (h1 ∗ f1 − h2 ∗ f2) + i(h2 ∗ f1 + h1 ∗ f2) = h ∗ f,

showing the commutativity of the subalgebra L(K\G/K).
Vice versa suppose that (G, K) is a Gelfand pair. Then, recalling that

for a spherical representation ρi ∈ Ĝ one has φi ≡ uρi

1,1 and φi(g−1) =
φi(g), for all g ∈ G, it is easy to check that for f ∈ L(K\G/K) and
g ∈ G, one has

f �(g) =
1
|X|

N∑
i=0

diFf(i)φi(g−1) =
1
|X|

N∑
i=0

diFf(i)φi(g)
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and from the Fourier inversion formula (4.15) it follows that the map
f �→ f � fixes any element of A1.

Again, the identity φi(g−1) = φi(g) immediately implies that all
elements in A2 are fixed under the map f �→ f 
.

Theorem 4.8.2 A Gelfand pair is symmetric if and only if the spherical
functions are real valued (i.e., if and only if A1 = A2).

Proof Let 1KgK be the characteristic function of the double coset KgK.
Its spherical Fourier transform is given by:

F(1KgK)(i) =
∑

x∈KgK

φi(x) = |KgK|φi(g),

while

F(1Kg−1K)(i) = |Kg−1K|φi(g−1) = |KgK|φi(g),

where the last equality follows from Proposition 4.5.7. By the inversion
formula it follows that KgK = Kg−1K for every g ∈ G if and only if
the spherical functions are real valued.

Example 4.8.3 (Non-symmetric Gelfand pairs) The simplest
Gelfand pair, namely (Cn, {e}), where Cn denotes the cyclic group of
order n and e is the unit element, is nonsymmetric for n ≥ 3; note that
the spherical functions are the characters φj(x) = exp(2πijx/n).

Another example of a nonsymmetric Gelfand pair is provided by
(A4, K) where A4 is the alternating group on {1, 2, 3, 4} and K =
{e, (1, 2)(3, 4)}. Indeed, letting A4 act on the set X of all 2-subsets
of {1, 2, 3, 4} we have that this action is transitive and K is the stabi-
lizer of the point {1, 2}. By simple calculations one shows that there are
exactly four K-orbits on X, namely

Λ0 = {1, 2}
Λ1 = {{2, 3}, {1, 4}}
Λ2 = {{1, 3}, {2, 4}}
Λ3 = {3, 4}.

From Wielandt’s lemma (Theorem 3.13.3) one deduces that (G, K) is a
Gelfand pair (in fact 4 = 1+

∑3
i=1 m2

i ⇒ m1 = m2 = m3 = 1). However
it is not symmetric as ({1, 2}, {1, 3}) and ({1, 3}, {1, 2}) do not belong
to the same G-orbit in X ×X.
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Exercise 4.8.4 Show that the Gelfand pair (A4, K) of the previous
exercise is weakly symmetric.

Remark 4.8.5 Suppose that (G, K) is a Gelfand pair and let N +1 de-
note the number of spherical functions. Observe that if φi is a spherical
function, then also φi is a spherical function: this follows immediately
from the definition. Therefore there exists a bijection {0, 1, . . . , N} �
i �→ i′ ∈ {0, 1, . . . , N} such that φi = φi′ . Clearly, by Theorem 4.8.2,
this map is the identity if and only if (G, K) is symmetric.

A spherical representation Vi is said to be real if the corresponding
spherical function is real, equivalently if i′ = i. In general, we call the
representation Vi′ the conjugate (or the adjoint) of Vi. This notion will
be explored in Chapter 9.

We say that a K-invariant function ψ ∈ L(X) is a symmetric when

ψ̃(g) = ψ̃(g−1) for all g ∈ G.

Exercise 4.8.6 Let ψ ∈ L(X).

(1) Show that ψ is symmetric if and only if the corresponding con-
volution operator T : L(X) → L(X) is selfadjoint.

(2) Show that if ψ is real valued, then ψ is symmetric if and only if
its spherical Fourier transform Fψ is real valued.

4.9 Fourier analysis of an invariant random walk on X

Let G be a finite group, K ≤ G a subgroup and denote by X = G/K

the corresponding homogeneous space.
We say that a matrix P = (p(x, y))x,y∈X is G-invariant stochastic if

it satisfies the following conditions⎧⎪⎪⎨⎪⎪⎩
p(x, y) ≥ 0 ∀x, y ∈ X∑

y∈X p(x, y) = 1

p(gx, gy) = p(x, y) ∀x, y ∈ X, g ∈ G.

For instance, if G acts isometrically on a metric space (X, d) and
P = (p(x, y))x,y∈X is a stochastic matrix, then P is G-invariant if and
only if the transition probability p(x, y) only depends on the distance
d(x, y) for all x, y ∈ X.

Let x0 ∈ X denote the point stabilized by K and set ν(x) = p(x0, x).
Then ν is a K-invariant probability measure on X. Moreover, recalling
Definition 4.7.8, it is easy to check that
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p(k)(x0, x) = ν∗k(x)

for all x ∈ X and k = 0, 1, 2, . . ., that is, the distribution probability
after k steps of the Markov chain with initial point x0 and transition
probability matrix P coincides with the kth convolution power of ν.

We denote by π the uniform distribution on X, that is π(x) = 1
|X| for

all x ∈ X.
From now on we suppose that (G, K) is a Gelfand pair. Let φ0 ≡

1, φ1, . . . , φN be the associated spherical functions and d0, d1, . . . , dN

the dimensions of the corresponding spherical representations.

Proposition 4.9.1 (k-step iterate)

(i) ν∗k = 1
|X|

∑N
i=0 di [(Fν)(i)]k φi;

(ii) ‖ν∗k(x)− π‖2L(X) = 1
|X|

∑N
i=1 di|(Fν)(i)|2k.

Proof (i) This is just an immediate consequence of the inversion formula
(4.15) and of Proposition 4.7.9.

(ii) As π(x) = φ0
|X| , from (i) and from the fact that d0 = 1, one

deduces that

ν∗k(x)− π(x) =
1
|X|

N∑
i=1

di [(Fν)(i)]k φi(x)

and therefore (ii) follows from the orthogonality relations for the spher-
ical functions (4.14).

We can now give the upper bound lemma for Gelfand pairs (compare
with Corollary 1.9.2).

Corollary 4.9.2 (Upper bound lemma)

‖ν∗k − π‖2TV ≤
1
4

N∑
i=1

di|(Fν)(i)|2k. (4.22)
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Proof

‖ν∗k − π‖2TV =
1
4
‖ν∗k − π‖2L1(X)

by Cauchy–Schwarz ≤ 1
4
‖ν∗k − π‖2 · |X|

=
1
4

N∑
i=1

di|(Fν)(i)|2k.

Exercise 4.9.3 Show that a G-invariant stochastic matrix P is re-
versible if and only if it is symmetric: p(x, y) = p(y, x) for all x, y ∈ X.
Compare with Lemma 2.1.13.

Remark 4.9.4 Suppose that (G, K) is not symmetric and that the G-
invariant stochastic matrix P is not reversible. Set Pf(x) =

∑
y∈X p(x, y)

f(y) and ν(x) = p(x0, x) for all x ∈ X, as before. Then, following the
notation introduced at the end of Section 4.8, (Fν) (i) is the eigenvalue
of P corresponding to the conjugate spherical representation Vi′ . Indeed

Pφi′(x0) =
∑
x∈X

ν(x)φi′(x) =
∑
x∈X

ν(x)φi(x) = (Fν)(i)φi′(x0).

Note that ν is the convolution kernel (cf. Remark 4.2.3) of the trans-
posed P t of P and (Fν)(i) is the eigenvalue of P t corresponding to Vi

(compare with Proposition 4.7.5). Moreover, P is normal (P and its
adjoint P t commute: we are in a Gelfand pair) and the spectrum of P

is the conjugate of the spectrum of P t.

Exercise 4.9.5 Suppose that P is reversible.

(1) Show that if f ∈ Vi is orthogonal to φi then f(x0) = 0.
(2) Use the above result to derive (i) in Proposition 4.9.1 from Propo-

sition 1.5.5.

Let Ω0 ≡ {x0}, Ω1, . . . ,ΩN denote the orbits of K on X. Denote by
L([N ]) the space L({0, 1, . . . , N}) and set 〈f1, f2〉[N ] =

∑N
k=0 |Ωk|f1(k)

f2(k) for all f1, f2 ∈ L([N ]). Also set φ̃i(j) = φi(x) whenever x ∈ Ωj

and π̃(i) = |Ωi|
|X| , i, j = 0, 1, . . . , N .

Suppose that P = (p(x, y))x,y∈X is a G-invariant stochastic matrix.
Assume also (to avoid technicalities) that P is reversible. We show that
P is lumpable (see Section 1.10) and even more.
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Set Pf(x) =
∑

y∈X p(x, y)f(y) and denote by λi the eigenvalue of P

corresponding to the spherical representation Vi.

Proposition 4.9.6

(i) P is {Ω0, Ω1, . . . ,ΩN}-lumpable.
(ii) Let p̃(i, j) = p(x,Ωj), x ∈ Ωi (recall Definition 1.10.1) be the

lumped chain and set P̃ f(i) =
∑N

j=0 p̃(i, j)f(j) for all f ∈ L([N ]).
Then, φ̃i is an eigenvector of P̃ with eigenvalue λi.

(iii) φ̃0, φ̃1, . . . , φ̃N constitute an orthogonal basis for L([N ]). More-
over, ‖φ̃i‖2L([N ]) = |X|

di
for all i’s.

(iv) If ν̃(k)(j) = p̃(k)(0, j) (the distribution probability after k steps,
given that we started from 0), then

‖ν∗k − π‖2L(X) = ‖ν̃∗k − π̃‖2L([N ]).

The proof is just an easy exercise. The main point in the above state-
ment is that the spectral analysis of the lumped matrix P̃ is equivalent
to that of the original chain P (note that this is in fact much more than
just lumpability).
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Distance regular graphs and
the Hamming scheme

In this chapter we explore a theory which gives an alternative approach
to some of the diffusion processes presented in the introduction (namely
the random walk on the discrete circle, the Ehrenfest and the Bernoulli–
Laplace models). In some sense, this can be regarded as a theory of
(finite) Gelfand pairs without group theory. Thus, Sections 5.1, 5.2,
and 5.3 (as well as Sections 6.1 and 6.3 in the next chapter) do not
rely on group representation theory and can be read independently of
Chapters 3 and 4. The connection with group theory will be presented
in the final part of Section 5.4 and in Section 6.2.

5.1 Harmonic analysis on distance-regular graphs

In this section we focus our attention on a remarkable class of finite
graphs for which it is possible to develop a nice harmonic analysis. Our
exposition is inspired to the monographs by Bailey [7] and by Bannai
and Ito [12]. We would like to mention that during our preparation
of this book we attended a minicourse by Rosemary Bailey on associ-
ation schemes [8] which undoubtedly turned out to be very useful and
stimulating for us.

We shall denote by X a finite, connected (undirected) graph without
self-loops. Recall that given two vertices x, y ∈ X, their distance d(x, y)
is the length of the shortest path joining x and y. This way, (X, d)
becomes a metric space. Its diameter is the integer number

diam (X) = max{d(x, y) : x, y ∈ X}.

Definition 5.1.1 A graph X is distance-regular if there exist two se-
quences of constants b0, b1, . . . , bN and c0, c1, . . . , cN , where N=diam(X),

147
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such that, for any pair of vertices x, y ∈ X with d(x, y) = i one has

|{z ∈ X : d(x, z) = 1, d(y, z) = i + 1}| = bi

|{z ∈ X : d(x, z) = 1, d(y, z) = i− 1}| = ci

for all i = 0, 1, . . . , N . In other words, if d(x, y) = i, then x has bi

neighbors at distance i + 1 from y and ci neighbors at distance i − 1
from y. In particular, taking x = y we get b0 = |{z ∈ X : d(x, z) = 1}|,
for all x ∈ X, that is X is regular of degree b0.

Exercise 5.1.2 Let X be a distance-regular graph. Then

(1) bN = 0 = c0;
(2) c1 = 1;
(3) for x, y ∈ X with d(x, y) = i one has

|{z ∈ X : d(x, z) = 1, d(y, z) = i}| = b0 − bi − ci.

More generally one has:

Lemma 5.1.3 For any x ∈ X, the cardinality of the sphere of radius
i centered at x is given by |{y ∈ X : d(x, y) = i}| = ki, where ki =
b0b1 · · · bi−1/c2c3 · · · ci, i = 2, 3, . . . , N .

Proof Let ki = |{y ∈ X : d(x, y) = i}|. For any x ∈ X,

|{(y, z) ∈ X ×X : d(x, y) = i, d(x, z) = i + 1, d(y, z) = 1}|

equals both kibi (choose first y and then z) and ki+1ci+1 (choose first
z and then y). Therefore kibi = ki+1ci+1 and since k1 = b0, the lemma
follows.

In the following we shall use the convention that b−1 = cN+1 = k−1 =
kN+1 = 0.

On the vector space L(X) we define the linear operators Δ0, Δ1, . . . ,

ΔN : L(X) → L(X) by setting

(Δjf) (x) =
∑

y∈X:d(x,y)=j

f(y) (5.1)

for all f ∈ L(X) and x ∈ X.
Note that, for j = 0, the operator Δ0 is nothing but the identity

operator I : L(X) → L(X). On the other hand, for j = 1 the operator
Δ1, often simply denoted by Δ, is called the adjacency operator or the
Laplace operator of the graph.
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Proposition 5.1.4

(i) For j = 0, 1, . . . , N one has

ΔjΔ1 = bj−1Δj−1 + (b0 − bj − cj)Δj + cj+1Δj+1 (5.2)

where ΔN+1 = 0.
(ii) For j = 0, 1, . . . , N there exists a real polynomial pj of degree j

such that

Δj = pj(Δ1). (5.3)

Proof (i) For f ∈ L(X) and y ∈ X one clearly has

(ΔjΔ1f) (y) =
∑
z∈X:

d(z,y)=j

(Δ1f) (z)

=
∑
z∈X:

d(z,y)=j

∑
x∈X:

d(x,z)=1

f(x)

=
∑
z∈X:

d(z,y)=j

⎛⎜⎜⎜⎜⎝
∑

x∈X:
d(x,z)=1

d(x,y)=j−1

f(x) +
∑

x∈X:
d(x,z)=1
d(x,y)=j

f(x) +
∑

x∈X:
d(x,z)=1

d(x,y)=j+1

f(x)

⎞⎟⎟⎟⎟⎠
= bj−1

∑
x∈X:

d(x,y)=j−1

f(x)

+ (b0 − bj − cj)
∑

x∈X:
d(x,y)=j

f(x)

+ cj+1

∑
x∈X:

d(x,y)=j+1

f(x)

= bj−1 (Δj−1f) (y) + (b0 − bj − cj) (Δjf) (y)

+ cj+1 (Δj+1f) (y)

because for any x with d(x, y) = j − 1 there exist bj−1 elements z ∈ X

such that d(x, z) = 1 and d(z, y) = j, and therefore f(x) appears bj−1

times in the above sums. A similar argument holds for d(x, y) = j or
j + 1 (also recall (3) in Exercise 5.1.2).

(ii) From (i) we get

Δ2
1 = b0Δ0 + (b0 − b1 − c1)Δ1 + c2Δ2 (5.4)
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that is

Δ2 =
1
c2

Δ2
1 −

b0 − b1 − c1

c2
Δ1 −

b0

c2
I

and the general case follows by induction (note that as X is connected,
one always has c2, c3, . . . , cN > 0).

Definition 5.1.5 The algebra A generated by the operators Δ0 = I,
Δ1, . . ., ΔN is called the Bose-Mesner algebra associated with X.

Theorem 5.1.6

(i) A = {p(Δ1) : p polynomial over C}.
(ii) A is commutative and its dimension is N + 1.
(iii) There is an orthogonal decomposition L(X) = ⊕N

i=0Vi such that
V0, V1, . . . , VN are the distinct eigenspaces of Δ1. The Vi’s are
also invariant for all operators A ∈ A. Moreover, if V0 is the
subspace of constant functions, the eigenvalue λ0 of Δ1 corre-
sponding to V0 is equal to the degree of X: λ0 = b0.

(iv) Denote by Ei the orthogonal projection onto Vi and let λi denote
the eigenvalue of Δ1 corresponding to Vi. Then,

Δj =
N∑

i=0

pj(λi)Ei (5.5)

where pj is the polynomial in (5.3). Similarly, the projection
Ei = qi(Δ1) for some polynomial qi.

Proof (i) This is an immediate consequence of Proposition 5.1.4.
(ii) From (i) it follows that A is commutative. Moreover {Δ0 =

I,Δ1, . . . ,ΔN} is a linear basis for A. Indeed, for any polynomial p

one has that p(Δ1) is a linear combination of Δ0 = I,Δ1, . . . ,ΔN (this
is a converse to (ii) in the previous proposition: as in (5.4) it follows
from a repeated application of (5.2)). Moreover, if α0, α1, . . . , αN ∈ C
and x, y ∈ X, one has⎛⎝ N∑

j=0

αjΔjδy

⎞⎠ (x) = αd(x,y)

thus showing that Δ0, Δ1, . . . ,ΔN are also independent.
(iii) First note that Δ1 is selfadjoint with respect to the scalar product

〈f1, f2〉 =
∑

x∈X f1(x)f2(x), for all f1, f2 ∈ L(X). Let then L(X) =
⊕M

i=0Vi be the decomposition of L(X) into eigenspaces of Δ1 and denote
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by λ0 > λ1 > . . . > λM the corresponding distinct (real) eigenvalues.
Since Δj = pj(Δ1) we have that Vi is also an eigenspace of the selfadjoint
operator Δj with corresponding eigenvalue pj(λi) (below we shall prove
that M = N).

The last statement, that is that the eigenvalue λ0 corresponding to the
eigenspace V0 consisting of constant functions equals the degree of X, is
nothing but a reformulation of the fact that a graph X is connected (if
and) only if 1 is an eigenvalue of multiplicity 1 of the Markov operator
M = 1

b0
Δ1 (see Proposition 1.7.3).

(iv) Denote by Ei the orthogonal projection onto Vi. From the pre-
ceding facts we deduce that Δj =

∑M
i=0 pj(λi)Ei for all j = 0, 1, . . . , N .

As the spaces Vi’s are orthogonal, the corresponding projections Ei’s
are independent. Moreover they belong to A as they are expressed as
polynomials in Δ1:

Ei =

∏
j �=i(Δ1 − λjI)∏
j �=i(λi − λj)

. (5.6)

Indeed, if Ei is defined as in (5.6) then, for v ∈ Vi we have Δ1v = λiv

so that Eiv = v whereas, if v ∈ Vj , with j �= i, Δ1v = λjv so that
Eiv = 0.

As a consequence of this, the operators E0, E1, . . . , EM constitute
another linear basis for A and therefore M = N .

Set di = dimVi. From the above theorem it follows that there exist
real coefficients φi(j), i, j = 0, 1, . . . , N such that

Ei =
di

|X|

N∑
j=0

φi(j)Δj (5.7)

for i = 0, 1, . . . , N . The function φi is called the spherical function of X

associated with Vi. The factor di

|X| is just a normalization constant.
The matrices

P = (pj(λi))j,i=0,1,...,N

and

Q =
(

di

|X|φi(j)
)

i,j=0,1,...,N

are called the first and the second eigenvalue matrix of X, respectively.
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Remark 5.1.7 In the book by Bannai and Ito [12], Q = (diφi(j))
N
i,j=0,

while P is as above. In Bayley’s book [7], P and Q are denoted by C

and D, respectively.

Lemma 5.1.8

(i) P−1 = Q (that is di

|X|
∑N

i=0 φi(j)pj(λh) = δi,h).
(ii) φi(j) = 1

kj
pj(λi), where kj is as in Lemma 5.1.3, for all i, j =

0, 1, . . . , N .
(iii) φ0(j) = 1 for all j = 0, 1, . . . , N .
(iv) φi(0) = 1 for all i = 0, 1, . . . , N .
(v) λi = b0φi(1), for all i = 0, 1, . . . , N .
(vi) (Eiδx)(y) = di

|X|φi(d(x, y)), for all x, y ∈ X and i = 0, 1, . . . , N .

Proof (i) This is an immediate consequence of (5.7) and (5.5).
(ii) We shall compute the trace of EiΔj in two different ways. First,

from (5.5) we get

tr(EiΔj) = tr(
N∑

h=0

pj(λh)EiEh)

= tr(pj(λi)Ei)

= pj(λi)di

(5.8)

where we used the facts that EiEh = δh,iEi and tr(Ei) = di. On the
other hand, using (5.7) we get

tr(EiΔj) =
N∑

t=0

di

|X|φi(t)tr(ΔtΔj). (5.9)

But using the orthonormal basis {δx : x ∈ X} we get

tr(ΔtΔj) =
∑
x∈X

〈ΔtΔjδx, δx〉

=
∑
x∈X

〈Δjδx, Δtδx〉

=
∑
x∈X

δj,tkj

= |X|kjδj,t

where we used the fact that Δj is selfadjoint and Δjδx is the character-
istic function of {z ∈ X : d(x, z) = j}, the sphere of radius j centered
at x whose cardinality is equal to kj (cf. Lemma 5.1.3). It follows that
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the right hand side in (5.9) equals dikjφi(j) and, comparing with (5.8),
one obtains φi(j) = 1

kj
pj(λi).

(iii) From (5.7) we have E0 =
∑N

j=0
1

|X|φ0(j)Δj . Setting E =
1

|X|
∑N

j=0 Δj we have

(Ef) (x) =
1
|X|

N∑
j=0

(Δjf) (x) =
1
|X|

∑
y∈X

f(y)

so that E = E0 as both are the orthogonal projection onto the space V0

of constant functions. Then, necessarily φ0(j) = 1 for all j = 0, 1, . . . , N .
(iv) As

tr(Δj) =
∑
x∈X

〈Δjδx, δx〉 = |X|δ0,j ,

from (5.7) we obtain

di = tr(Ei) =
di

|X|

N∑
j=0

φi(j)tr(Δj) = diφi(0).

This gives φi(0) = 1 for all i = 0, 1, . . . , N .
(v) From(ii) and the fact that p1(λi) = λi (cf. (5.5)) we get λi =

k1φi(1) = b0φi(1).
(vi) From (5.7) one has

(Eiδx)(y) =
di

|X|

N∑
j=0

φi(j)(Δjδx)(y) =
di

|X|φi(d(y, x)).

Corollary 5.1.9

(i) The spherical functions satisfy the following orthogonality rela-
tions:

N∑
j=0

kjφi(j)φh(j) =
|X|
di

δi,h

for all i, h = 0, 1, . . . , N .
(ii) We have the following finite difference equations:

cjφi(j − 1) + (b0 − bj − cj)φi(j) + bjφi(j + 1) = λiφi(j) (5.10)

for all i, j = 0, 1, . . . , N (we use the convention that φi(−1) =
φi(N + 1) = 0).
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(iii) A function φ : {0, 1, . . . , N} → C is the spherical function asso-
ciated with Vi if and only if for any fixed x0 ∈ X the function
φ̃(x) = φ(d(x0, x)) satisfies

(a) φ̃(x0) = 1;
(b) Δ1φ̃ = λiφ̃.

Proof (i) This is easily established by explicitly writing the coefficients
in QP = I and then using Lemma 5.1.8 to express pj(λi) = kjφi(j).

(ii) From (5.5) and Lemma 5.1.8 one obtains

Δj =
N∑

i=0

kjφi(j)Ei. (5.11)

From Proposition 5.1.4 and (5.11) we deduce

Δ1Δj = bj−1Δj−1 + (b0 − bj − cj)Δj + cj+1Δj+1

=
N∑

i=0

[bj−1kj−1φi(j − 1) + (b0 − bj − cj)kjφi(j)+ (5.12)

+cj+1kj+1φi(j + 1)] Ei.

On the other hand, as Δ1Ei = EiΔ1 = λiEi (recall that Δ1 =∑N
i=0 λiEi), multiplying both sides of (5.11) by Δ1 we obtain

Δ1Δj =
N∑

i=0

kjφi(j)λiEi. (5.13)

Equating the two expressions of Δ1Δj in (5.12) and (5.13) we obtain

bj−1
kj−1

kj
φi(j − 1) + (b0 − bj − cj)φi(j) + cj+1

kj+1

kj
φi(j + 1) = λiφi(j).

Then (5.10) follows from Lemma 5.1.3. Note that for j = 0 (5.10)
corresponds to (v) in Lemma 5.1.8.

(iii) If we set φ̃i(x) = φi(d(x0, x)) then φ̃i(x0) = 1 ((iv) in Lemma 5.1.8)
and (Eiδx0)(x) = di

|X| φ̃i(x) ((vi) in Lemma 5.1.8) so that φ̃i ∈ Vi and

Δ1φ̃i = λiφ̃i.
On the other hand, the functions φ̃0, φ̃1, . . . , φ̃N clearly form an or-

thogonal basis for the functions in L(X) that are radial with respect to
x0, that is whose values at x ∈ X only depend on the distance d(x, x0)
(recall that N = diam(X)). Therefore, all radial functions in Vi are
multiples of φ̃i.
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Remark 5.1.10 By abuse of language, the function φ̃ is called the
spherical function in Vi with respect to the fixed point x0 ∈ X. Indeed,
it is often useful to think of a spherical function as a function defined
on X.

Exercise 5.1.11 (1) Prove the dual orthogonality relations:

N∑
i=0

diφi(j)φi(t) =
|X|
kj

δj,t.

(2) Prove that the polynomials pj ’s in (5.3) satisfy the following recur-
rence relation:

bj−1pj−1(x) + (b0 − bj − cj)pj(x) + cj+1pj+1(x) = xpj(x)

with p0(x) ≡ 1 and p1(x) ≡ x.

Using the orthogonality relations in Corollary 5.1.9 we can define a
Fourier transform for functions f ∈ L({0, 1, . . . , N}) by setting

(Ff) (i) =
N∑

j=0

φi(j)f(j)kj

for all i = 0, 1, . . . , N , with inversion formula

f(j) =
1
|X|

N∑
i=0

di (Ff) (i)φi(j).

We now apply this theory to a class of random walks on X.
Let p = (p(x, y))x,y∈X be a stochastic matrix on X. We say that p

is invariant if p(x, y) depends only on the distance d(x, y). This means
that there exist coefficients ν(0), ν(1), . . . , ν(N) such that

p(x, y) = ν(d(x, y)) (5.14)

for all x, y ∈ X. Note that
∑

x∈X p(x0, x) = 1 yields
∑N

j=0 kjν(j) = 1.

For x0, x ∈ X denote by ν
(k)
x0 (x) = p(k)(x0, x) the probability of going

from x0 to x in k steps, also denote by P : L(X) → L(X), where
(Pf) (x) =

∑
y∈X p(x, y)f(y), the corresponding operator and by π(x) ≡

1
|X| , for all x ∈ X, the uniform measure.

Clearly, p is reversible: indeed it is symmetric (p(x, y) = p(y, x)).
Thus it is in detailed balance with π.
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Theorem 5.1.12 (k-step iterate) If ν is as in (5.14) one has

(i) For i = 0, 1, . . . , N , Vi is an eigenspace of P with corresponding
eigenvalue (Fν)(i) and

ν(k)
x0

(x) =
1
|X|

N∑
i=0

di [(Fν) (i)]k φi(d(x0, x));

(ii) ‖ν(k)
x0 − π‖2 = 1

|X|
∑N

i=1 di [(Fν) (i)]2k
.

Proof It is easy to check that P =
∑N

j=0 ν(j)Δj . Therefore, in virtue of
Theorem 5.1.6, Vi is an eigenspace of P and the corresponding eigenvalue
is

N∑
j=0

ν(j)pj(λi) =
N∑

j=0

ν(j)kjφi(j) = (Fν)(i),

where the first equality follows from Lemma 5.1.8.
This means that P =

∑N
i=0(Fν)(i)Ei and P k =

∑N
i=0[(Fν)(i)]kEi.

But then

ν(k)
x0

(x) = p(k)(x0, x) = (P kδx)(x0) =
N∑

i=0

[(Fν)(i)]k(Eiδx)(x0)

=
1
|X|

N∑
i=0

[(Fν) (i)]k diφi(d(x0, x))

where the last equality follows from (vi) in Lemma 5.1.8. This proves
(i).

Observe that π may be written

π(x) =
d0

|X|φ0(d(x0, x))

so that

ν(k)
x0

(x)− π(x) =
1
|X|

N∑
i=1

[(Fν)(i)]kdiφi(d(x0, x))

and one can then apply the orthogonality relations for the φi’s.

Corollary 5.1.13 (Upper bound lemma)

‖ν(k)
x0
− π‖TV ≤

1
4

N∑
i=1

di[(Fν)(i)]2k.
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Proof We have

‖ν(k)
x0
− π‖TV =

1
4
‖ν(k)

x0
− π‖2L1(X) see (1.26)

≤ 1
4
‖ν(k)

x0
− π‖2|X| (by Cauchy–Schwarz)

≤ 1
4

N∑
i=1

di[(Fν)(i)]2k.

Suppose again that p(x, y) is invariant. We now examine the lumpa-
bility of p (cf. Section 1.10). Fix x0 ∈ X and denote by Ωh = {x ∈ X :
d(x0, x) = h} the sphere of radius h centered at x0, for h = 0, 1, 2, . . . , N .
Set [N ] = {0, 1, . . . , N} and on L([N ]) introduce the scalar product
〈f1, f2〉 =

∑N
i=0 f1(i)f2(i)|Ωi| (recall that |Ωi| = ki; see Lemma 5.1.3).

Also set π(i) = |Ωi|
|X| for i = 0, 1, . . . , N .

Theorem 5.1.14 With the above notation we have the following.

(i) p is {Ω0, Ω1, . . . ,ΩN}-lumpable.
(ii) Let p̃(i, j) = p(x,Ωj), for x ∈ Ωi, be the lumped chain and

set
(
P̃ f

)
(i) =

∑N
j=0 p̃(i, j)f(j) for all f ∈ L([N ]). Then the

spherical function φi is an eigenvector of P̃ with eigenvalue λi.
(iii) φ0, φ1, . . . , φN constitute an orthogonal basis for L([N ]) and

‖φi‖2 = |X|
di

, for i = 0, 1, . . . , N .

(iv) If ν̃(k)(j) = p̃(k)(0, j) denotes the distribution probability after k

steps given that we start from 0, then ‖ν∗k − π‖2L(X) = ‖ν̃(k) −
π̃‖2L([N ]).

The proof is just an easy exercise. The main fact is that the spectral
analysis of the lumped matrix p̃ is equivalent to that of the original chain
p (this is even more than lumpability). In other words, the eigenvalues
are the same, only the corresponding multiplicities do change.

Exercise 5.1.15 Let Kn denote the complete graph on n vertices (see
Example 1.8.1).

(1) Show that Kn is distance-regular and that L(Kn) = V0 ⊕ V1 –
with V0 the space of constant functions and V1 = {f : Kn → C :∑

x∈Kn
f(x) = 0} the space of mean zero functions – is the

decomposition into eigenspaces of Δ1.
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(2) Show that φ0 ≡ 1 (constant function) and

φ1(x) =

{
1 if x = x0

− 1
n−1 if x �= x0

are the spherical functions.
(3) Deduce the results in Example 1.10.5 from the previous theorem.

In the final part of this section we analyze the connections with group
theory and finite Gelfand pairs. We will also briefly give the more general
notion of an association scheme.

Let X be a finite, simple, connected graph without loops. Denote by
E its edge set. An automorphism of X is a bijection α : X → X such
that {α(x), α(y)} ∈ E if and only if {x, y} ∈ E, for all x, y ∈ X.

Example 5.1.16 Consider the graph with vertices 1, 2, 3, 4 and edges
{1, 2}, {2, 4}, {2, 3} and {3, 4} (see Figure 5.1). Then the map α :
X → X given by α(1) = 1, α(2) = 2, α(3) = 4 and α(4) = 3 is an
automorphism.

1
2

3

4

Figure 5.1.

The set of all automorphisms of a graph X is clearly a group and it
is denoted by Aut(X).

An isometry of the graph X is a bijection β : X → X such that
d(β(x), β(y)) = d(x, y) for all x, y ∈ X. Since we have excluded the
presence of loops in X, it is clear that β is an isometry if and only if it
is an automorphism; in other words, the notions of automorphism and
isometry coincide.

Exercise 5.1.17 Show that for X as in Figure 5.2 one has Aut(X) = {1}
and that X is, in fact, the smallest (i.e. |X| minimal) graph with no
nontrivial automorphisms.

Figure 5.2.
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Exercise 5.1.18 ([25]) Show that for n ≥ 7 the graph in Figure 5.3
has trivial automorphism group.

n − 4

Figure 5.3.

Definition 5.1.19 A graph X is distance-transitive if for any (x, y) and
(u, z) ∈ X ×X with d(x, y) = d(u, z) there exists α ∈ Aut(X) such that
(α(x), α(y)) = (u, z).

If G is a group of isometries of X (i.e. G ≤ Aut(X)) and the isometry
α above can be found inside G, we say that the action of G on X is
distance-transitive.

We then know that if we fix x0 ∈ X and set K = {k ∈ G : kx0 = x0},
then (G, K) is a symmetric Gelfand pair (see Examples 4.3.2 and 4.3.7).

Exercise 5.1.20 Show that a distance-transitive graph is also distance-
regular. Check that the harmonic analysis on distance-regular graphs
developed in this section coincides with that developed in Chapter 4
when the graph is distance-transitive. Show, in particular, that the sub-
spaces V0, V1, . . . , VN in Theorem 5.1.6 are the spherical representations
of the pair (G, K) (in particular they are irreducible G-representations).
Moreover, φ0, φ1, . . . , φN are the spherical functions on the Gelfand pair
(G, K).

The “new” aspect in the harmonic analysis on distance-regular graphs
is that the algebra HomG(L(X), L(X) ∼= L(K\G/K) is singly generated
(it is the polynomial algebra in Δ1).

Exercise 5.1.21 ([1, 25]) Let X be the graph with vertices x1, x2, . . . ,

x13, y1, y2, . . . , y13 and edge set

E = {{xi, xj} : |i− j| = 1, 3, 4 mod 13}
∪ {{yi, yj} : |i− j| = 2, 5, 6 mod 13}
∪ {{xi, yj} : i− j = 0, 1, 3, 9 mod 13} .
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Show that X is distance-regular with diameter N = 2 and b0 = 10,

b1 = 6, c1 = 1, c2 = 4 but it is not distance transitive (there is no
automorphism carrying xi to yj).

Let X be a finite set. A symmetric association scheme on X is a
partition of X ×X

X ×X = C0
∐
C1

∐
. . .

∐
CN

where the sets Ci (called the associate classes) satisfy the following
properties:

(i) C0 = {(x, x) : x ∈ X}.
(ii) For i = 1, 2, . . . , N , Ci is symmetric, that is (x, y) ∈ Ci if and only

if (y, x) ∈ Ci.
(iii) There exist nonnegative integers pk

i,j , i, j, k = 0, 1, . . . , N , such
that, for all (x, y) ∈ Ck we have

|{z ∈ X : (x, z) ∈ Ci, (z, y) ∈ Cj}| = pk
i,j .

Exercise 5.1.22

(1) (1) Let X be a distance-regular graph with diameter N . Show
that, taking Ci = {(x, y) : d(x, y) = i}, i = 0, 1, . . . , N , then
C0, C1, . . . , CN form a symmetric association scheme over X.

(2) Suppose that (G, K) is a symmetric Gelfand pair. Set X = G/K

and let C0, C1, . . . , CN (with C0 = {(x, x) : x ∈ X}) be the orbits
of G on X × X. Show that C0, C1, . . . , CN form a symmetric
association scheme over X (cf. Exercise 4.2.4).

The peculiarity of a distance-regular graph is that its Bose–Mesner
algebra is singly generated, namely by Δ1. This is no longer true for
general symmetric association schemes: see Chapter 7.

The fundamental reference on association scheme is Delsarte’s epochal
thesis [51]. A recent survey by the same author is [54]. Another useful
survey is Bannai’s [11]. There are many books devoted to this subject,
or with some chapters devoted to it: we mention, among others those by
Bannai and Ito [12], Bayley [7], Godsil [102], van Lint and Wilson [156],
Cameron [39] Cameron and van Lint [40], MacWilliams and Sloane [159]
and by P.-H. Zieschang [234]. Also, the book by Browuer, Cohen and
Neumaier [36] is an encyclopedic treatment on distance-regular graphs.
A very interesting paper on random walks on distance-regular graphs
is [22].
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5.2 The discrete circle

As a first example of distance-regular (but in fact of a distance-transitive)
graph we examine the discrete circle (see Example 1.2.1 and Sections 2.1
and 2.2), also called the cycle graph (cf. Biggs [25]) or the regular n-gon
(cf. Stanton [208]).

As we have already studied this example, one should regard this sec-
tion just as an exercise of translation of the concepts into the new
setting.

Observe that Cn has diameter N =
[

n
2

]
. Moreover it is distance-

regular: it is easy to check that b0 = 2, b1 = b2 = . . . = bN−1 = 1,
c1 = c2 = . . . = cN−1 = 1 and, finally, cN = 1 if n is odd and cN = 2 if
n is even.

In this case, the operator Δ1 coincides with 2P where P is the operator
associated with the simple random walk on Cn. Therefore if we set
(according to the notation of Sections 2.1 and 2.2) Vj equal to the space
spanned by χj and χ−j , then V0, V1, . . . , VN are the eigenspaces of Δ1

and the corresponding eigenvalues λj = 2 cos( 2πj
n ) for j = 0, 1, . . . , N .

Moreover, the spherical functions are

φj(h) =
1
2

(χj(h) + χj(−h)) = cos
(

πhj

n

)
.

Indeed, φi ∈ Vi and it is radial with respect to the base point 0
(φj(h) = φj(−h)) and φj(0) = 0. Note also that φj coincides with the
function cj in Section 2.6.

The graph Cn is also distance-transitive with automorphism group
given by the dihedral group Dn = 〈a, b : a2 = bn = 1, aba = b−1〉. Note
that a is the reflection with respect to the diameter passing through 0,
that is a(h) = −h mod n for h = 0, 1, . . . , n − 1, and b is the rotation
b(h) = h + 1 mod n for h = 0, 1, . . . , n− 1.

The stabilizer of 0 is the cyclic group of order two C2 = 〈a〉 and clearly
(Dn, C2) is a Gelfand pair. Moreover, V0, V1, . . . , VN are all irreducible
representations of Dn.

Exercise 5.2.1 Show that, with the notation in Example 3.8.2 and in
Exercise 3.8.3 and Exercise 3.8.4, that the representation on V0 coincides
with χ0, the representation on Vi, i = 1, 2, . . . , N − 1, coincides with ρi

and the representation on VN coincides with χ3 if n is even and with ρN

if n is odd.
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5.3 The Hamming scheme

Set Xn,m+1 = {(x1, x2, . . . , xn) : x1, . . . , xn ∈ {0, 1, . . . , m}}. In other
words, Xn,m+1 is the cartesian product of n copies of {0, 1, 2, . . . , m} =
X1,m+1.

Define the Hamming distance d on Xn,m+1 by setting

d((x1, x2, . . . , xn), (y1, y2, . . . , yn)) = |{k : xk �= yk}|

that is, the distance between two points equals the number of coordinates
at which they differ.

We can define on Xn,m+1 a graph structure by taking {(x, y) : d(x, y) =
1} as the set of edges, that is, two points x, y ∈ Xn,m+1 are connected
if and only if they differ in exactly one coordinate. It is easy to check
(exercise) that such a structure induces exactly the metric d.

Proposition 5.3.1 Xn,m+1 is a distance regular graph with diameter n

and coefficients

ci = i, i = 1, 2, . . . , n

bi = (n− i)m, i = 0, 1, . . . , n− 1.

In particular, its degree is b0 = nm.

Proof Let x, y ∈ Xn,m+1 with d(x, y) = i. Set A = {j : xj = yj}. Then
|A| = n − i and any z ∈ Xn,m+1 with d(x, z) = 1 and d(y, z) = i + 1 is
obtained by changing a coordinate xj with j ∈ A; there are |A| = (n− i)
such coordinates and m different ways of performing such a change. This
gives bi = (n − i)m. The other cases are similar and left to the reader
as an easy exercise.

Note that X1,m+1 coincides with the complete graph Km+1 on m + 1
vertices. Moreover, in this case we always have bi + ci = b0 (cf. Exer-
cise 5.1.2).

Let Δ denote the adjacency operator, that is, (Δf)(x) =∑
y:d(x,y)=1 f(y) for all x ∈ Xn,m+1 and f ∈ L(Xn,m+1). We have

already seen that the harmonic analysis on Xn,m+1 is equivalent to the
spectral analysis of Δ.

Therefore our task is to obtain the decomposition of L(Xn,m+1) into
eigenspaces of Δ. For f1, f2, . . . , fn ∈ L(X1,m+1), define their coordi-
natewise product f1⊗f2⊗· · ·⊗fn ∈ L(Xn,m+1) by setting: (f1⊗f2⊗· · ·⊗
fn)(x1, x2, . . . , xn) = f1(x1)f2(x2) · · · fn(xn). We recall the following
orthogonal decomposition: L(X1,m+1) = V0 ⊕ V1 where V0 is the space
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of constant functions and V1 = {f :
∑m

i=0 f(i) = 0}, see Example 1.8.1
(V0 and V1, in the representation theory of the symmetric group Sm+1,
are usually denoted by Sm+1 and Sm,1, respectively; see, for instance,
Section 3.14).

The weight of (i1, i2, . . . , in) ∈ {0, 1}n is w(i1, i2, . . . , in) = |{k : ik =
1}|. Define Wj as the subspace of L(Xn,m+1) spanned by the products
f1⊗ f2⊗ · · ·⊗ fn with each fi ∈ V0 or V1 and |{i : fi ∈ V0}| = n− j and
|{i : fi ∈ V1}| = j and set x = (0, 0, . . . , 0).

Taking into account Remark 5.1.10 (with the fixed point x0 replaced
by x) we have the following:

Theorem 5.3.2

(i) L(Xn,m+1) = ⊕n
j=0Wj is the decomposition of L(Xn,m+1) into

distinct Δ-eigenspaces. The eigenvalue corresponding to Wj is
equal to nm− j(m + 1) and dimWj = mj

(
n
j

)
.

(ii) The spherical function Φj ∈Wj is given by

Φj(x) =
1(
n
j

) min{�,j}∑
t=max{0,j−n+�}

(
�

t

)(
n− �

j − t

)(
− 1

m

)t

if d(x, x) = �.

Proof First of all note that for f1, f2, . . . , fn, f ′
1, f

′
2, . . . , f

′
n ∈ L(X1,m+1)

we have

〈f1 ⊗ f2 ⊗ · · · ⊗ fn, f ′
1 ⊗ f ′

2 ⊗ · · · ⊗ f ′
n〉L(Xn,m+1)

=
∑

x1,...,xn∈X1,m+1

f1(x1)f2(x2) · · · fn(xn)f ′
1(x1)f ′

2(x2) · · · f ′
n(xn)

=
n∏

i=1

⎛⎝ ∑
xi∈X1,m+1

fi(xi)f ′
i(xi)

⎞⎠
=

n∏
i=1

〈fi, f
′
i〉L(X1,m+1). (5.15)

It follows that if ψ0, ψ1, . . . , ψm is an orthonormal basis in L(X1,m+1)
with ψ0 ∈ V0 and ψ1, ψ2, . . . , ψm ∈ V1, then

{ψi1 ⊗ ψi2 ⊗ · · · ⊗ ψin : i1, i2, . . . , in ∈ {0, 1, . . . , m}}

is an orthonormal basis in L(Xn,m+1).
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It is also clear that the set {ψi1⊗ψi2⊗· · ·⊗ψin
: |{k : ik = 0}| = n−j}

is an orthonormal basis for Wj . This shows that L(Xn,m+1) = ⊕n
j=0Wj

with orthogonal direct sum and that moreover dim(Wj) = mj
(
n
j

)
.

Now observe that if f ∈ V0 then
∑

y �=x f(y) = mf(x) while if f ∈ V1

then
∑

y �=x f(y) = −f(x). Therefore if w(i1, . . . , in) = j and fk ∈ Vik
,

k = 1, 2, . . . , n, then

[Δ(f1 ⊗ · · · ⊗ fn)] (x1, . . . , xn) =
(∑

y1 �=x1
f1(y1)

)
f2(x2) · · · fn(xn)

+f1(x1)
(∑

y2 �=x2
f2(y2)

)
f3(x3) · · · fn(xn)

+ · · ·+
+f1(x1) · · · fn−1(xn−1)

(∑
yn �=xn

fn(yn)
)

= [nm− j(m + 1)] · [(f1 ⊗ · · · ⊗ fn)(x1, . . . , xn)]

and (i) is proved.
Now define φ0, φ1 ∈ L(X1,m+1) by setting φ0(x) = 1 for x = 0, 1, . . . ,

m, φ1(0) = 1 and φ1(x) = − 1
m for x = 1, 2, . . . , m. Clearly φ0 ∈ V0, φ1 ∈

V1 and they are the spherical functions on X1,m+1 (see Exercise 5.1.15).
Set

Φj =
1(
n
j

) ∑
w(i1,...,in)=j

φi1 ⊗ φi2 ⊗ · · · ⊗ φin .

Then Φj ∈Wj ; moreover, if d(x, x) = � then

Φj(x) =
1(
n
j

) min{�,j}∑
t=max{0,j−n+�}

(
�

t

)(
n− �

j − t

)(
− 1

m

)t

.

Indeed, the number of (i1, . . . , in) ∈ {0, 1}n such that w(i1, . . . , in) = j

and |{k : φik
(xk) = − 1

m}| = t is equal to
(
�
t

)(
n−�
j−t

)
: this corresponds to

choosing t indices {k : xk �= 0 and ik = 1} inside the set (of cardinality �)
{k : xk �= 0} simultaneously with other j−t indices {k : xk = 0 and ik =
1} inside the set (of cardinality n− �) {k : xk = 0}.

In particular, Φj is constant on the spheres {x ∈ Xn,m+1 : d(x, x) =
�}, � = 0, 1, 2, . . . , m; it is obvious that Φj(x) = 1 and therefore (Corol-
lary 5.1.9) it is the spherical function in Wj .

Remark 5.3.3 Setting

Kj(�; m/(m + 1), n) =
1(
n
j

) min{�,j}∑
t=max{0,j−n+�}

(
�

t

)(
n− �

j − t

)(
− 1

m

)t
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then {Kj( · ; m/(m+1), n) : j = 0, 1, . . . , n} are orthogonal polynomials
on {0, 1, . . . , n} with respect to the mass

(
n
�

)
ml

(m+1)n at � ∈ {0, 1, . . . , n},
normalized by Kj(0; m/(m + 1), n) = 1; they are called Krawtchouk
polynomials (see also Section 2.6).

Indeed, from Corollary 5.1.9 (i), since Kj(�; m/(m+1), n) is the value
of Φj at a point x with d(x, x) = �, we have

n∑
�=0

Ki(�, m/(m + 1), n)Kj(�, m/(m + 1), n)m�

(
n

�

)
=

(m + 1)n

mj
(
n
j

) δi,j

as |{x : d(x, x) = �}| = m�
(
n
�

)
.

Moreover, again from Corollary 5.1.9, it follows that ΔΦj = [nm −
j(m + 1)]Φj may be translated into the second order finite difference
equation for the Krawtchouk polynomials:

�Kj(�− 1, m/(m + 1), n) + �(m− 1)Kj(�, m/(m + 1), n)
+ (n− �)mKj(� + 1, m/(m + 1), n)
= [nm− j(m + 1)]Kj(�, m/(m + 1), n).

5.4 The group-theoretical approach to the
Hammming scheme

In this section, we reformulate the results of the previous section in
the setting of Gelfand pairs. We first need a suitable group action on
Xn,m+1.

Let Sm+1 and Sn be the symmetric groups respectively on {0, 1, 2, . . . ,

m} and {1, 2, . . . , n}. The wreath product of Sm+1 by Sn is the set
Sm+1 � Sn = {(σ1, σ2, . . . , σn; θ) : σ1, . . . , σn ∈ Sm+1, θ ∈ Sn} together
with the composition law

(σ1, σ2, . . . , σn; θ) · (τ1, τ2, . . . , τn; ξ)

= (σ1τθ−1(1), σ2τθ−1(2), . . . , σnτθ−1(n); θξ).

Lemma 5.4.1 Sm+1 � Sn is a group with respect to the above defined
composition law.

Proof The identity element is clearly (1Sm+1 , 1Sm+1 , . . . , 1Sm+1 ; 1Sn
).

The inverse of (σ1, σ2, . . . , σn; θ) is (σ−1
θ(1), σ

−1
θ(2), . . . , σ

−1
θ(n); θ

−1). For the
associativity check that
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[(σ1, σ2, . . . ,σn; θ) · (τ1, τ2, . . . , τn; ξ)] · (η1, η2, . . . , ηn; μ)

= (σ1τθ−1(1)ηξ−1(θ−1(1)), σ2τθ−1(2)ηξ−1(θ−1(2)),

. . . , σnτθ−1(n)ηξ−1(θ−1(n)); θξμ)

= (σ1, σ2, . . . , σn; θ) · [(τ1, τ2, . . . , τn; ξ) · (η1, η2, . . . , ηn; μ)].

Lemma 5.4.2 The set Xn,m+1 = {(x1, x2, . . . , xn) : x1, . . . , xn ∈ {0,

1, . . . , m}} is a homogenous space for Sm+1 � Sn under the action

(σ1, σ2, . . . , σn; θ)(x1, x2, . . . , xn) = (σ1xθ−1(1), σ2xθ−1(2), . . . , σnxθ−1(n))

(i.e. xi is moved by θ to the position θ(i) and then it is changed by the
action of σθ(i)).

Proof This is indeed an action:

(σ1, σ2, . . . , σn; θ) · [(τ1, τ2, . . . , τn; ξ)(x1, x2, . . . , xn)]

= (σ1, σ2, . . . , σn; θ) · (τ1xξ−1(1), τ2xξ−1(2), . . . , τnxξ−1(n))

= (σ1τθ−1(1)xξ−1(θ−1(1)), σ2τθ−1(2)xξ−1(θ−1(2)),

. . . , σnτθ−1(n)xξ−1(θ−1(n))),

while

[(σ1, σ2, . . . , σn; θ) · (τ1, τ2, . . . , τn; ξ)](x1, x2, . . . , xn)

= [(σ1τθ−1(1), σ2τθ−1(2), . . . , σnτθ−1(n); θξ)](x1, x2, . . . , xn)

= (σ1τθ−1(1)xξ−1(θ−1(1)), σ2τθ−1(2)xξ−1(θ−1(2)),

. . . , σnτθ−1(n)xξ−1(θ−1(n))).

It is easy to check that this action is transitive.

Note that the stabilizer of x = (0, 0, . . . , 0) ∈ Xn,m+1 coincides with
the wreath product Sm � Sn, where Sm ≤ Sm+1 is the stabilizer of 0.
Therefore we can write Xn,m+1 = (Sm+1 � Sn)/(Sm � Sn).

The group Sm+1 � Sn acts isometrically on Xn,m+1 and the action
is distance transitive. Indeed, suppose that x, y, u, v ∈ Xn,m+1 and
d(x, y) = d(u, v). If we set A = {k : xk = yk} then there exists θ ∈ Sn

such that {k : uθ−1(k) = vθ−1(k)} = A. Therefore it is possible to find
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σ1, . . . , σn ∈ Sm+1 such that xk = σkuθ−1(k) and yk = σkvθ−1(k), k =
1, 2, . . . , n. Then (σ1, σ2, . . . , σn; θ)u = x and (σ1, σ2, . . . , σn; θ)v = y. It
follows that (Sm+1 � Sn, Sm � Sn) is a (symmetric) Gelfand pair.

Combining the above discussion with Theorem 5.3.2(i), we conclude
that

Proposition 5.4.3 L(Xn,m+1) = ⊕n
j=0Wj is the decomposition of

L(Xn,m+1) into its (Sm+1 � Sn)-irreducible pairwise inequivalent repre-
sentations.

Remark 5.4.4 Let Sm+1 act on L(X1,m+1) by (σf)(x) = f(σ−1x) for
any σ ∈ Sm+1, x ∈ X1,m+1 and f ∈ L(X1,m+1). Then, it is easy to
check that the action of an element (σ1, . . . , σn; θ) ∈ Sm+1 � Sn on a
tensor product f1 ⊗ · · · ⊗ fn is given by: (σ1, . . . , σn; θ)(f1 ⊗ · · · ⊗ fn) =
(σ1fθ−1(1)) ⊗ · · · ⊗ (σnfθ−1(n)). This directly shows that each Wj is
Sm+1 � Sn-invariant.

Note that the hypercube Qn coincides with Xn,1 (in particular it is a
group). Moreover, S2 � Sn is the group of all isometries of Qn and the
simple random walk on Qn (the Ehrenfest diffusion model) is (S2 � Sn)-
invariant. Compare also with Section 2.6. For a similar situation for
classical Fourier analysis we refer to Section 4.15 in the book by Dym
and McKean [82].
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The Johnson scheme and the
Bernoulli–Laplace diffusion model

As mentioned in the preceding chapter, Sections 6.1 and 6.3 below do
not use group representation theory and only rely on harmonic analysis
on distance-regular graphs (Section 5.1).

6.1 The Johnson scheme

In this section we present the Johnson scheme. The main sources are
Delsarte’s thesis [51] (see also [53]) and the papers of Dunkl [73, 75, 76]
and Stanton [209, 210, 211].

Fix once and for all a positive integer n and, for 0 ≤ m ≤ n, denote by
Ωm the family of all m-subsets of {1, 2, . . . , n}. As usual, L(Ωm) denotes
the space of all complex valued functions defined on Ωm. If A ∈ Ωm then
δA denotes the Dirac function centered at A and therefore any function
f ∈ L(Ωm) may be expressed in the form f =

∑
A∈Ωm

f(A)δA.
A standard notation ([182]; see also Chapter 10) for the space L(Ωm)

is Mn−m,m; clearly Mm,n−m is isomorphic to Mn−m,m (via δA ↔ δAc ,
where Ac ∈ Ωn−m is the complement {1, 2, . . . , n} \A of A).

On Ωm we introduce the Johnson distance δ by setting

δ(A, B) = m− |A ∩B|, A,B ∈ Ωm

that is δ(A, B) = |A \B| ≡ |B \A|. It is easy to check that (Ωm, δ) is a
metric space.

Moreover, Ωm may be endowed with the graph structure whose edges
are the (A, B) with δ(A, B) = 1; this way δ coincides with the geodesic
distance in this graph. Note that Ω1 is nothing but the complete graph
Kn (see Example 1.8.1).

168
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Lemma 6.1.1 Ωm with the above defined graph structure is a distance-
regular graph with diameter min{m, n−m} and with parameters ci = i2

and bi = (n−m− i)(m− i) for i = 0, 1, . . . ,min{m, n−m}. Moreover,
the map

Ωm � A �→ Ac ∈ Ωn−m (6.1)

is a graph isomorphism.

Proof Suppose that A, B ∈ Ωm are at distance δ(A, B) ≡ m−|A∩B| = i.
Then the number of C ∈ Ωm such that δ(A, C) = i + 1 and δ(B,C) = 1
is equal to (n−m− i)(m− i). Indeed any such C is of the form

C = (B \ {b}) ∪ {a}

with b ∈ B ∩A and a ∈ {1, 2, . . . , n} \ (A∩B) ≡ (A∪B)c. As |B ∩A| =
m− i and |(A∪B)c| = n−m− i we have exactly m− i ways of choosing
b and n−m− i ways for choosing a. We leave to the reader as an easy
exercise to check that ci = i2.

Finally, if A, B ∈ Ωm then

δ(A, B) = |A \B| = |Bc \Ac| = δ(Ac, Bc)

and therefore the map (6.1) is an isometry.

We now introduce some important linear operators between the spaces
Mn−m,m. The operator d : Mn−m,m → Mn−m+1,m−1 is defined by
setting

(df)(A) =
∑

B∈Ωm:
A⊆B

f(B) (6.2)

for all A ∈ Ωm−1 and f ∈ Mn−m,m. In other words, the value of df at
A is equal to the sum of all the values of f at the points B ∈ Ωm that
contain A.

The adjoint operator d∗ : Mn−m+1,m−1 → Mn−m,m is then given by

(d∗f)(B) =
∑

A∈Ωm−1:
A⊆B

f(A) (6.3)

for all B ∈ Ωm and f ∈Mn−m+1,m−1. Indeed, it is easy to check that

〈df1, f2〉Mn−m+1,m−1 =
∑

(A,B)∈Ωm−1×Ωm:
A⊆B

f1(B)f2(A) = 〈f1, d
∗f2〉Mn−m,m

for all f1 ∈Mn−m,m and f2 ∈Mn−m+1,m−1.
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Using Dirac functions as bases for the spaces Mn−m,m the operators
d and d∗ have the following alternative (equivalent) description.

dδB =
∑

A∈Ωm−1:
A⊆B

δA =
∑
j∈B

δB\{j}

and

d∗δA =
∑

B∈Ωm:
A⊆B

δB =
∑
j /∈A

δA∪{j}

for all B ∈ Ωm and A ∈ Ωm−1, that is dδB is the characteristic function
of the set {A ∈ Ωm−1 : A ⊂ B} and d∗δA is the characteristic function
of the set {B ∈ Ωm : A ⊂ B}.

Remark 6.1.2 We denote by d the linear operator

d :
n⊕

m=0

Mn−m,m →
n−1⊕
m=0

Mn−m,m

defined by setting, for f =
∑n

m=1 fm, fm ∈Mn−m,m,

df =
n∑

m=1

dfm

where dfm is as in (6.2). In a similar way one has the adjoint

d∗ :
n−1⊕
m=0

Mn−m,m →
n⊕

m=0

Mn−m,m.

Moreover, for f ∈ Mn,0 we set df = 0; similarly, for f ∈ M0,n we set
d∗f = 0.

The adjacency operator Δ on Ωm is given by

Δf(A) =
∑

B∈Ωm:δ(A,B)=1

f(B), for every A ∈ Ωm and f ∈Mn−m,m,

that is, if A ∈ Ωm, the Δ-image of δA is given by the characteristic
function of the set consisting of all B ∈ Ωm such that δ(A, B) = 1.

Lemma 6.1.3 Let 0 ≤ k ≤ n. For f ∈Mn−k,k we have

(i) dd∗f = Δf + (n− k)f,

(ii) d∗df = Δf + kf.
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Proof If A ∈ Ωk, then

dd∗δA = d
∑
j �∈A

δA∪{j}

=
∑
j �∈A

δA +
∑
j �∈A

∑
i∈A

δ(A∪{j})\{i}

= (n− |A|)δA + ΔδA.

This proves (i); (ii) is proved similarly.

In the sequel we shall use the following notation (Pochhammer symbol)
for a ∈ C and i ∈ N: (a)i = a(a + 1)(a + 2) · · · (a + i− 1). In particular,
(1)n = n! and

(
n
k

)
= (n−k+1)k

k! . Also note that (a + 1)i−1a = (a)i.

Lemma 6.1.4 Let f ∈Mn−k,k and 1 ≤ p ≤ q ≤ n− k. Then

(i) d(d∗)qf = (d∗)qdf + q(n− 2k − q + 1)(d∗)q−1f ;

(ii) if df = 0, then dp(d∗)qf = (q− p + 1)p(n− 2k− q + 1)p(d∗)q−pf .

Proof In the case q = 1, the first identity immediately follows by sub-
tracting (ii) from (i) in the statement of previous lemma. The general
case of (i) then follows by induction on q:

d(d∗)qf = d∗d(d∗)q−1f + (n− 2k − 2q + 2)(d∗)q−1f

= (d∗)qdf + q(n− 2k − q + 1)(d∗)q−1f

where in the first equality we have applied the case q = 1 to (d∗)q−1f

and in the second equality we have applied the inductive step (namely,
case q − 1) directly to f .

Regarding (ii), the case p = 1 reduces simply to (i) and, again, the
general case follows easily by induction on p.

We are now in position to decompose the space Mn−m,m into the
Δ-eigenspaces.

Definition 6.1.5 For 0 < k ≤ n/2 define Sn−k,k = Mn−k,k ∩ Ker d ≡
{f ∈Mn−k,k : df = 0}. Also set Sn,0 = Mn,0.

Clearly, since dim Mn−k,k =
(
n
k

)
>

(
n

k−1

)
= dim Mn−k+1,k−1 (so that

d cannot be injective!), Sn−k,k is a nontrivial subspace of Mn−k,k.
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Theorem 6.1.6 We have:

(i) dim Sn−k,k =
(
n
k

)
−

(
n

k−1

)
, 0 < k ≤ n/2.

(ii) If 0 ≤ m ≤ n, 0 ≤ k ≤ min{n−m, m} and f ∈ Sn−k,k, then

‖(d∗)m−kf‖2Mn−m,m = (m− k)!(n− k −m + 1)m−k‖f‖2Mn−k,k ;

in particular (d∗)m−k is injective from Sn−k,k to Mn−m,m.
(iii) For 0 ≤ m ≤ n,

Mn−m,m =
min{m,n−m}⊕

k=0

(d∗)m−kSn−k,k

is the decomposition of Mn−m,m into the Δ-eigenspaces.
(iv) The eigenvalue of Δ corresponding to (d∗)m−kSn−k,k is m(n −

m)− k(n− k + 1).
(v) If 0 ≤ m ≤ n and max{1, 1− n + 2m} ≤ p then

Ker (dp) ∩Mn−m,m =
min{m,n−m}⊕

k=max{m−p+1,0}
(d∗)m−kSn−k,k.

Proof First of all, note that from Lemma 6.1.4 (ii) it follows that, for
f1 ∈ Sn−h,h and f2 ∈ Sn−k,k, 0 < h ≤ k ≤ m ≤ n, we have

〈(d∗)m−hf1, (d∗)m−kf2〉Mn−m,m =
〈
dm−k(d∗)m−hf1, f2

〉
Mn−k,k

= (k − h + 1)m−k(n− h−m + 1)m−k

〈
(d∗)k−hf1, f2

〉
Mn−k,k .

(6.4)

Then, identity (ii) is an easy consequence of (6.4) for h = k.
Moreover (iv) is a consequence of Lemma 6.1.4 (i) and of Lemma 6.1.3

(i): if f ∈Mn−k,k and df = 0 then

Δ(d∗)m−kf = dd∗(d∗)m−kf − (n−m)(d∗)m−kf

= [m(n−m)− k(n− k + 1)](d∗)m−kf.
(6.5)

Suppose now that 0 ≤ m ≤ n/2. To get the decomposition in (iii), first
observe that

Mn−1,1 = Sn−1,1 ⊕ d∗Sn,0 (6.6)

coincides with the decomposition into constant and mean zero functions:
f ∈ Mn−1,1 and df = 0 implies that (df)(∅) ≡

∑n
j=1 f({j}) = 0; com-

pare with the spectral decomposition for the simple random walk on the
complete graph (Example 1.8.1).
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More generally, we have the orthogonal decomposition

Mn−m,m = Sn−m,m ⊕ d∗Mn−m+1,m−1. (6.7)

Indeed, a function f1 ∈ Mn−m,m belongs to Sn−m,m if and only if
0 = 〈df1, f2〉Mn−m+1,m−1 = 〈f1, d

∗f2〉Mn−m,m for all f2 ∈ Mn−m+1,m−1,
that is if and only if f1 is orthogonal to d∗Mn−m+1,m−1.

Then the decomposition Mn−m,m = ⊕m
k=0(d

∗)m−kSn−k,k may be ob-
tained by induction on m, starting from (6.6) and using (6.7). The
orthogonality of the decomposition also follows from (6.7) and (6.4).

Note also that the function k �→ [m(n−m)−k(n−k+1)] is decreasing
for 0 ≤ k ≤ n/2 and so (iv) gives m+1 distinct eigenvalues. As Mn−m,m

decomposes into m + 1 = diam(Ωm) Δ-eigenspaces (cf. Theorem 5.1.6),
this ends the proof of (iii). Note that by (6.7) and the injectivity of
d∗ : Mn−k+1,k−1 → Mn−k,k, for 0 ≤ k ≤ n/2, we have

dimSn−k,k = dim(Mn−k,k ∩ ker d) = dimMn−k,k − dimd∗Mn−k+1,k−1

= dimMn−k,k − dimMn−k+1,k−1 =
(

n

k

)
−

(
n

k − 1

)
.

This proves (i).
Finally, (v) is a consequence of (ii), (iii) and of Lemma 6.1.4 (ii). The

case n/2 ≤ m follows from the isomorphism between Ωn−m and Ωm and
applying again (6.4), (6.5), (ii) and (iii).

If A ⊆ {1, 2, . . . , n} and � is a nonnegative integer not greater than
the cardinality of A, we denote by σ�(A) the characteristic function of
the set {C ∈ Ω� : C ⊆ A}, that is σ�(A) =

∑
C∈Ω�,C⊆A δC . We have

dσ�(A) = (|A| − � + 1)σ�−1(A). (6.8)

Indeed, for any C ′ ⊆ A with |C ′| = �−1, there exist |A|−�+1 ≡ |A\C ′|
many C’s with C ′ ⊂ C ⊂ A and |C| = �. This follows from the fact that
any such C is of the form C = C ′ ∪ {j} with j ∈ A \ C ′.

Once and for all in this section we fix an element A ∈ Ωm and denote
by B = Ac its complement. Let 0 ≤ h ≤ n. For max{0, h − m} ≤
� ≤ min{n − m, h}, we use the product σ�(B)σh−�(A) to denote the
characteristic function of the set {C ∈ Ωh : |B∩C| = �, |A∩C| = h−�}.
We also set σ−1(B)σk(A) = σk(B)σ−1(A) ≡ 0. In other words,

σ�(B)σh−�(A) =
∑

C∈Ωh:
|B∩C|=�,

|A∩C|=h−�

δC .
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If C satisfies the conditions expressed in the above sum, we say that
δC appears in σ�(B)σh−�(A). Note also that for h = m we have that
{σ�(B)σm−�(A) : � = 0, 1, . . . , m} are the characteristic functions of the
spheres in Ωm centered in A.

Lemma 6.1.7 d[σi(B)σk−i(A)] = (n−m−i+1)σi−1(B)σk−i(A)+(m−
k + i + 1)σi(B)σk−i−1(A).

Proof If C ′ ∈ Ωk−1, |C ′ ∩ B| = i − 1 and |C ′ ∩ A| = k − i, then there
are |B \ (C ′ ∩ B)| = n −m − i + 1 many C’s in Ωk such that C ′ ⊂ C,
|C ∩B| = i and |C ∩A| = k − i.

Analogously, the coefficient m−k+i+1 is equal to |A\C ′| if |C ′∩A| =
k − i− 1 (and |C ′ ∩B| = i).

Corollary 6.1.8 If 0 ≤ k ≤ min{n−m, m}, the solutions of the equation

d

k∑
i=0

φ(i)σi(B)σk−i(A) = 0

with φ(0), φ(1), . . . , φ(k) ∈ C, are given by the multiples of the vector

k∑
i=0

(n−m− k + 1)k−i

(−m)k−i
σi(B)σk−i(A). (6.9)

Proof From the previous lemma it follows that

d

k∑
i=0

φ(i)σi(B)σk−i(A) =
k∑

i=1

φ(i)(n−m− i + 1)σi−1(B)σk−i(A)

+
k−1∑
i=0

φ(i)(m− k + i + 1)σi(B)σk−i−1(A)

=
k−1∑
i=0

[(n−m− i)φ(i + 1) + (m− k + i + 1)φ(i)]σi(B)σk−i−1(A)

and therefore d
∑k

i=0 φ(i)σi(B)σk−i(A) = 0 if and only if

(n−m− i)φ(i + 1) + (m− k + i + 1)φ(i) = 0, for i = 0, 1, 2, . . . , k − 1

(the functions σi(B)σk−i(A) are clearly linearly independent). The so-
lutions of this recurrence relations are given by the multiples of the
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function φ defined by setting φ(k) = 1 and

φ(i) =
(n−m− k + 1)(n−m− k + 2) · · · (n−m− i)

(−m)(−m + 1) · · · (−m + k − i− 1)

=
k−1∏
j=i

(n−m− j)
(−n + k − j − 1)

,

for i = 0, 1, 2, . . . , k − 1, as one easily checks.

Lemma 6.1.9

(i) If C ∈ Ωk and k ≤ h, then 1
(h−k)! (d

∗)h−kδC equals the character-
istic function of the set of all D ∈ Ωh such that C ⊂ D.

(ii) For max{0, k −m} ≤ i ≤ min{k, n−m},

1
(h− k)!

(d∗)h−kσi(B)σk−i(A)

=
min{h−k+i,n−m}∑

�=max{i,h−m}

(
�

i

)(
h− �

k − i

)
σ�(B)σh−�(A). (6.10)

Proof (i) The value of (d∗)h−kδC on D (with |D| = h) is equal to
the number of ordered sequences (of distinct elements) (i1, i2, . . . , ih−k)
such that one can express D in the form D = (· · · ((C ∪ {i1}) ∪ {i2}) ∪
· · · )∪{ih−k} (that is, D is obtained by sequentially adding the elements
i1, i2, . . . , ih−k to C) and therefore it equals |D \ C|! ≡ (h− k)!.

(ii) If δD appears in σ�(B)σh−�(A) then |D∩B| = � and |D∩A| = h−�.
Thus the number of δC ’s appearing in σi(B)σk−i(A) such that C ⊂ D

is
(
�
i

)(
h−�
k−i

)
, since any such a C is the union of an i-subset of D ∩B and

of a (k − i)-subset of D ∩A. Then we can apply (i).

We can now calculate the spherical functions. Taking into account
Remark 5.1.10 (with the fixed point x0 replaced by A) we have the
following:

Theorem 6.1.10 Fix A ∈ Ωm and set B = Ac. For 0 ≤ k ≤ min{m, n−
m} the spherical function in (d∗)m−kSn−k,k is given by

Φ(n, m, k) =
min{m,n−m}∑

�=0

φ(n, m, k; �)σ�(B)σm−�(A) (6.11)
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where

φ(n, m, k; �) =
(−1)k(
n−m

k

) min{�,k}∑
i=max{0,�−m+k}

(
m− �

k − i

)(
�

i

)
(n−m− k + 1)k−i

(−m)k−i
.

Proof Apply the operator 1
(m−k)! (d

∗)m−k to the function (6.9) obtained
in Corollary 6.1.8; by (ii) in Lemma 6.1.9 we have

1
(m− k)!

(d∗)m−k
k∑

i=0

(n−m− k + 1)k−i

(−m)k−i
σi(B)σk−i(A)

=
min{m,n−m}∑

�=0

⎡⎣ min{�,k}∑
i=max{0,�−m+k}

(
m− �

k − i

)(
�

i

)
(n−m− k + 1)k−i

(−m)k−i

⎤⎦
· σ�(B)σm−�(A)

(6.12)

since
k∑

i=0

min{m−k+i,n−m}∑
�=i

=
min{n−m,m}∑

�=0

min{�,k}∑
i=max{0,�−m+k}

.

Corollary 6.1.8 ensures that Φ(n, m, k) ∈ (d∗)m−kSn−k,k ⊆ Mn−m,m.
But Φ(n, m, k) is constant on the spheres of Ωm centered at A (recall
that σ�(B)σm−�(A) are the characteristic functions of these spheres) and
therefore, in order to apply Corollary 5.1.9, it suffices to prove that the
value at A is equal to 1, that is the coefficient of σ0(B)σm(A) is 1. Since
the coefficient of σ0(B)σm(A) in (6.12) is equal to

(
m
k

) (n−m−k+1)k

(−m)k
=

(−1)k
(
n−m

k

)
, the proof follows.

6.2 The Gelfand pair (Sn, Sn−m × Sm) and the associated
intertwining functions

In this section we give the group theoretic approach to the Johnson
scheme. Let Sn be the symmetric group. Then Ωm is an Sn-homogeneous
space. The action of Sn on Ωm is given as follows: for g ∈ Sn and
{i1, i2, . . . , im} ∈ Ωm one has g{i1, i2, . . . , im} = {g(i1), g(i2), . . . , g(im)}.
Therefore, if A ∈ Ωm then the stabilizer of A is Sn−m×Sm where Sm is
the group of all permutations of the elements of A and Sn−mthe group
of all permutations of the elements of Ac (cf. Section 3.14).

The action of Sn on the metric space (Ωm, δ) is 2-point homogeneous:
if A, B, A′, B′ ∈ Ωm are such that δ(A, B) = δ(A′, B′), then there exists
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g ∈ Sn such that gA = A′ and gB = B′. Indeed such a g may be
constructed by taking a bijection between A \B and A′ \B′, a bijection
between B \ A and B′ \ A′, a bijection between B ∩ A and B′ ∩ A′

and finally a bijection between (A ∪ B)c and (A′ ∪ B′)c. Therefore
(Sn, Sn−m×Sm) is a Gelfand pair. Viewing Sn−m×Sm as the stabilizer
of a point, say A0 in Ωm, the orbits are the spheres {A ∈ Ωm : δ(A0, A) =
r} for r = 0, 1, 2 . . . ,min{m, n−m}. It follows from the general theory
(see Section 4.6) that Mn−m,m decomposes into min{m, n − m} + 1
irreducible and inequivalent representations of Sn. It is easy to check
that the operators d and d∗ intertwine the permutation representations
of Sn on Ωm and Ωm−1.

Now we give the decomposition of Mn−m,m into its irreducible com-
ponents. The following is the group theoretic analog of Theorem 6.1.6
(compare also with Exercise 3.14.2).

Theorem 6.2.1 We have:

(i) {Sn−k,k : 0 ≤ k ≤ n/2} is a family of distinct irreducible repre-
sentations of the symmetric group Sn.

(ii) For 0 ≤ m ≤ n,

Mn−m,m =
min{m,n−m}⊕

k=0

(d∗)m−kSn−k,k ∼=
min{m,n−m}⊕

k=0

Sn−k,k

is the decomposition of Mn−m,m into its irreducible components.

Now we fix an h-subset A of {1, 2, . . . , n}, that is an element of Ωh, and
suppose that Sn−h×Sh is its stabilizer; if B = Ac is the complement of
A, then B is also stabilized by Sn−h×Sh. In the notation of the previous
section, the characteristic functions of the orbits of Sn−m×Sm on Ωh are
then given by the products σ�(A)σm−�(B), for max{0, m−n+h} ≤ � ≤
min{m, h}. Then Corollary 6.1.8 may be reformulated in the following
form:

Lemma 6.2.2 If 0 ≤ k ≤ min{n− h, h}, A ∈ Ωh and B = Ac, then the
space of Sn−h × Sh-invariant vectors in Sn−k,k consists of the multiples
of the vector

k∑
i=0

(n− h− k + 1)k−i

(−h)k−i
σi(B)σk−i(A).



178The Johnson scheme and the Bernoulli–Laplace diffusion model

Proof A function ψ ∈Mn−k,k is Sn−h×Sh-invariant if and only if there
exist coefficients φ(0), φ(1), . . . , φ(k) such that ψ =

∑k
i=0 φ(k)σi(B)

σk−i(A). If we impose dψ = 0 then we can conclude as in Corollary 6.1.8
(with m replaced by h).

Theorem 6.2.3 If 0 ≤ k ≤ min{h, n−h, m, n−m}, A ∈ Ωh and B = Ac

then the space of all Sn−h × Sh-invariant functions in the subspace of
Mn−m,m isomorphic to Sn−k,k consists of the multiples of the function

Φ(n, h, m, k) =
min{m,n−h}∑

�=max{0,m−h}
φ(n, h, m, k; �)σ�(B)σm−�(A)

where

φ(n, h, m, k; �) =
(−1)k(

n−h
k

) min{�,k}∑
i=max{0,�−m+k}

(
m− �

k − i

)(
�

i

)
(n− h− k + 1)k−i

(−h)k−i
.

In particular, Φ(n, h, h, k) is the spherical function of (Sn, Sn−h × Sh)
corresponding to the representation Sn−k,k; in other words, it coincides
with Φ(n, h, k) (see (6.11)).

Proof Apply the operator 1
(m−k)! (d

∗)m−k to the function obtained in
Lemma 6.2.2; by (ii) in Lemma 6.1.9 we have

1
(m− k)!

(d∗)m−k
k∑

i=0

(n− h− k + 1)k−i

(−h)k−i
σi(B)σk−i(A)

=
min{m,n−h}∑

�=max{0,m−h}

⎡⎣ min{�,k}∑
i=max{0,�−m+k}

(
m− �

k − i

)(
�

i

)
(n− h− k + 1)k−i

(−h)k−i

⎤⎦
· σ�(B)σm−�(A).

(6.13)

Theorem 6.1.6 and Lemma 6.2.2 ensure that the Sn−h × Sh-invariant
functions in the subspace of Mn−m,m isomorphic to Sn−k,k are all mul-
tiples of the function (6.13). Observe that the factor (−1)k/

(
n−h

k

)
is just

a normalization constant (see Theorem 6.1.10).

Clearly, if k does not satisfy the conditions in the statement of Theo-
rem 6.2.3, then Sn−k,k is not contained in Mn−m,m and/or Sn−k,k does
not contain nontrivial Sh × Sn−h-invariant vectors (cf. Theorem 4.6.2)
and so (6.13) is identically zero.
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Note that from (6.13) and the definition of Φ(n, h, m, k) in Theo-
rem 6.2.3 it follows that

Φ(n, h, m, k) =
1

(m− k)!
(d∗)m−kΦ(n, h, k, k). (6.14)

Remark 6.2.4 The coefficients φ(n, h, m, k) can be expressed by means
of the Hahn polynomials. These are defined, for integers m, a, b with
a ≥ m, b ≥ m ≥ 0 by setting

Qk(x;−a− 1,−b− 1, m) =
1(
m
k

) k∑
j=0

(−1)j

(
b−k+j

j

)(
a
j

) (
m− x

k − j

)
·
(

x

j

)
for k = 0, 1, . . . , m and x = 0, 1, . . . , m; see [135] and [75]. These,
as functions of x, form a set of orthogonal polynomials of a discrete
variable. We limit ourselves to observe that

φ(n, h, m, k; �) =

(
m
k

)(
h
k

) Qk(�;−n + h− 1,−h− 1, m)

and that most of the properties of the Hahn polynomials, i.e. the coef-
ficients φ(n, h, m, k; �), may be easily deduced from their interpretation
as intertwining functions. See also [78].

For instance, it is easy to check that the second order finite difference
equation

[(n− h− �)� + (h−m + �)(m− �)]φ(n, h, m, k; �)

+ (n− h− �)(m− �)φ(n, h, m, k; � + 1)

+ (h−m + �)�φ(n, h, m, k; �− 1)

= [m(n−m)− k(n− k + 1)]φ(n, h, m, k; �)

corresponds to

ΔΦ(n, h, m, k) = [m(n−m)− k(n− k + 1)]Φ(n, h, m, k)

and this follows from Theorem 6.2.1 and Theorem 6.2.3. The orthogo-
nality relations

min{m,n−h}∑
�=max{0,m−h}

(
n− h

�

)(
h

m− �

)
φ(n, h, m, k; �)φ(n, h, m, t; �)

= δk,t
(h− k)!(n− h− k)!
(n− k −m)!(m− k)!

·
(
n
h

)(
n
k

)
−

(
n

k−1

)
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which coincide with those for the Hahn polynomials Qk, follow from

〈Φ(n, h, m, k), Φ(n, h, m, t)〉Mn−m,m

= δk,t
(h− k)!(n− h− k)!
(n− k −m)!(m− k)!

·
(
n
h

)(
n
k

)
−

(
n

k−1

) .

To obtain the norm of Φ, first note that by Corollary 4.6.4

‖Φ(n, h, h, k)‖2 =
(

n

h

)
1(

n
k

)
−

(
n

k−1

) .

Then, using (6.14) and Theorem 6.1.6 (ii) we can first compute the
norm of Φ(n, h, k, k) and then the norm of Φ(n, h, m, k).

6.3 Time to reach stationarity for the Bernoulli–Laplace
diffusion model

In this section Ωn will denote the family of all n-subsets of {1, 2, . . . , 2n}.
It is clear that the Bernoulli–Laplace diffusion model coincides with the
simple random walk on Ωn equipped with the graph structure of the
Johnson scheme (see Exercise 1.8.4). Therefore the corresponding linear
operator coincides with Δ/n2. The corresponding eigenvalues are

λi = 1− i(2n− i + 1)
n2

with multiplicities di =
(2n

i

)
−

( 2n
i−1

)
for all i = 0, 1, . . . , n. Denote by π

the uniform distribution on Ωn (that is π(A) = 1
(2n

n ) for all A ∈ Ωn) and

by ν
(k)
A0

the distribution probability of the Bernoulli–Laplace diffusion
model after k steps (A0 is the starting point corresponding to the initial
configuration).

Now we show that the Bernoulli–Laplace diffusion model has a cutoff
after k = 1

4 log(2n) steps. First we give an upper bound.

Theorem 6.3.1 (Diaconis and Shahshahani [70]) There exists a
universal positive constant a such that if k = n

4 (log(2n) + c) with c ≥ 0,
then we have

‖ν(k)
A0
− π‖TV ≤ ae−c/2.
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Proof In virtue of the upper bound Lemma (Corollary 4.9.2 or, equiva-
lently, Corollary 5.1.13) we must estimate the quantity

n∑
i=1

diλ
2k
i ≡

n∑
i=1

[(
2n

i

)
−

(
2n

i− 1

)][
1− i(2n− i + 1)

n2

]2k

. (6.15)

To bound (6.15) we first observe that

if x ≤ 1 + e−2 then |1− x| ≤ e−x. (6.16)

Indeed, if x ≤ 1 this is just elementary calculus: 1 − x ≤ e−x. If
1 ≤ x ≤ 1 + e−2 then 1

x−1 ≥ e2 > ex and therefore we still have
|1− x| = x− 1 ≤ e−x.

The quantity i(2n−i+1)
n2 is ≤ 1 for i ≤ 2n+1−

√
1+4n

2 ; but in any case
i(2n−i+1)

n2 is increasing for i ≤ n + 1
2 and for i = n takes the value n+1

n

(in other terms, the negative eigenvalues are bounded from below by
− 1

n ). It follows that for n ≥ 8 > e2 we can apply (6.16) to |λi|, with
x = i(2n−i+1)

n2 , obtaining for i = 0, 1, . . . , n

λ2k
i ≤ exp

[
−2ki(2n− i + 1)

n2

]
.

This estimate together with

di ≡
[(

2n

i

)
−

(
2n

i− 1

)]
≤ (2n)i

i!

for all i = 0, 1, . . . , n, ensures that (6.15) is bounded from above by
n∑

i=1

exp
[
−2ki(2n− i + 1)

n2 + i log(2n)− log(i!)
]

. (6.17)

The first term in (6.17) is

exp
[
−4k

n
+ log(2n)

]
which becomes e−c if we set k = n

4 (log(2n) + c). If k is equal to this
critical value, then (6.17) may be written in the form

n∑
i=1

exp(a(i) + b(i))

where

a(i) = ci

[
i− 1
2n

− 1
]

and b(i) =
i(i− 1) log(2n)

2n
− log(i!).
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Since a(i) is decreasing for i ≤ 2n+1
2 we have that a(i) ≤ a(1) = −c for

all i = 1, 2, . . . , n. We are left to show that
∑n

i=1 exp(b(i)) ≤ B with B

independent of n. Observe that

b(i) ≤ i2
log(2n)

2n
− i log i + i

as follows from the inequality

log(i!) = log(i) + log(i− 1) + · · ·+ log(1) ≥
∫ i

1
log(x)dx = i log i− i + 1.

On the other hand if 22 ≤ i ≤ n we have

i2
log(2n)

2n
− i log i + i < −i. (6.18)

Indeed, the derivative of f(x) = log x−2
x is negative for x > e3 so that if

n ≥ i > 21 > e3 we have

log i− 2
i

>
log n− 2

n
.

Since the right hand side of the last inequality is bigger than log(2n)/2n

if n ≥ 110 > 2e4 we get (6.18). Thus

n∑
i=1

exp(b(i)) ≤
110∑
i=1

exp(b(i)) +
∞∑

i=111

exp(−i) ≤ B,

and this ends the proof.

We now show that if we make less than 1
4n[log(2n)] switches we are

not close to the uniform distribution.

Theorem 6.3.2 For n large, if k = 1
4n[log(2n)−c] with 0 < c < log(2n),

then we have

‖ν(k)
A0
− π‖TV ≥ 1− 32e−c.

Proof It suffices to find a subset A ⊂ Ωn such that ν
(k)
A0

(A) is close to 1
and π(A) is close to 0.

For f ∈Mn,n denote by Ek(f) =
∑

B∈Ωn
f(B)ν(k)

A0
(B) and by V ark(f)

= Ek(f2) − Ek(f)2 the mean value and the variance of f with respect
to ν

(k)
A0

, respectively. Observe that if φi is a spherical function then from
the orthogonality relations and Proposition 4.9.1 (or, equivalently, from
Theorem 5.1.12) we get

Ek(φi) = λk
i . (6.19)
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We recall the explicit expression of the first three spherical functions (cf.
Theorem 6.1.10 with n in place of m, 2n in place of n and k = 0, 1, 2):

φ0(�) = 1

φ1(�) = 1− 2�

n

φ2(�) =
(n− �)(n− �− 1)

n(n− 1)
− 2(n− �)�

n2 +
�(�− 1)
n(n− 1)

from which we deduce

φ2
1 =

φ0

2n− 1
+

2n− 2
2n− 1

φ2. (6.20)

Let f = (2n− 1)1/2φ1. Then, by (6.19), we obtain

Ek(f) = (2n− 1)1/2
(

1− 2
n

)k

. (6.21)

Moreover in virtue of (6.19), (6.20) and the fact that Ek is linear we
have that

Ek(f2) = (2n− 1)Ek

(
φ0

2n− 1
+

2n− 2
2n− 1

φ2

)
= 1 + 2(n− 1)

(
1− 2(2n− 1)

n2

)k

and therefore

V ark(f) = Ek(f2)− Ek(f)2

= 1 + 2(n− 1)
(

1− 2(2n− 1)
n2

)k

− (2n− 1)
(

1− 2
n

)2k

≤ 1.

(6.22)

Now we can proceed as in the last part of Theorem 2.4.3. Set Aα =
{B ∈ Ωn : |f(B)| < α} where 0 < α < Ek(f). From Markov’s inequal-
ity (Proposition 1.9.5) and the orthogonality relations for the spherical
functions, it follows that

π(Aα) = 1− π{B ∈ Ωn : f(B)2 ≥ α2}

≥ 1− 1
α2 Eπ(f2) = 1− 1

α2 .
(6.23)

From Chebyshev’s inequality (Corollary 1.9.6), the inclusion Aα ⊆ {B ∈
Ωn : |f(B)− Ek(f)| ≥ Ek(f)− α} and (6.22) we get

ν
(k)
A0

(Aα) ≤ V ark(f)
(Ek(f)− α)2

≤ 1
(Ek(f)− α)2

. (6.24)
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Now set k = 1
4n(log(2n) − c), with 0 < c < log(2n). From the Taylor

expansion of the logarithm it follows that

log(1− x) = −x− x2

2
ω(x) (6.25)

with ω(x) ≥ 0 and limx→0 ω(x) = 1. Then applying (6.25) to the right
hand side of (6.21) we get

Ek(f) = (2n− 1)1/2 exp
[
log

(
1− 2

n

)
· 1
4
n(log(2n)− c)

]
= (2n− 1)1/2 exp

[(
− 2

n
− 2

n2 ω(2/n)
)
· 1
4
n(log(2n)− c)

]
=

√
2n− 1

2n
ec/2 exp

[
c− log(2n)

2n
ω(2/n)

]
and therefore for n large we obtain

Ek(f) ≥
√

2n− 1
2n

3
4
ec/2 ≥ 1

2
ec/2.

Choosing α = ec/2

4 we have Ek(f) ≥ 2α and therefore (6.24) yields

ν
(k)
A0

(Aα) ≤ 1
α2 ;

this and (6.23) imply that

‖ν(k)
A0
− π‖TV ≥ π(Aα)− ν

(k)
A0

(Aα) ≥ 1− 2
α2 = 1− 32e−c.

Remark 6.3.3 Observe that Aα in the preceding proof is the set of all
B ∈ Ωn such that |δ(B,A0)− n

2 | ≤
nα

2
√

2n−1 .

6.4 Statistical applications

In [55] and [56] Diaconis developed a spectral analysis for data on groups
and permutation spaces, inspired by the classical analysis of time series
and the analysis of variance (ANOVA). We will describe a particular
case which is an application of the Gelfand pair (Sn, Sn−k × Sk).

Consider an election where there are n candidates. Each voter must
indicate k candidates, without ranking within (thus each voter chooses
a k-subset between the n candidates, or he/she indicates k preferences).
Therefore the data is a function f : Ωk → N where Ωk, as in Section 6.1,
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is the homogeneous space of all k-subsets of {1, 2, . . . , n} (the set of
candidates). If A ∈ Ωk, then f(A) is the number of voters that have
chosen A. The winner (or the final ranking of the candidates) is usually
determined by the number of preferences taken by each candidate.

For t = 1, 2, . . . , n, define vt as the characteristic function of all A ∈ Ωk

containing t. Then {v1, v2, . . . , vn} is clearly a basis for the subspace of
Mn−k,k isomorphic to Sn ⊕ Sn−1,1 = Mn−1,1. It is not an orthogonal
basis:

〈vt, vs〉 =

{(
n−1
k−1

)
if t = s(

n−2
k−2

)
otherwise.

(6.26)

The number of preferences taken by the candidate t is clearly equal
to

βt :=
∑

A∈Ωk:
t∈A

f(A) = 〈f, vt〉.

Moreover, if P is the projection from Mn−k,k to Sn ⊕ Sn−1,1 (P =
E0+E1 in the notation of the end of Section 4.7), then βt = 〈Pf, vt〉, i.e.
the value of βt is determined only by the projection of f on Sn⊕Sn−1,1.
Since the outcome of the election is determined by the values of the
coefficients βt, a lot of (possibly relevant) information (that contained
in the projection on the subspace orthogonal to Sn ⊕ Sn−1,1) is lost.
Now we give an elementary formula that expresses Pf in terms of the
values βt. A generalization will be given at the end of Section 6.5.

Theorem 6.4.1 Pf(A) = 1
(n−1

k−1)
∑

t∈A βt − k−1
(n−k)(n−1

k−1)
∑

w/∈A βw

First proof If Pf =
∑n

t=1 αtvt then from (6.26) it follows that βt =
〈f, vt〉 = 〈Pf, vt〉 =

(
n−1
k−1

)
αt +

(
n−2
k−2

)∑
s �=t αs. Then an elementary but

tedious calculation shows that

αt =
nk − 2k + 1

k(n− k)
(
n−1
k−1

)βt −
k − 1

k(n− k)
(
n−1
k−1

) ∑
u �=t

βu

and therefore

Pf(A) =
∑
t∈A

αt =
∑
t∈A

⎡⎣ nk − 2k + 1
k(n− k)

(
n−1
k−1

)βt −
k − 1

k(n− k)
(
n−1
k−1

) ∑
u �=t

βu

⎤⎦
=

1(
n−1
k−1

) ∑
t∈A

βt −
k − 1

(n− k)
(
n−1
k−1

) ∑
w/∈A

βw.
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Second proof In this case, the function ω1 of formula (4.19) is given by:
ω1(�) = n−1

(n
k)
− �

(n−2
k−1)

; see Theorem 6.1.10. Therefore, applying formula

(4.20) we obtain that

Pf(A) = E0f(A) + E1f(A)

= E0f(A) +
k∑

�=0

⎛⎝ ∑
B∈Ωk:δ(A,B)=�

f(B)

⎞⎠[
n− 1(

n
k

) − �(
n−2
k−1

)]

= E0f(A) +
n− 1(

n
k

) ∑
B∈Ωk

f(B)

− 1(
n−2
k−1

) k∑
�=1

�

⎛⎝ ∑
B∈Ωk:δ(B,A)=�

f(B)

⎞⎠ .

Since

k

(
n

k

)
E0f = k

∑
B∈Ωk

f(B) =
n∑

t=1

βt =
∑
t∈A

βt +
∑
w �∈A

βw

and
∑k

�=1 �
(∑

B:δ(B,A)=l f(B)
)

=
∑

w/∈A βw, the formula of the theo-
rem follows from an easy calculation. �

Now we give an example that shows that if we analyze the results of
an election only counting the votes taken by each candidate we may not
understand how the voters are grouped or other structures of the data.

Example 6.4.2 Suppose that in an election there are N voters and
eight candidates (we indicate these latter by {1, 2, 3, 4, 5, 6, 7, 8}). Each
voter must indicate two candidates, without ranking within (therefore
n = 8 and k = 2). Moreover, suppose that the voters are divided into
three groups: the first group (the smallest) has two leaders, 1 and 2, the
second group has one leader, 3, and two subordinates, 4 and 5 and the
third group (approximately equals to the second) has one leader, 6 and
two subordinates, 7 and 8. To fix things up and simplify calculations,
we suppose that the first group consists of M members and they all
vote {1, 2}, the second group consists of 2M members: M of them vote
{3, 4} and the others vote {3, 5}, the third group is of 2M members: M

of them vote {6, 7} and the others vote {6, 8}; clearly N = 5M .
Therefore, the function representing the outcome of the election is f =

Mδ{1,2} +Mδ{3,4} +Mδ{3,5} +Mδ{6,7} +Mδ{6,8}. Clearly, ‖f‖ =
√

5M ,
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f0 = 5M
28 , ‖f0‖2 = 25

784M2. Moreover, β1 = β2 = β4 = β5 = β7 = β8 =
M and β3 = β6 = 2M . From Theorem 6.4.1 it follows that

Pf({i, j}) =
1
7
(βi + βj)−

1
42

∑
w �=i,j

βw

and therefore

Pf({3, 6}) =
3
7
M

Pf({i, j}) =
11
42

M if |{i, j} ∩ {3, 6}| = 1

Pf({i, j}) =
2
21

M if {i, j} ∩ {3, 6} = ∅.

It follows that ‖Pf‖ = 2
√

2√
7

M and thus ‖f1‖ =
√
‖Pf‖2 − ‖f0‖2 =

1
2M and ‖f2‖ =

√
‖f‖2 − ‖Pf‖2M = 3

√
3√
7

M . This means that the most
relevant component of f (the largest) is f2: counting the preferences,
most of the information contained in f , that is the structure of the set
of voters, is lost. By counting the preferences, one can only say that 3
and 6 have taken 2M votes, and all the other candidates have taken M

votes.

6.5 The use of Radon transforms

In the general case k ≥ 2, the spectral decomposition f = f0+f1+· · ·+fk

has a simple interpretation: f0 is the mean value, f1 is the effect of
the popularity of individual members, f2 is the effect of the popularity
of pairs, f3 is the effect of the popularity of triples, and so on. Note
that such effects are “pure”: f0 + f1 + f2 is the projection onto the
subspace isomorphic to Mn−2,2, and thus it represents the most natural
dat on pairs; therefore, f2 is depurated by the effect of the popularity of
singles. We end this section by giving a generalization of Theorem 6.4.1.
Suppose that 0 ≤ j < k ≤ n/2 and define the intertwining operator
D : Mn−k,k → Mn−j,j by setting

Df(A) =
∑

B∈Ωk:A⊂B

f(B) (6.27)

for every f ∈ Mn−k,k and A ∈ Ωj . In the notation of Section 6.1,
D = 1

(k−j)! (d)k−j .
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We also define the intertwining operator D− : Mn−j,j → Mn−k,k by
setting

D−f(B) =
k∑

�=k−j

(−1)k−j(k − j)
(−1)��

(
n−j

�

) ∑
A∈Ωj :|B\A|=�

f(A)

for every f ∈Mn−j,j and B ∈ Ωk.
We show that D− is a right-inverse of D and that D−D projects

Mn−k,k onto its subspace isomorphic to Mn−j,j . We first give the fol-
lowing elementary combinatorial lemma (see identity (5.24) in [104]).
Recall that, by definition,

(
n
k

)
= 0 if k < 0.

Lemma 6.5.1 For integers m, r, s, t with t ≥ 0 we have
s+t∑

�=max{s,m+r}
(−1)�

(
�− r

m

)(
t

�− s

)
= (−1)s+t

(
s− r

m− t

)
. (6.28)

In particular, if m < t then the left hand side is equal to zero.

Proof We prove this identity by induction on t. For t = 0 it is trivial.
The inductive step from t−1 to t is an easy consequence of the elementary
identity (

n

k

)
=

(
n− 1

k

)
+

(
n− 1
k − 1

)
. (6.29)

Indeed,
s+t∑

�=max{s,m+r}
(−1)�

(
�− r

m

)(
t

�− s

)

=
s+t−1∑

�=max{s,m+r}
(−1)�

(
�− r

m

)(
t− 1
�− s

)

+
s+t∑

�=max{s+1,m+r}
(−1)�

(
�− r

m

)(
t− 1

�− s− 1

)
by induction

= (−1)t+s−1
(

s− r

m− t + 1

)
+ (−1)t+s

(
s + 1− r

m− t + 1

)
by (6.29)

= (−1)s+t

(
s− r

m− t

)
.

where the first equality follows from (6.29).
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If m < t then
(

s−r
m−t

)
= 0.

Theorem 6.5.2 (i) D− is a right-inverse of D, i.e. DD− is the identity
of Mn−j,j ;

(ii) Qj = D−D is the orthogonal projection from Mn−k,k onto the
subspace isomorphic to Mn−j,j .

Proof (i) If f ∈Mn−j,j and A ∈ Ωj then

(DD−f)(A) =
∑

B∈Ωk:
A⊂B

D−f(B)

=
∑

B∈Ωk:
A⊂B

k∑
�=k−j

(−1)k−j(k − j)
(−1)��

(
n−j

�

) ∑
C∈Ωj :

|B\C|=�

f(C)

= (−1)k−j(k − j)
j∑

t=0

k+t−j∑
�=max{t,k−j}

(−1)�

(
t

k−�−j+t

)(
n−j−t

�−t

)
�
(
n−j

�

)
·

∑
C∈Ωj :

δ(C,A)=t

f(C)

because, once we fixe A, C ∈ Ωj such that δ(A, C) = t, then the number
of B ∈ Ωk such that A ⊆ B and |B\C| = � is equal to

(
t

k−�−j+t

)(
n−j−t

�−t

)
.

But the expression

(−1)k−j(k − j)
k+t−j∑

�=max{t,k−j}
(−1)�

(
t

k−�−j+t

)(
n−j−t

�−t

)
�
(
n−j

�

) (6.30)

is equal to 1 for t = 0; for t ≥ 1, by mean of the elementary transforma-
tion (

t
k−�−j+t

)(
n−j−t

�−t

)
�
(
n−j

�

) =

(
�−1
t−1

)(
t

�+j−k

)
(n− j − t + 1)

(
n−j
t−1

)
is reduced to

(−1)k−j(k − j)
(n− j − t + 1)

(
n−j
t−1

) k+t−j∑
�=max{t,k−j}

(−1)�

(
�− 1
t− 1

)(
t

� + j − k

)
which is equal to zero in virtue of the preceding lemma. It follows that
(DD−f)(A) = f(A).

(ii) From (i) it follows that D−D is idempotent (i.e. D−DD−D =
D−D), D− is injective and D is surjective (the last assertion has been
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also proved in Theorem 6.1.6). If f ∈Mn−k,k and f = f1 +f2 with f1 ∈
S0⊕Sn−1,1⊕· · ·⊕Sn−j,j = Im D− and f2 ∈ Sn−j−1,j+1⊕· · ·Sn−k,k =
ker D = (Im D−)⊥ then there exists f3 ∈Mn−j,j such that D−f3 = f1.
Therefore

D−Df = D−Df1 + D−Df2 = D−DD−f3 = D−f3 = f1

and D−D is the orthogonal projection onto the subspace of Mn−k,k

isomorphic to Mn−j,j .

The last lemma was proved in [105] and [67], but working with the
adjoint of D. See also [188]. The formula

Qjf = D−Df(B) =
k∑

�=k−j

(−1)k−j(k − j)
(−1)��

(
n−j

�

) ∑
A∈Ωj :|B\A|=�

(Df)(A)

(6.31)
is clearly a generalization of Theorem 6.4.1: Df(A) =

∑
B∈Ωk:A⊂B f(B)

are the votes taken by the subset A; they correspond to the βt in the
case j = 1.

Therefore we have the following practical way to analyze the data f

of an election. First of all, one can compute the values (6.27) for every
A ∈ ∪k

j=0Ωj : (6.27) represents the votes taken by A. It is a very simple
and natural operation: (6.27) is the number of ballot cards that contain
all the candidates in A. Then one can use (6.31) to find the projection
onto the subspace isomorphic to Mn−j,j . Finally, Qjf−Qj−1f is exactly
the projection onto Sn−j,j .

Remark 6.5.3 The operator D (together with its adjoint action (d∗)k−j

(k−j)! :
Mn−j → Mn−k) is usually called the Radon transform [29], a name
that comes from classical integral geometry; see [212] and the recent
monograph [161].



7

The ultrametric space

This chapter is based on the papers by Letac [153] and Figà-Talamanca
[90]. An earlier appearance of the spherical functions related to the
ultrametric space is also in Mauceri [162]. See also the papers by Nebbia
[170], Figà-Talamanca [89] and Stanton [210].

7.1 The rooted tree Tq,n

Let Σ = {0, 1, . . . , q − 1}, where q ∈ N. We call the set Σ the alphabet.
A word over Σ is a finite sequence w = σ1σ2 · · ·σk where σi ∈ Σ for
i = 1, 2, . . . , k. The quantity �(w) = k is called the length of w. We
denote by ∅ the empty word (which clearly has length �(∅) = 0), by
Σk the set of words of length k ≥ 0 (in particular, Σ0 = {∅}), and by
Σ∗ =

∐∞
k=0 Σk the set of all (finite) words over Σ.

If X is a graph, a circuit in X is a closed path p = (x0, x1, . . . , x�)
with x0 = x�, � ≥ 3 and such that x0, x1, . . . , x�−1 are all distinct. A
tree is a (finite) simple connected graph without loops and circuits.

The q-homogeneous rooted tree of depth n (where n ∈ N) is the graph
Tq,n whose vertices are the finite (possibly empty) words w ∈ Σ∗ of
length not exceeding n. Moreover two vertices u = σ1σ2 · · ·σk and
v = ρ1ρ2 · · · ρh are neighbors, i.e. they form an edge and we write u∼ v,
if |k − h| = 1 and σi = ρi for all i = 1, 2, . . . ,min{h, k}. If u∼ v and
�(u) < �(v) (thus, necessarily, �(v) = �(u)+1), we say that u is the father
(or predecessor) of v and, conversely v is a son (or successor) of u; also, if
v and u have the same predecessor (so that, in particular, �(u) = �(v)),
we call them brothers. This way, ∅, the vertex corresponding to the
empty word, the common ancestor, is called the root of the tree and the
vertices at distance k from ∅, which correspond to the kth generation,
constitute the kth level of the tree Tq,n. These are clearly identified

191
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with Σk. The vertices at distance n (the maximum distance from ∅)
are called the leaves of the tree. Recall that the degree deg(v) of a
vertex v in a graph G = (V, E) is the number of neighboring vertices,
namely deg(v) = |{u ∈ V : u∼ v}|. In our setting we have deg(∅) = q,
deg(v) = q + 1, if 1 ≤ �(v) ≤ n− 1 and deg(v) = 1 if v is a leaf.

If v = σ1σ2 · · ·σk ∈ Σk, we denote by Tv = {w : w = ρ1ρ2 · · · ρh, h ≥
k, ρi = σi for all 1 ≤ i ≤ k} the subtree rooted at v.

We finally denote by d′ the geodesic distance on Tq,n.

0

00 01 02 10 11 12 20 21 22

1 2

Figure 7.1. The rooted tree T3,2

7.2 The group Aut(Tq,n) of automorphisms

Let Aut(Tq,n) denote the group of all automorphisms of Tq,n.
Note that an automorphism necessarily preserves the degrees of the

vertices: deg(g(v)) = deg(v) and preserves the distances, namely it is an
isometry: d′(g(v), g(u)) = d′(u, v) for all u, v ∈ Tq,n. Therefore, if g ∈
Aut(Tq,n) one necessarily has g(∅) = ∅ and, more generally, g(Σk) = Σk

for all k’s, that is, g globally fixes the levels of the tree.
Denote by Sq the symmetric group on q elements. Observe that if

g ∈ Aut(Tq,n) then g is uniquely determined by a labeling, that we
continue to denote by g, namely by a map g : Tq,n−1 � v �→ gv ∈ Sq

such that

g(x1x2 · · ·xk) = g∅(x1)gx1(x2) · · · gx1x2···xk−1(xk) (7.1)

k = 1, 2, . . . , n − 1, x1x2 · · ·xk ∈ Tq,n. Indeed, if g ∈ Aut(Tq,n) and
g(x1x2 · · ·xk−1) = y1y2 · · · yk−1, then, for any xk ∈ Σ there exists yk ∈ Σ
such that g(x1x2 · · ·xk−1xk) = y1y2 · · · yk−1yk and the correspondence
xk �→ yk is a bijection of Σ, that is an element of Sq, and we denote it
by gx1x2···xk−1 .
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For example, if q = n = 3, so that Tq,n is the binary tree of depth 3, an
automorphism g ∈ Aut(T3,3) is determined by the data (g∅, g0, g1, g2, g00,

. . . , g22) ∈ S13
3 where g∅ is the permutation induced by g on the first level

Σ1 = {0, 1, 2}. Then gi is the permutation induced by g on the first level
of the subtree rooted at g∅(i), i = 0, 1, 2, and so on.

g0

g00 g01 g02 g10 g11 g12 g20 g21 g22

g1 g2

Σ3

Σ2

Σ1

Σ0g

Figure 7.2. The labeling of an automorphism g ∈ Aut(T3,3)

Conversely, it is clear that any labeling gives rise to an automorphism
of Tq,n defined by (7.1). In particular, if h, g : Tq,n−1 → Sq are auto-
morphisms of Tq,n represented as labelings, then the label of hg is given
by (hg)∅ = h∅ · g∅ and, for k ≥ 1,

(hg)x1x2···xk
= hg∅(x1)gx1 (x2)···gx1x2···xk−1 (xk)gx1x2···xk

≡ hg(x1x2...xk) · gx1x2...xk
. (7.2)

This formula follows by a direct application of (7.1) to hg(x1x2 · · ·xk):
for instance, if g(x1x2) = y1y2 and h(y1y2) = z1z2, then g∅(x1) = y1,
gx1(x2) = y2, hy1(y2) = z2 and therefore (hg)x1(x2) = z2 = hg∅(x1) ·
gx1(x2).

In other words, Aut(Tq,n) coincides with the set of all labelings en-
dowed with the composition law (7.2).

Finally, note that if v ∈ Σk we have Tv
∼= Tq,n−k and Aut(Tv) ∼=

Aut(Tq,n−k).

Exercise 7.2.1 (1) Directly verify that the set of all labelings with
composition law (7.2) indeed defines a group and that (7.1) is an action.

(2) Show that Aut(Tq,2) is isomorphic to the wreath product Sq � Sq

(see Section 5.4).
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Remark 7.2.2 Aut(Tq,n) is isomorphic to the n-iterated wreath product
Sq � Sq � · · · � Sq (see the monograph by Bass et al. [16]). The labeling
representation of an element in Aut(Tq,n) was introduced by Grigorchuk
[107].

7.3 The ultrametric space

The set Σn of leaves of Tq,n can be endowed with a metric structure as
follows. For x = x1x2 · · ·xn and y = y1y2 · · · yn ∈ Σn define

d(x, y) = n−max{k : xi = yi for all i ≤ k}. (7.3)

In other words d(x, y) is the distance from x and y of the most recent
common ancestor. It is easy to see that the distance d satisfies the
conditions

(a) d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y,
(b) d(x, y) = d(y, x),
(c) d(x, z) ≤ max{d(x, y), d(y, z)}, for all x, y, z ∈ Σn.

Condition (c) which is called the ultrametric inequality clearly implies
the triangular inequality

(c′) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ Σn;

thus (Σn, d) is a metric space; in particular, d is called an ultrametric
distance and (Σn, d) is called an ultrametric space.

We observe that in Σn we have two metric distances: the one which
is induced by Tq,n, we continue to denote it by d′ and the ultrametric
distance d defined above. We clearly have d = d′/2: this shows, in par-
ticular, that the action of Aut(Tq,n) on (Σn, d) is isometric. In addition
we observe that the diameter of (Σn, d) is n and indeed the range of the
function d is precisely

d(Σn, Σn) = {0, 1, . . . , n}. (7.4)

In Figure 7.3 we denote by Ωj = {x ∈ Σ3 : d(x, x0) = j}, 0 ≤ j ≤ 3,
the sphere of radius j centered at the point x0 = 000. Note that |Ωj | =
(q − 1)qj−1.

We now let Aut(Tq,n) act on Σn: the action is clearly transitive. Let
x0 = 00 · · · 0 ∈ Σn be the leftmost leaf and denote by K(q, n) = {g ∈
Aut(Tq,n) : g(x0) = x0} its stabilizer. We now prove that (Aut(Tq,n),
K(q, n)) is a Gelfand pair by showing that the above action is indeed
2-point homogeneous (see Definition 4.3.6 and Example 4.3.7).
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Σ3

Σ2

Σ1

Σ0

x0

Ω1 Ω2 Ω3Ω0

Figure 7.3. The orbit decomposition of Σ3

Lemma 7.3.1 The action of Aut(Tq,n) on (Σn, d) is 2-point homoge-
neous.

Proof We have to show that given x, y, x′, y′ ∈ Σn such that d(x, y) =
d(x′, y′), then there exists g ∈ Aut(Tq,n) such that g(x) = x′ and g(y) =
y′. We proceed with an induction argument on the depth n of the
tree Tq,n.

For n = 1 we have Σ1 = {0, 1, . . . , q − 1} and Aut(Tq,1) = Sq and the
statement is obvious: if d(x, y) = d(x′, y′) = 0 then x = y and x′ = y′

and it suffices to take any g ∈ Sq such that g(x) = x′; otherwise we
have x �= y and x′ �= y′ and therefore there exists a g = g(x, y, x′, y′)
(depending on x, y, x′ and y′) in Sq such that g(x) = x′ and g(y) = y′

(see Definition 3.13.7).
Suppose, by induction that the statement holds for Aut(Tq,k) with

1 ≤ k ≤ n− 1. Set x = x1x2 . . . xn, x′ = x′
1x

′
2 · · ·x′

n and similarly for y

and y′.
If d(x, y) = d(x′, y′) = n, i.e. x1 �= y1 and x′

1 �= y′
1, namely the

distance is maximal, let g ∈ Aut(Tq,n) be an automorphism with label
g∅ = g(x1, y1, x

′
1, y

′
1) (where we used the notation from the above para-

graph) and with trivial label elsewhere. We now have that g(x) and x′

belong to the same subtree rooted at x′
1 while g(y) and y′ belong to

the subtree rooted at y′
1 which is different from the previous one (as

x′
1 �= y′

1) and the statement follows by the transitivity of the action of
Aut(Tq,n−1) ∼= Aut(Tx′

1
) ∼= Aut(Ty′

1
) on the leaves of Tq,n−1.
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Suppose now that d(x, y) = d(x′, y′) ≤ n − 1, in particular x1 = y1

and x′
1 = y′

1, that is x, y and x′, y′ belong to the same subtrees Tx1 and
Tx′

1
, respectively. By transitivity of Sq on the first level, we may suppose

that x1 = x′
1. We can now apply induction to Tx1

∼= Tq,n−1. This ends
the proof.

Corollary 7.3.2 (Aut(Tq,n), K(q, n)) is a symmetric Gelfand pair.

Exercise 7.3.3 The ultrametric space is clearly a symmetric association
scheme (see Exercise 5.1.22). Show that the ultrametric distance is not
induced by a graph structure. See also Lemma 8.3.9.

7.4 The decomposition of the space L(Σn) and
the spherical functions

In order to describe the decomposition into irreducible subrepresen-
tations of the permutation representation L(Σn) we introduce some
subspaces. Note that a function f ∈ L(Σn) may be regarded as a
function f = f(x1, x2, . . . , xn) of the Σ-valued variables x1, x2, . . . , xn.

Set W0 = L(∅) = C and, for j = 1, . . . , n, set

Wj = {f ∈ L(Σn) : f = f(x1, x2, . . . , xj) and
q−1∑
x=0

f(x1, x2, . . . , xj−1, x) ≡ 0}. (7.5)

Note that, for j ≥ 1 one has dim(Wj) = qj−1(q − 1).
In other words, Wj is the set of all functions f ∈ L(Σn) that only

depend on x1x2 · · ·xj and whose mean on the sets {x1x2 · · ·xj−1x : x ∈
Σ}, is equal to zero for any x1x2 · · ·xj−1 ∈ Σj−1.

In a more geometrical language, we can say that if x1x2 · · ·xj−1 ∈
Σj−1 and f ∈Wj , then, for each x ∈ Σ, f is constant on the set

Ax := {x1x2 · · ·xj−1xxj+1xj+2 · · ·xn : xj+1, xj+2, . . . , xn ∈ Σ}

of descendants of x1x2 · · ·xj−1x in Σn and, if fx is the value of f on Ax,
then

∑q−1
x=0 fx = 0.

Theorem 7.4.1 We have that

L(Σn) = ⊕n
j=0Wj , (7.6)

is the (multiplicity free) decomposition into Aut(Tq,n)-irreducibles of
L(Σn).
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Proof We first show that these subspaces are Aut(Tq,n)-invariant. The
first condition, namely the dependence of f ∈ Wj only on the first j

variables is clearly invariant as Aut(Tq,n) preserves the levels.
The induced action of Aut(Tq,n) on L(Σn) (cf. with (7.1)) is given by

[g−1f ](x1, x2, . . . , xn) = f(g∅(x1), gx1(x2), gx1x2(x3), . . . , gx1x2···xn−1(xn))

for f ∈ L(Σn) and g ∈ Aut(Tq,n); thus if f ∈Wj we have

q−1∑
x=0

[g−1f ](x1, x2, . . . , xj−1, x)

=
q−1∑
x=0

f(g∅(x1), gx1(x2), gx1x2···xj−2(xj−1), gx1x2···xj−1(x))

=
q−1∑
x′=0

f(g∅(x1), gx1(x2), gx1x2···xj−2(xj−1), x′) ≡ 0.

This shows that also the second defining condition for an f to be in Wj

is invariant. This is also clear from the geometrical interpretation in
Figure 7.4.

We now show that these spaces are pairwise orthogonal: if f ∈Wj , f
′ ∈

Wj′ , then 〈f, f ′〉 = 0 if j �= j′. To fix the ideas suppose that j < j′. We
then have

〈f, f ′〉 =
q−1∑
x1=0

q−1∑
x2=0

· · ·
q−1∑

xn=0

f(x1, x2, . . . , xn)f ′(x1, x2, . . . , xn)

= qn−j′
q−1∑
x1=0

q−1∑
x2=0

· · ·
q−1∑

xj′−1=0

f(x1, x2, . . . , xj)

·
q−1∑
k=0

f ′(x1, x2, . . . , xj′−1, k) = 0.

x1x2 · 
·

 
· xj−1

x1x2 · 
·

 
·  xj−10 x1x2 · 

·
 
· xj−11 x1x2 · 

·
 
· xj−1(q – 1)

A0 A1 Aq–1

Σ j–1

Σ j

Σ 

n

Figure 7.4. f0 + f1 + · · · + fq−1 = 0
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We now show that the Wj ’s fill up the whole space L(Σn). We use
induction on n. For n = 1 it is a standard fact that any function f(x1)
can be expressed as f(x1) = c+ g(x1) where c ∈ C is a constant (indeed
c = 1

q

∑q−1
x=0 f(x)) and g is a function of mean zero:

∑q−1
x=0 g(x) = 0 (this

is again the decomposition in Example 1.8.1). Suppose we have the
assertion true for n−1; analogously, a function f ∈ Σn can be expressed
as f(x1, x2, . . . , xn) = c(x1, x2, . . . , xn−1)+g(x1, x2, . . . , xn−1, xn) where
c does not depend on the last variable xn and g has mean zero with
respect to xn. Applying the inductive step to c we are done.

Denote by Ωj = {x ∈ Σn : d(x, x0) = j} the sphere of radius j

centered at x0 = 00 · · · 0; these clearly are the Kq,n-orbits (recall that
K(q, n) is the stabilizer of the point x0). In virtue of (7.4) we have that
the number of the K(q, n)-orbits is exactly n + 1.

In virtue of Wielandt’s lemma (Theorem 3.13.3) and Proposition 4.4.4
we have that the Wj ’s are irreducible subspaces and this ends the proof.

We remark that, incidentally, the previous arguments offer an alter-
native proof that (Aut(Tq,n), K(q, n)) is a Gelfand pair (compare with
Corollary 7.3.2).

Our next step is the determination of the spherical functions φ0, φ1, . . . ,

φn relative to (Aut(Tq,n), K(q, n)); we combine the defining conditions
of the Wj ’s with the K(q, n)-invariance (φj is constant on the spheres
Ωk’s centered at x0 = 00 · · · 0).

Proposition 7.4.2 The spherical function φj ∈Wj is given by

φj(x) =

⎧⎪⎪⎨⎪⎪⎩
1 if d(x, x0) < n− j + 1

− 1
q−1 if d(x, x0) = n− j + 1

0 if d(x, x0) > n− j + 1.

(7.7)

Proof It is clear that these functions are K(q, n)-invariant. We are only
left to show that φj belongs to Wj . In virtue of (7.3) we can express the
φj in (7.7) by

φj(x1, x2, . . . , xn) =

⎧⎪⎪⎨⎪⎪⎩
1 if x1 = x2 = · · · = xj = 0

− 1
q−1 if x1 = x2 = · · · = xj−1 = 0 and xj �= 0

0 otherwise.

Indeed, we first observe that if x1x2 · · ·xj−1 �= 00 · · · 0 all the points
of the form x1x2 · · ·xn have the same distance (> n − j + 1) from the
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base point x0 = 00 · · · 0 (in fact all the points in the spheres Ωh with
h > n− j + 1 are of this type).

The spherical function φj in Wj is constant on the Ωh’s and thus if
x1x2 . . . xj−1 �= 00 · · · 0, then φj(x1, x2, · · · , xj−1, x) does not depend on
x because all the (x1, x2, . . . , xj−1, x)’s, with x = 0, 1, . . . , q − 1, belong
to the same Ωh. This, coupled with the condition

∑q−1
x=0 φj(x1, x2, . . . ,

xj−1, x) = 0, infers that φj vanishes on all points at distance > n− j +1
from x0.

Similarly, all the points of the form 00 · · · 0︸ ︷︷ ︸
j−1

xyj+1 · · · yn with x =

1, 2, . . . , q − 1 constitute the ball of radius n − j + 1. Moreover,
since, by definition, φj(0, 0, . . . , 0, 0) = 1 and φj depends only on the
first j variables (it belongs to Wj), the condition φj(0, 0, . . . , 0, 0) +∑q−1

x=1 φj(0, 0, . . . , 0, x) = 0, coupled with the condition that φj is con-
stant on Ωn−j+1, uniquely determines the value of φj on points at
distance n− j + 1, namely − 1

q−1 .

Finally, if d(x, x0) < n − j + 1, then x = 00 · · · 0︸ ︷︷ ︸
h

yh+1 · · · yn with

h > j − 1 and therefore φj(x) = φj(00 · · · 0) = 1.

7.5 Recurrence in finite graphs

In the next section we analyze a Markov chain on Σn. For this purpose
we need some more tools that we now independently develop in this
section.

Let X be a finite set and (p(x, y))x,y∈X be a stochastic matrix on
X. We say that P is irreducible if for any pair x, y ∈ X there exists
k = k(x, y) ∈ N such that p(k)(x, y) > 0. Observe that this condition
is weaker than ergodicity (cf. Section 1.4) where the k above can be
chosen independently on x, y ∈ X. On the other hand, introducing a
suitable notion of period, then one has that P is ergodic if and only if it
is irreducible and aperiodic; in the setting of reversible Markov chains
this corresponds to Theorem 1.7.6. We shall not use the general notion
of period but we refer to the monographs by Behrends [18], Bremaud
[32] and Norris [172] for a more general treatment.

A path of length n in X is a sequence x0x1 · · ·xn of elements (states)
in X such that p(xi, xi+1) > 0 for all i = 0, 1, . . . , n−1. Now fix x0 ∈ X.
We shall consider the Markov chain with transition matrix P and with
starting point x0.
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Let Pn denote the set of all paths of length n starting at x0. On Pn the
following is a natural probability measure Pn given by the construction
in Example 1.3.8

Pn(x0x1 · · ·xn) = p(x0, x1)p(x1, x2) · · · p(xn−1, xn)

for all x0x1 · · ·xn ∈ Pn.
Suppose now that Y is a proper subset of X. For all y ∈ Y consider

the following subset of Pn

Py
n = {x0x1 · · ·xn : there exists 1 ≤ k ≤ n s.t. xk = y and

x1, . . . , xk−1 /∈ Y }.

In other words, Py
n is the set of all paths of length n in X such that

y is the first element of Y visited by the path. Note that x0 may belong
to Y ; the visit is considered only at time t ≥ 1.

Theorem 7.5.1 The limit

μ(y) := lim
n→∞

Pn(Py
n) (7.8)

exists for any y ∈ Y and μ is a probability measure Y .

Proof First of all note that if x0x1 · · ·xn ∈ Py
n, then all paths of the

form x0x1 · · ·xnz belong to Py
n+1. Therefore we have

Pn+1(Py
n+1) ≥

∑
x0x1···xn∈Py

n

∑
z∈X:

p(xn,z)>0

Pn(x0x1 · · ·xn)p(xn, z)

=
∑

x0x1···xn∈Py
n

Pn(x0x1 · · ·xn)

= Pn(Py
n).

Thus the sequence (Pn(Py
n))n is increasing and bounded above (by 1).

This ensures that the limit in (7.8) exists. It remains to prove that∑
y∈Y μ(y) = 1.
For x ∈ X denote by d(x, Y ) = min{d(x, y) : y ∈ Y } the length of the

shortest path connecting x to Y and set

m = max{d(x, Y ) : x ∈ X} (7.9)

and

ε = min{p(z0, z1) · · · p(zm−1, zm) : z0 · · · zm is a path in X of length m}.
(7.10)



7.5 Recurrence in finite graphs 201

Also set

Cn = {x0x1 · · ·xn ∈ Pn : x1, x2 . . . , xn /∈ Y }

so that

Pn = Cn

∐⎛⎝∐
y∈Y

Py
n

⎞⎠ .

To end the proof we show that limn→∞ Pn(Cn) = 0. Denote by

Ck
n = {x0x1 · · ·xnxn+1 · · ·xn+k ∈ Pn : x0x1 · · ·xn ∈ Cn}

the set of all paths in Pn+k that do not visit Y in the first n steps.
Clearly

Pn+k(Ck
n)=

∑
x0x1···xn∈Cn

xn+1,...,xn+k∈X

Pn(x0x1· · ·xn)p(xn, xn+1)· · · p(xn+k−1, xn+k)

= Pn(Cn). (7.11)

But if m is as in (7.9), then, for any x ∈ X there exists a path
zm(x) ≡ z1 · · · zm with p(x, z1) > 0 which visits Y (i.e. there exists
i ≥ 1 such that zi ∈ Y ). We thus have

Cn+m ⊆ Cm
n \ {x0x1 · · ·xnzm(xn) : x0x1 · · ·xn ∈ Cn}

and therefore

Pn+m(Cn+m)

≤ Pn+m(Cm
n )− Pn+m ({x0x1 · · ·xnzm(xn) : x0x1 · · ·xn ∈ Cn})

(by (7.10) and (7.11))

≤ Pn(Cn)−
∑

x0x1···xn∈Cn

Pn(x0x1 · · ·xn) · ε

= (1− ε)Pn(Cn).

Thus, for any 0 ≤ r < m and k ≥ 1,

Pr+km(Cr+km) ≤ (1− ε)kPr(Cr)

and this shows that Pn(Cn) → 0.

There is a simple way to express the statement of the theorem: the
Markov chain will visit Y with probability 1 and μ(y) is the probability
that y is the first state in Y to be visited.
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7.6 A Markov chain on Σn

The ultrametric space (Σn, d) is not a graph, in the sense that there
is no graph structure that induces the ultrametric distance (see Exer-
cise 7.3.3). Moreover, given an invariant Markov chain on Σn, then
necessarily its transition probabilities are given by

p(x, y) =
1

(q − 1)qd(x,y)−1 μ(d(x, y))

with μ a probability measure on {0, 1, . . . , n}. Set k = max{j : μ(j) >

0}. If k < n, then we have that starting from x one never reaches a
point y with d(x, y) > k. Indeed, given a path p = (x0, x1, . . . , xm) with
d(xi, xi+1) ≤ k, for i = 0, 1, . . . , m− 1, then also d(x0, xi) ≤ k for all i’s
(ultrametric inequality). Therefore we consider a Markov chain on Σn

with k = n: it is taken from [90].
Consider the simple random walk on Tq,n. It is clearly irreducible

(as Tq,n is connected). If we start at a point x ∈ Σn and, with the
notation from the preceding section, take Y ⊆ Tq,n equal to Σn, then
there is a probability distribution μx on Σn such that, for y ∈ Σn, μx(y)
is the probability that y is the first point in Σn visited by the random
walk. Setting P (x, y) = μx(y) we clearly have that (P (x, y))x,y∈Σn is
stochastic and Aut(Tq,n)-invariant: the simple random walk on Tq,n is
invariant.

Therefore, there is no loss of generality in considering x0 = 00 · · · 0 as
the starting point of the simple random walk on Tq,n.

In order to avoid confusion between the random walk in Tq,n and the
Markov chain in Σn we concentrate only on a single step in the last one,
equivalently we think of Σn as an absorbing subspace for the first one:
the walk stops if it reaches a point in Σn.

Also, we shall not develop all the theoretical background underlying
the analysis of this Markov chain. The interested reader can easily
fill in all the gaps of a theoretical nature using the tools developed
Theorem 7.5.1; see also Exercise 7.6.2 at the end of the section.

Set ξn = ∅ and, for 0 ≤ i < n, ξi = 00 · · · 0 (n − i times); this way
(ξ0 = x0, ξ1, · · · , ξn = ∅) is the unique geodesical path connecting x0

with the root of Tq,n.
For j ≥ 0 call αj the probability of ever reaching ξj+1 given that ξj

is reached at least once (recall that we assume that the random walk
stops whenever it reaches Σn). This way, α0 = 1 and α1 = (q + 1)−1:
indeed with probability one ξ1 is reached at the first step while, starting
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from ξ1, with probability (1 + q)−1 one reaches ξ2 and with probability
q(1 + q)−1 one returns to Σn and the walk stops. Moreover αn+1 = 0.

For 1 < j < n we have the recurrence relation

αj = (1 + q)−1 + αj−1αjq(1 + q)−1. (7.12)

Indeed starting from ξj , with probability (1 + q)−1 one reaches in one
step ξj+1, otherwise with probability q(1 + q)−1 one reaches either ξj−2

or one of its brothers (with equal probability); but then with probability
αj−1 one reaches again ξj−1 and one starts the recursive argument. The
solution of (7.12) is given by

αj =
qj − 1

qj+1 − 1
, 1 ≤ j ≤ n− 1. (7.13)

Our next step is the computation of P (x0, x0), namely the probability
that the first point of Σn visited by the random walk is x0. We have

P (x0, x0) = q−1(1− α1) + q−2α1(1− α2) + · · ·+
+ q−n+1α1α2 · · ·αn−2(1− αn−1) + q−nα1α2 · · ·αn−1.

Indeed the jth summand represents the probability of returning back
to x0 if the corresponding random walk in the tree reaches ξj but not
ξj+1; observe that in this case, once ξj is reached all the qj leaves of
the subtree Tξj

(namely all points x ∈ Σn at distance d(x, x0) ≤ j) are
equiprobable.

We now compute P (x0, x) where x is a point at distance d(x0, x) = j.
For j = 1 we clearly have P (x0, x) = P (x0, x0).

Suppose that j > 1. We observe that, in order to reach x one is forced
to first reach ξj . Therefore,

P (x0, x) = q−jα1α2 · · ·αj−1(1− αj) + · · ·+
+ q−n+1α1α2 · · ·αn−2(1− αn−1)

+ q−nα1α2 · · ·αn−1.

By the Aut(Tq,n)-invariance of the random walk(s) we have

P (x, y) =q−jα1α2 · · ·αj−1(1− αj) + · · ·+
+ q−n+1α1α2 · · ·αn−2(1− αn−1)

+ q−nα1α2 · · ·αn−1 (7.14)

for all x, y ∈ Σn with 0 < d(x, y) = j.
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We now determine the eigenvalues of the transition matrix P (·, ·).
In virtue of the equivalence between G-invariant operators and bi-K-
invariant functions, these eigenvalues are given by the spherical Fourier
transform (see Section 4.7) of the convolver that represents P , namely

λj =
∑

x∈Σn

P (x0, x)φj(x),

for all j = 0, 1, . . . , n.
For j = 0 we have φ0 ≡ 1 and λ0 ≡

∑
x∈Σn P (x0, x) = 1, as P (x, y) is

stochastic.
For j = n from (7.7) we have that φn(x0) = 1, φn(x) = −1/(q − 1)

if d(x, x0) = 1 and φn(x) = 0 otherwise. Since P (x0, x) = P (x0, x0) if
d(x, x0) = 1, we conclude that λn = 0.

For 1 ≤ j < n and choosing xi ∈ Ωi we have

λj = qP (x0, x1) + (q2 − q)P (x0, x2) + · · ·+
+ (qn−j − qn−j−1)P (x0, xn−j)

+ (1− q)−1(qn−j+1 − qn−j)P (x0, xn−j+1)

= q(P (x0, x1)− P (x0, x2)) + q2(P (x0, x2)− P (x0, x3)) + · · ·+
+ qn−j−1(P (x0, xn−j−1)− P (x0, xn−j))

+ qn−jP (x0, xn−j)

+ (1− q)−1(qn−j+1 − qn−j)P (x0, xn−j+1)

=
n−j∑
h=1

qh (P (x0, xh)− P (x0, xh+1)) =∗)

=∗)(1− α1) + α1(1− α2) + · · ·+ α1α2 · · ·αn−j−1(1− αn−j)

=1− α1α2 · · ·αn−j =∗∗)

=∗∗)1− (q − 1)(qn−j+1 − 1)−1,

where =∗) comes from (7.14) and =∗∗) from the calculation for the αj ’s
given by (7.13).

Exercise 7.6.1 Let m = (m0, m1, . . . , mn−1) be an n-tuple of integers
≥ 1. Denote by Tm the spherically homogeneous rooted tree of type m.
In other words, denoting by ∅ the root of Tm, then ∅ has exactly m0

descendants, which constitute the first level of the tree, call it Σ1. Then
every element x ∈ Σ1 has exactly m1 descendants at level two, and so
on. Note that the set of leaves, that is the last level Σn, consists of
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exactly m0m1 · · ·mn−1 elements. When m0 = m1 = · · ·mn−1 = q this
reduces to the q-homogeneous rooted tree Tq,n.

Denote by Aut(Tm) the full automorphism group of Tm. It is well
known that Aut(Tm) is isomorphic to the wreath product Smn−1 �Smn−2 �
· · · � Sm1 � Sm0 (see, e.g. [16, 114]). The definition of labeling for auto-
morphisms from the beginning of this chapter naturally extends to this
more general setting.

Work out the corresponding computations for a spherically homoge-
neous tree. See also [90, 153, 19].

Exercise 7.6.2 Justify the definition of the αj ’s and the recurrence
equation (7.12) with arguments similar to those developed for Theorem
7.5.1.
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Advanced Theory





8

Posets and the q-analogs

All the examples of Gelfand pairs previously studied (the Hamming
scheme, the Johnson scheme and the ultrametric space) have an un-
derlying geometric/combinatorial structure that comes from an order
relation. In this chapter, we investigate closely these kinds of structures
and give further examples. Our main sources are the papers by Delsarte
[52], Dunkl [73, 74] and Stanton [206, 207, 210]. For general references
on posets and their combinatorial applications, see the books by Stanley
[204] and Aigner [3].

8.1 Generalities on posets

A partially ordered set (briefly, a poset) is a set X with a binary relation
 (the (partial) order) satisfying the usual axioms:

x  x (reflexivity)

x  y, y  x⇒ x = y (anti-symmetry)

x  y, y  z ⇒ x  z (transitivity)

for all x, y and z ∈ X.
Let X be a poset. We assume that X is finite.
If x  y or y  x we say that x and y are comparable; otherwise we

say that they are uncomparable.
If x  y and x �= y we write x ≺ y. Moreover, if x ≺ y and x ≺ z  y

implies that z = y (in other words there exists no intermediate element
between x and y) we say that y covers x and x is covered by y and we
write x � y.

An element x0 ∈ X such that x0  x for all x ∈ X is clearly unique
(if it exists) and it is called the 0-element (it is usually denoted by 0).

209
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A chain of length n in X is a sequence x1, x2, . . . , xn+1 of elements in
X such that x1 ≺ x2 ≺ · · · ≺ xn+1. The chain is saturated if xi � xi+1

for all i = 1, 2, . . . , n. The chain is called maximal if it is not contained
in any longer chain, that is it is saturated and there are no y, z ∈ X

such that y ≺ x1 or xn+1 ≺ z.
The Hasse diagram of the poset X is the graph with vertex set X

and edge set E = {{x, y} : x � y}. In its graphical representation, the
Hasse diagram is drawn in such a way that if x ≺ y then the vertex x is
represented below the vertex y.

Example 8.1.1 The hypercube Q2, that is the set of all subsets of
{1, 2}, is a poset with respect to the inclusion and its Hasse diagram is
shown in Figure 8.1.

{2}{1}

{1, 2}

Figure 8.1. The Hasse diagram of Q2

Let x, y ∈ X. An element z ∈ X such that

z  x and z  y (8.1)

and such that, for every other z′ ∈ X satisfying z′  x and z′  y one
has z′  z, is called the meet (or the greatest lower bound) of x and y

and it is denoted by x ∧ y.
If the meet (which is clearly unique) x ∧ y exists for all x, y ∈ X we

say that X is a meet semi-lattice.
Symmetrically, an element u ∈ X such that

x  u and y  u (8.2)

and such that, for every other u′ ∈ X satisfying x  u′ and y  u′ one
has u  u′, is called the join (or the least upper bound) of x and y and
it is denoted by x ∨ y.

If the join (which is clearly unique) x∨y exists for all x, y ∈ X we say
that X is a join semi-lattice.

Finally, if X is both a meet and a join semi-lattice we say that it is a
lattice.
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Exercise 8.1.2 Let X be a lattice. Show that the binary operations ∧
and ∨ satisfy the properties:

(1) (x∧y)∧z = x∧(y∧z) and (x∨y)∨z = x∨(y∨z) (associativity);

(2) x ∧ y = y ∧ x and x ∨ y = y ∨ x (commutativity);

(3) x ∧ x = x and x ∨ x = x (idempotence);

(4) x ∧ (x ∨ y) = x ∨ (x ∧ y) = x (absorbtion);

(5) x ∧ y = x if and only if x ∨ y = y if and only if x  y,

for all x, y and z ∈ X.

Also show, by providing a counterexample, that the distributive laws

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)
(8.3)

do not hold in general (hint: use the example in Exercise 8.1.12).

Exercise 8.1.3 Let X be a set with two binary operations ∧ and ∨
satisfying properties (1)–(4) from the previous exercise. Show that X is
a lattice with respect to the binary relation  defined by setting x  y

if x ∧ y = x. Note that, a posteriori this is equivalent, by (5) in the
previous exercise, to defining x  y if x ∨ y = y.

Let X again be a finite poset.
Suppose that for all distinct x, y ∈ X the following hold: if z ∈ X

covers x and y, then there exists u ∈ X covered by both x and y. We
then say that X is lower semi-modular . Symmetrically, if whenever
u ∈ X is covered by x and y there exists z ∈ X which covers both x and
y, we then say that X is upper semi-modular.

A poset that is both lower and upper semi-modular is termed modular.
Also, X is graded (or ranked) of rank N if there exists a positive integer

N and a surjective function (called the rank) r : X → {0, 1, . . . , N} such
that if x � y then r(y) = r(x) + 1, for all x, y ∈ X. If this is the case,
setting Xn = {x ∈ X : r(x) = n} we have X =

∐N
n=0 Xn, the Xn’s are

called the fibers and XN is the top level of X.
Clearly, if x ∈ Xn and y ∈ Xk with x ≺ y then n < k.

Exercise 8.1.4 Suppose that X admits a 0-element. Show that X is
ranked if and only if it satisfies the Jordan–Dedekind condition: for all
x and y in X, all satured chains between x and y have the same length.



212 Posets and the q-analogs

Proposition 8.1.5 A finite ranked lattice X is lower semi-modular if
and only if the rank function satisfies the inequality

r(x) + r(y) ≤ r(x ∧ y) + r(x ∨ y) (8.4)

for all x, y ∈ X.

Proof Let x �= y belong to X and suppose that z ∈ X covers both x

and y. Then, z = x ∨ y and r(x) = r(y) = r(z)− 1.
Suppose that (8.4) holds. Then,

r(x ∧ y) ≥ r(x) + r(y)− r(z) = r(x)− 1

and x, y cover x ∧ y. This shows that X is lower semi-modular.
Conversely let X be lower semi-modular. By contradiction suppose

that there exist x �= y ∈ X such that

r(x) + r(y) > r(x ∧ y) + r(x ∨ y). (8.5)

We can choose x and y in such a way that firstly r(x ∨ y)− r(x ∧ y) is
minimal and then, in addition, r(x) + r(y) is maximal.

Clearly x and y cannot be both covered by x ∨ y (otherwise (8.5)
would be violated by the lower semi-modularity of X) and therefore we
may suppose that there exists x′ ∈ X such that (up to exchanging the
role of x and y, if necessary) x ≺ x′ ≺ x ∨ y. Then, x′ ∨ y = x ∨ y and
x ∧ y  x′ ∧ y; in particular, r(x′ ∨ y)− r(x′ ∧ y) ≤ r(x ∨ y)− r(x ∧ y)

x ∨ y

x ∧ y

x′ ∧ y

x y

x′

Figure 8.2.
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and r(x′) + r(y) > r(x) + r(y) and therefore, by the above minmax
assumptions, we have

r(x′ ∧ y) + r(x′ ∨ y) ≥ r(x′) + r(y). (8.6)

Adding (8.5) and (8.6) together, after simplifications one gets

r(x) + r(x′ ∧ y) > r(x′) + r(x ∧ y). (8.7)

Hence, setting u = x and v = x′ ∧ y we have u ∧ v = x ∧ y and
u ∨ v = x ∨ (x′ ∧ y)  x′ and therefore

r(u) + r(v) = r(x) + r(x′ ∧ y) > r(x′) + r(x ∧ y) ≥ r(u ∨ v) + r(u ∧ v)

where the strict inequality follows from (8.7) and this contradicts the
minmax assumptions (because r(u∨ v)− r(u∧ v) < r(x∨ y)− r(x∧ y)).

Corollary 8.1.6 Let X be a ranked lattice. Then it is modular if and
only if r(x) + r(y) = r(x ∧ y) + r(x ∨ y) for all x, y ∈ X.

Proof State and prove the upper semimodular version of Proposition
8.1.5.

Exercise 8.1.7 Show that the ranked lattice in Figure 8.3 is lower
semi-modular but not modular.

u

w

z

x

t v

y

Figure 8.3.
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Example 8.1.8 (The Boolean lattice) Let Qn denote, as usual, the
family of all subsets of the set {1, 2, . . . , n} (see Example 1.8.3). Then Qn

is a poset by setting A  B if A is contained in B, for all A, B ∈ Qn. It
is easy to check that it is ranked (for A ∈ Qn, r(A) = |A|, the cardinality
of A), it is a lattice (A∧B = A∩B and A∨B = A∪B for all A, B ∈ Qn)
and it is modular.

Example 8.1.9 (The homogegenous rooted tree) Let Tq,n denote
the homogeneous rooted tree of degree q and depth n (see Chapter 7).
The set Xq,n of vertices of the tree is a poset with the order x & y if x

is a descendent of y, for all x, y ∈ X. The corresponding Hasse diagram
coincides with the tree Tq,n itself but it is drawn with the root at the
bottom level and the leaves are at the top. It is easy to check that Xq,n is
a ranked, lower semi-modular meet semi-lattice (but it is neither upper
semi-modular nor join).

Figure 8.4. The rooted tree T2,3

Example 8.1.10 Let n and m be positive integers and set

Θn,m+1 = {(A, φ) : A ∈ Qn and φ ∈ {0, 1, . . . , m}A}.

In words, Θn,m+1 is the set of all pairs (A, φ) where A is a subset of
{1, 2, . . . , n} and φ : A → {0, 1, . . . , m} is a map. Setting A = dom(φ),
the domain of A, we can simply think of Θn,m+1 as the set of all functions
φ with domain dom(φ) ∈ Qn and with values in {0, 1, . . . , m}. Θn,m+1 is
a poset with respect to the order defined by setting φ  ψ if dom(φ) ⊆
dom(ψ) and φ(j) = ψ(j) for all j ∈ dom(φ) (that is if and only if ψ

is an extension of φ). Θn,m+1 is graded: the rank function is simply
r(φ) = |dom(φ)|, the cardinality of dom(φ). It is also a meet semi-
lattice: if φ, ψ ∈ Θn,m+1 their meet η = φ ∧ ψ is given by dom(η) =
{j ∈dom(φ)∩dom(ψ) : φ(j) = ψ(j)} and η(j) = φ(j) = ψ(j) for all j ∈
dom(η). It is lower semi-modular: if φ �= ψ ∈ Θn,m+1 are covered by ε

then, dom(φ), dom(ψ) ⊆ dom(ε), |dom(φ)| = |dom(ψ)| = |dom(ε)| − 1,
φ(i) = ε(i) for all i ∈ dom(φ) and ψ(j) = ε(j) for all j ∈ dom(ψ). It
follows that |dom(φ)∩dom(ψ)| = |dom(φ)| − 1 and φ(j) = ψ(j) for all
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j ∈dom(φ)∩dom(ψ). Therefore φ ∧ ψ = η is given by the restriction of
φ to dom(φ)∩dom(ψ) and η is covered by both φ and ψ. We leave it as
an exercise to prove that Θn,m+1 is not upper semi-modular nor a join
semi-lattice.

Example 8.1.11 Let T(n, m + 1) denote the finite rooted tree of depth
two where the root has degree n and all vertices at level one have m + 1
children. Any element φ ∈ Θn,m+1 may be identified with a (rooted)
subtree Tφ of T(n, m + 1) as explained below (see Figure 8.5):

φ  (x)

x

Figure 8.5. An element φ ∈ Θn,m+1 coincides with a subtree Tφ of
T(n, m + 1)

The root of Tφ coincides with the root of T(n, m + 1) and the first level
of Tφ is the subset dom(φ) inside the first level of T(n, m + 1); finally
the leaves of Tφ are the leaves y in T(n, m + 1) whose fathers x belong
to dom(φ) and y = φ(x). Note that this way the order relation  in
Θn,m+1 corresponds to the inclusion of subtrees.

Exercise 8.1.12 Let
∏

n be the set of all partitions of the set {1, 2, . . . , n}.
That is, an element π ∈

∏
n is a family π = {A1, A2, . . . , Ak} of nonempty

subsets of {1, 2, . . . , n} (the blocks of the partition) such that {1, 2, . . . , n}
= A1

∐
A2

∐
· · ·

∐
Ak (disjoint union). We introduce an order relation

in
∏

n by defining σ  π if any block of σ is contained in a block of π

(that is if σ is a refinement of π). Show that
∏

n is a lattice, that it is
upper semi-modular, but it is not lower semi-modular.

Exercise 8.1.13 Let Y be the set of all partitions of nonnegative inte-
gers, that is an element μ ∈ Y is a finite sequence μ = (μ1, μ2, . . . , μk) of
positive integers such that μ1 ≥ μ2 ≥ · · · ≥ μk or μ = (0). We introduce
an order in Y by setting μ = (μ1, μ2, . . . , μk)  ν = (ν1, ν2, . . . , νh) when
h ≥ k and μj ≤ νj for j = 1, 2, . . . , k. Clearly Y is infinite but it is
locally finite: for any σ, π ∈ Y the set {ν ∈ Y : σ  ν  π} is finite.
Show that Y is a modular lattice with zero element. It is called the
Young lattice. More on this lattice can be found in Section 10.8.
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8.2 Spherical posets and regular semi-lattices

In this section we present two important classes of posets.

Definition 8.2.1 (Delsarte [52]) Let X be a meet semi-lattice. We say
that X is a regular semi-lattice if it has a zero element, it is ranked and
the rank function r : X → {0, 1, . . . , N} satisfies the following conditions

(i) if 0 ≤ r ≤ N , y ∈ XN , z ∈ Xr and z  y then the number
of u ∈ Xs such that z  u  y is equal to a parameter μ(r, s)
depending only on r and s;

(ii) if 0 ≤ r ≤ N and u ∈ Xs then the number of z ∈ Xr such that
z  u is a parameter ν(r, s) depending only on r and s;

(iii) if a ∈ Xr, y ∈ XN and a ∧ y ∈ Xj then the number of pairs
(b, z) ∈ Xs×XN such that b  z, b  y and a  z is a parameter
π(j, r, s) depending only on j, r, s.

a

a ∧ y

b

z y
XN

Xs

Xr

Xj

Figure 8.6.

The numbers μ, ν, π are called the parameters of the regular semi-lattice.
Clearly, μ(r, s) and ν(r, s) are defined and positive whenever 0 ≤ r ≤

s ≤ N , while π is only defined when there exists a pair (a, y) with
a ∈ Xr, y ∈ XN and a ∧ y ∈ Xj . Also note that μ(r, r) = ν(r, r) = 1.
We set ν(r, s) = μ(r, s) = 0 if r > s.

Example 8.2.2 The tree Tq,n (see Example 8.1.9) is a regular semi-
lattice with N = n,

μ(r, s) = ν(r, s) =

{
1 if r ≤ s

0 otherwise
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and

π(j, r, s) =

⎧⎪⎪⎨⎪⎪⎩
qn−r if s ≤ j ≤ r

qn−s if r = j < s

0 otherwise.

Lemma 8.2.3 Suppose that any z ∈ X may be written in the form
z = x∧y with x, y ∈ XN . Then in Definition 8.2.1 (iii) implies (ii) and
we have ν(s, j) = π(j, N, s).

Proof Take u ∈ Xj . By the assumptions, there exist a, y ∈ XN such
that u = a ∧ y. Observe that in (iii) of Definition 8.2.1 if a ∈ XN

we necessarily have z = a and therefore π(j, N, s) = |{b ∈ Xs : b  
a and b  y}| which coincides with |{b ∈ Xs : b  a ∧ y}| = ν(s, j).

Lemma 8.2.4 Let X be a regular semi-lattice. Then

(i) If a ∈ Xr then |{z ∈ XN : a  z}| is a constant equal to θ(r) =
π(r, r, 0).

(ii) If y ∈ XN , u ∈ Xs and u  y then |{z ∈ Xr : z  y and u ∧ z ∈
Xj}| is a constant ψ(j, r, s) depending only on j, r and s.

Proof (i) This is a particular case of (iii) in Definition 8.2.1, namely
when a  y and s = 0 so that a ∧ y = a ∈ Xr.

(ii) For a fixed 0 ≤ k ≤ min{r, s}, the number of pairs (x, z) ∈ Xk×Xr

such that x  u and x  z  y may be counted in two ways.
First of all, the number of x ∈ Xk with x  u is ν(k, s). For any such

an x, the number of z ∈ Xr with x  z  y is equal to μ(k, r). Therefore
the number of pairs (x, z) with the above properties equals ν(k, s)μ(k, r).
On the other hand, we may first determine z: in particular the number of
z ∈ Xr with z∧u ∈ Xj and z  y is equal to ψ(j, r, s); then for any such
a z there exist ν(k, j) x’s with x  u ∧ z. Therefore, if h = min{r, s},
the number of pairs (x, z) as above is also equal to

∑h
j=k ν(k, j)ψ(j, r, s).

From the identity
h∑

j=k

ν(k, j)ψ(j, r, s) = ν(k, s)μ(k, r) (8.8)

one can get an expression of ψ(j, r, s) in terms of the coefficients ν(k, j)
and μ(k, r): the matrix (ν(k, j))k,j=0,1,...,h is not singular since ν(k, k) =
1 and ν(k, j) = 0 if k > j. This shows that ψ(j, r, s) only depends on
j, r and s.
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Let X be a poset. An automorphism of X is a bijection g : X → X

such that x  y if and only if g(x)  g(y). The set of all automorphisms
of X is clearly a group. Moreover, any automorphism also preserves ∧
and ∨, when they exist.

Definition 8.2.5 (Stanton [210]) Let X be a ranked poset with
X =

∐N
n=0 Xn the decomposition into fibers. Let G be the group of au-

tomorphisms of X. Fix x(0) ∈ XN and set H = {g ∈ G : gx(0) = x(0)}.
We say that X is spherical when

(i) X is a meet semi-lattice;
(ii) X is lower semi-modular;
(iii) G is transitive on XN ;
(iv) the sets Ωn,i := {α ∈ Xn : α∧x(0) ∈ Xn−i} for i = 0, 1, . . . , n are

nonempty and they are the orbits of H on Xn.

The transitivity assumption ensures that the property of being spher-
ical does not depend on the particular choice of x(0).

Example 8.2.6 Let Qn be the Boolean lattice. Set Qm
n = {A ∈ Qn :

|A| ≤ m}. Then for i = 0, 1, . . . , [n
2 ], Qi

n is a spherical poset with
automorphisms group Sn (the action is as in the Johnson scheme). We
leave the simple check as an exercise. Moreover, for m > n

2 , Qm
n is

not spherical. Indeed if we fix A ∈ Qn with |A| = m we have that
Ωm,i = {B ∈ Qn : |B| = m and |A∩B| = m− i} is empty for i > n−m.

Example 8.2.7 The tree Tq,n (see Chapter 7 and Example 8.1.9) with
group of automorphisms G = Aut(Tq,n) is a spherical poset.

Example 8.2.8 Let Θn,m+1 be as in Example 8.1.10. We have seen
that Θn,m+1 is a lower modular meet semi-lattice. In order to identify
its group of automorphisms we first define an action of G = Sm+1 � Sn

(cf. Section 5.4) on it. If (σ1, σ2, . . . , σn; θ) ∈ Sm+1 �Sn and φ ∈ Θn,m+1

we may define (σ1, σ2, . . . , σn; θ)φ by setting dom[(σ1, σ2, . . . , σn; θ)φ] =
θdom(φ) (the action of Sn on Qn is as in the Boolean lattice) and
[(σ1, σ2, . . . , σn; θ)φ](j) = σj [φ

(
θ−1(j)

)
], where σj ∈ Sm+1 acts on

φ(θ−1 (j)) ∈ {0, 1, . . . , m} in the obvious way.

Exercise 8.2.9 Show that this is indeed an action of Sm+1 � Sn on
Θn,m+1 and that Sm+1 � Sn is the group of automorphisms of Θn,m+1.
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In this example, the fibers of the poset are

Xs = {φ ∈ Θn,m+1 : |dom(φ)| = s}.

In particular the top level is Xn = {φ : {1, 2, . . . , n} → {0, 1, . . . , m}}
and coincides with the Hamming scheme Xn,m+1: a function φ : {1, 2,

. . . , n} → {0, 1, . . . , m} is just an n-tuple (φ(1), φ(2), . . . , φ(n)) ∈ Xn,m+1.
Therefore the group H that stabilizes a fixed φ0 ∈ Xn is just Sm � Sn

(see Section 5.4). Using this fact it is easy to prove that Θn,m+1 is a
spherical poset.

Figure 8.7.

Exercise 8.2.10 Prove that the poset in Figure 8.7 satisfies axioms (i),
(ii), (iii) in Definition 8.2.5, but not (iv).

Lemma 8.2.11 Let X be a spherical poset. Then

(i) for any α ∈ X there exists x ∈ XN such that α  x;
(ii) G is transitive on Xn, n = 0, 1, . . . , N ;
(iii) X has a zero element, that is |X0| = 1.

Proof (i) Suppose that α ∈ Ωn,i ⊆ Xn, that is α ∧ x(0) ∈ Xn−i. As
ΩN,N−n+i is not empty we can take an element x ∈ XN such that
x∧x(0) ∈ Xn−i. Also consider a chain βn−i = x∧x(0) ≺ βn−i−1 ≺ · · · ≺
β1 ≺ β0 = x. Then βn−i ∧ x(0) = x ∧ x(0) ∈ Xn−i that is βn−i ∈ Ωn,i

and βn−i  x. As H is transitive on Ωn,i, we can take h ∈ H such that
hβn−i = α and we get α = hβn−i  hx ∈ XN .

(ii) By definition 8.2.5, H is transitive on Ωn,0 and therefore it suffices
to show that for any α ∈ Xn there exists g ∈ G such that gα ∈ Ωn,0.
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But α ∈ Ωn,i for some i and, by (i), there exists x ∈ XN such that
α  x. Then if gx = x(0) (such an element x exists since G is transitive
on XN ) we also have gα  x(0) and therefore gα ∈ Ωn,0.

(iii) Observe that x ' α for any α ∈ X0 and x ∈ XN , since X is a
meet semi-lattice and x ∧ α is necessarily equal to α. But ΩN,N �= ∅
and if x ∈ ΩN,N then x∧ x(0) ∈ X0 and the uniqueness of x∧ x(0) force
|X0| = 1.

Corollary 8.2.12 For any α ∈ X there exists x, y ∈ XN such that
α = x ∧ y.

Proof Suppose that α ∈ Xs. Since ΩN,N−s �= ∅, there exists z ∈ XN

such that β := x(0) ∧ z ∈ Xs. Since G is transitive on Xs, there exists
g ∈ G such that α = gβ. Take x = gx(0) and y = gz.

The group of automorphisms of a spherical poset X acts on each
cartesian product Xn×Xk by setting g(α, β) = (gα, gβ) for α ∈ Xn and
β ∈ Xk.

Lemma 8.2.13 If X is a spherical poset then the sets A(r, N, s) =
{(α, x) : α ∈ Xr, x ∈ XN and α ∧ x ∈ Xs} with 0 ≤ s ≤ r ≤ N are
nonempty and they constitute the orbits of G on Xr ×XN .

Proof The set A(r, N, s) is not empty since it contains the (nonempty)
set {(α, x(0)) : α ∈ Ωr,r−s}. Moreover, if (α, x) ∈ A(r, N, s) and g ∈ G

then clearly g(α, x) is still in A(r, N, s). It remains to show that the
action of G on A(r, N, s) is transitive. Suppose that (α, x), (α′, x′) ∈
A(r, N, s). Then we can first take g, g′ ∈ G such that gx = x(0) = g′x′.
Then gα, g′α ∈ Ωr,r−s and the transitivity of H on Ωr,r−s yields an
h ∈ H such that hg′α′ = gα. Therefore

g−1hg′(α′, x′) = g−1h(g′α′, x(0)) = g−1(gα, x(0)) = (α, x)

ending the proof.

Corollary 8.2.14 If X is a spherical poset, then (G, H) is a symmet-
ric Gelfand pair and L(G/H) decomposes in N + 1 distinct irreducible
representations.
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Proof The G-orbits on XN ×XN are A(N,N, s) = {(x, y) ∈ XN ×XN :
x ∧ y ∈ Xs} for s = 0, 1, . . . , N . In particular, (x, y) ∈ A(N,N, s) ⇔
(y, x) ∈ A(N,N, s) and we can apply Lemma 4.3.4.

Exercise 8.2.15 Set A(r, k, s) = {(α, β) ∈ Xr ×Xk : α ∧ β ∈ Xs} for
s = 0, 1, . . .min{k, r}. Prove that A(r, k, s) is nonempty but in general
the group G is not transitive on A(r, k, s). Use Example 8.1.10 to give
a counterexample.

Now we show that any spherical poset also satisfies the axioms of a
regular semi-lattice.

Theorem 8.2.16 A spherical poset X is also a regular semi-lattice.

Proof We have to show that (i), (ii) and (iii) of Definition 8.2.1 are
satisfied. For y ∈ XN , z ∈ Xr with z  y (that is (z, y) ∈ A(r,N, r))
set Bs(z, y) = {u ∈ Xs : z  u  y}. Then gBs(z, y) = Bs(gz, gy)
for any g ∈ G and Lemma 8.2.13 applied to A(r,N, r) ensures that
μ(r, s) = |Bs(z, y)| does not depend on z and y. This proves (i). Now
suppose that (a, y) ∈ A(r,N, j) and set Cs(y, a) = {(b, z) ∈ Xs ×XN :
b  z, b  y and a  z}. Then again G is transitive on A(r,N, j)
(by Lemma 8.2.13) and therefore |Cs(y, a)| = |gCs(y, a)| = |Cs(gy, ga)|
depends only on j, r, s and coincides with π(j, r, s) in (iii).

Finally, (ii) is a consequence of (iii): we can apply Lemma 8.2.3 and
Corollary 8.2.12.

Till now we have not used the axiom of lower semi-modularity in
Definition 8.2.5. This will now be used to endow XN with a metric
space structure.

Lemma 8.2.17 Let X be a ranked lower modular meet semi-lattice. If
w, w′ ∈ X and w covers w′, then, for any x ∈ X, one has r(x ∧ w′) ≥
r(x ∧ w)− 1.

Proof Set k = r(w)− r(x ∧w) and let w = w0 � w1 � · · ·� wk = x ∧w

be a saturated chain between x∧w and w. We have two possibilities for
w1. If w1 = w′ then necessarily x∧w′ = x∧w. If w1 �= w′ then w covers
both w′ and w1 and, by the lower semi-modularity, there exists v2 ∈ X

covered by both w1 and w′. If v2 = w2 then, as before, w′ ' x ∧ w

and therefore x∧w′ = x∧w. Iterating this argument, if we always find
vj �= wj , we can construct a saturated chain w′ � v2 � · · · � vk+1 with
vi+1 covered by wi, i = 1, 2, . . . , k.
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w1

w2

v3

v2

w′

wk = x ∧ w 

vk + 1

w

Figure 8.8.

But in this case x∧w′ ' vk+1 and r(x∧w′) ≥ r(vk+1) = r(x∧w)−1.

Proposition 8.2.18 Suppose that X is a ranked lower semi-modular
meet semi-lattice. Then δ(x, y) = N − r(x ∧ y) is a metric distance on
XN .

Proof It is clear that δ(x, y) = 0 if and only if x = y and δ(x, y) = δ(y, x),
for all x, y ∈ XN . Thus we only need to prove the triangle inequality.

For x, y, z ∈ XN set k = δ(x, y), j = δ(y, z) and let y � y1 � · · ·� yj =
y ∧ z be a saturated chain between y and y ∧ z.

An iterated application of Lemma 8.2.17 yields

r(yj ∧ x) ≥ r(yj−1 ∧ x)− 1 ≥ · · · ≥ r(y ∧ x)− j = N − k − j.

But x ' yj ∧x and z ' yj ∧x and therefore r(x∧ z) ≥ N −k− j so that

δ(x, z) = N − r(x ∧ z) ≤ k + j = δ(x, y) + δ(y, z).

Remark 8.2.19 δ is indeed a distance on Xn for all n = 0, 1, . . . , N .
But, in general, it can be used to parameterize the G-orbits on Xn×Xn

only when n = N ; see Lemma 8.2.13 and Exercise 8.2.15.

8.3 Spherical representations and spherical functions

Let X be a ranked poset with X =
∐N

n=0 Xn the decomposition into
fibers. We define a linear map d : L(X) → L(X) by setting

(df)(x) =
∑
y∈X:
x�y

f(y) (8.9)
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for any f ∈ L(X) and x ∈ X. In other words, (df)(x) is the sum of the
values of f on all points y covering x. In particular, if x ∈ XN , we set
(df)(x) = 0.

Using the basis of L(X) consisting of the Dirac functions {δx : x ∈ X},
then (8.9) may be expressed in the equivalent form

(dδy) =
∑

x∈X:
x�y

δx. (8.10)

Indeed

(dδy)(x) =
∑
z∈X:
x�z

δy(z) =

{
1 if y � x

0 otherwise.

In other words, the matrix (J(x, y))x,y∈X representing the linear oper-
ator d with respect to the basis {δx : x ∈ X} is given by J(x, y) = 1 if
x � y and J(x, y) = 0 otherwise.

The adjoint of d is the operator d∗ : L(X) → L(X)

(d∗f)(y) =
∑

x∈X:
x�y

f(x)

for any f ∈ L(X) and y ∈ X. Equivalently

(d∗δx) =
∑
y∈X:
x�y

δy.

Clearly, in the decomposition L(X) = ⊕N
n=0L(Xn), we have that

d(L(Xn)) ⊆ L(Xn−1) and d∗(L(Xn−1)) ⊆ L(Xn) for all n = 1, 2, . . . , N .
Suppose now that X is a spherical poset and denote by Fn,i, for

i = 0, 1, . . . , n, the characteristic function of the subset Ωn,i ⊆ Xn (cf.
Definition 8.2.5). Since the Ωn,i’s are the nonempty orbits of H on Xn,
it follows that the set {Fn,i : i = 0, 1, . . . , n} is a basis for the space of
H-invariant functions in L(Xn).

We now study the action of d on the Fn,i’s. Fix β ∈ Ωn,i and set

an,i = |{γ ∈ Ωn+1,i : γ & β}|,
bn,i = |{γ ∈ Ωn+1,i+1 : γ & β}|,

(8.11)

for n = 0, 1, . . . , N − 1 and i = 0, 1, . . . , n. Clearly, as the group H is
transitive on each Ωn,i, the numbers an,i and bn,i do not depend on the
particular choice of β.
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Lemma 8.3.1 For n ≥ 1 we have

dFn,i = an−1,iFn−1,i + bn−1,i−1Fn−1,i−1.

In particular, dFn,n = bn−1,n−1Fn−1,n−1 and dFn,0 = an−1,0Fn−1,0.

Proof We have

dFn,i = d
∑

α∈Ωn,i

δα =
∑

α∈Ωn,i

∑
β∈Xn−1:

α�β

δβ

=
∑

β∈Xn−1

|{α ∈ Ωn,i : α � β}|δβ .

But from Lemma 8.2.17 we know that if α ∈ Ωn,i (that is r(α ∧ x(0)) =
n − i) and α � β, then r(β ∧ x(0)) ≥ n − i − 1. On the other hand,
β ∧ x(0)  α ∧ x(0) and therefore either β ∈ Ωn−1,i (and |{α ∈ Ωn,i :
α � β}| = an−1,i) or β ∈ Ωn−1,i−1 (and |{α ∈ Ωn,i : α � β}| = bn−1,i−1).

Set Wn = L(Xn) ∩ ker d for n = 1, 2, . . . , N .

Lemma 8.3.2 For n = 1, 2, . . . , N and i = 0, 1, . . . , n − 1 one has
bn−1,i �= 0; moreover Wn contains a unique (up to a scalar multiple)
H-invariant function which is given by

φn =
n∑

i=0

ciFn,i

where c0 = 1 and

ci = (−1)i
i−1∏
j=0

an−1,j

bn−1,j
, i = 1, 2, . . . , n. (8.12)

Proof Suppose α ∈ Ωn,i+1. Then α ∧ x(0) ∈ Xn−i−1 and there exists
β ∈ Ωn−1,i covered by α. This shows that bn−1,i �= 0.

Any H-invariant function in L(Xn) is clearly of the form φ =
∑n

i=0 ci

Fn,i with ci ∈ C. Applying the preceding lemma we have that

d

n∑
i=0

ciFn,i =
n−1∑
i=0

[cian−1,i + ci+1bn−1,i]Fn−1,i

and therefore dφ = 0 if and only if

an−1,ici + bn−1,ici+1 = 0 i = 0, 1, . . . , n− 1.
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The solution of these recurrence relation with c0 = 1 is given by (8.12).

Before stating the main theorem of this section we need some more
definitions. For 0 ≤ n ≤ N , 0 ≤ j ≤ N and 0 ≤ i ≤ n we set

Cn
i,j = |{β ∈ Ωn,i : β  x}| (8.13)

where x ∈ ΩN,j . Clearly, Cn
i,j does not depend on x. Moreover, since

β  x implies that x(0)∧β  x(0)∧x we conclude that if n−i > N−j then
Cn

i,j = 0. In particular, for j = N we have Cn
i,N = δi,nν(n, N), where

ν(n, N) = |{β ∈ Xn : β  x(0)}| as in Definition 8.2.1. Analogously,
for j = 0 we have Cn

i,0 = δi,0ν(n, N). Note also that ν(n, N) is strictly
positive.

For 0 ≤ n ≤ N , α ∈ Xn, x ∈ XN with α  x denote by

mn = the number of saturated chains from α to x. (8.14)

The number mn does not depend on the particular choice of α and x: this
is a consequence of Lemma 8.2.13 (note that {(α, x) ∈ Xn×XN : α  x}
is a G-orbit). Moreover it is easy to check that if α ∈ Xn then

(d∗)N−nδα = mn

∑
x∈XN :
α�x

δx. (8.15)

Indeed,

(d∗)N−nδα =(d∗)N−n−1
∑

α1∈Xn+1:
α1�α

δα1 = · · · =

=
∑

α1∈Xn+1:
α1�α

∑
α2∈Xn+2:

α2�α1

· · ·
∑

αN−n∈XN :
αN−n�αN−n−1

δαN−n

and therefore the number of times that δx, x ∈ XN , appears in this sum
is equal to the number of saturated chains from α to x.

The following lemma is an easy consequence of the above combinato-
rial definitions.

Lemma 8.3.3 If x ∈ ΩN,j then[
(d∗)N−mFn,i

]
(x) = mnCn

i,j .

We have already seen that (G, H) is a Gelfand pair and that L(XN )
decomposes into N + 1 distinct irreducible representations. We are now
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in a position to describe the spherical representations and the spherical
functions.

Theorem 8.3.4 Set Wn = L(Xn) ∩ ker d and Vn = (d∗)N−nWn for
n = 1, 2, . . . , N and denote by V0 the space of constant functions on
XN . Then

(i) L(XN ) = ⊕N
n=0Vn is the decomposition of L(XN ) into spherical

representations;
(ii) taking c0, c1, . . . , cn as in Lemma 8.3.2, then the spherical func-

tion corresponding to Vn has the expression:

Φn(x) =
n∑

i=0

ci

Cn
i,k

Cn
0,0

for x ∈ ΩN,k, and k = 0, 1, . . . , N .

Proof Since d and d∗ commute with the action of G, then any Vn is G-
invariant. By Lemma 8.3.2, the unique (up to a constant) H-invariant
function in Vn is (d∗)N−nφn. By Lemma 8.3.3, (d∗)N−nφn = mnCn

0,0Φn,
where Φn is as in the statement of the theorem. In particular, Vn is
nontrivial (as Φn �= 0 and Cn

0,0 = ν(n, N) > 0) and contains a unique
(up to a constant) H-invariant function. Therefore each Vn is irreducible
and Φn (which is suitably normalized: Φn(x(0)) = 1) is its spherical
function.

It remains to show that V0, V1, . . . , VN are distinct or, equivalently,
that their sum is all of L(XN ). First note that

L(Xn) = Wn ⊕ d∗L(Xn−1). (8.16)

Indeed Wn = L(Xn)∩ ker d and d∗ : L(Xn−1) → L(Xn) is the adjoint
of d : L(Xn) → L(Xn−1) and therefore f1 ∈ Wn if and only if 0 =
〈df1, f2〉L(Xn−1) = 〈f1, d

∗f2〉L(Xn) for all f2 ∈ L(Xn), that is if and only
if f1 is orthogonal to d∗L(Xn−1).

Iterating (8.16) one gets that

L(XN ) = VN ⊕ d∗L(XN−1) = · · · = VN ⊕ VN−1 ⊕ · · · ⊕ V0.

We know that this decomposition is an orthogonal direct sum as the Vn

are irreducible (and L(XN ) is multiplicity free). Since their sum is all
of L(X) they must be also distinct.
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Remark 8.3.5 Let X =
∐N

n=0 Xn be again a spherical poset. For
x ∈ Xn set αn = |{y ∈ Xn+1 : y � x}|, βn = |{u ∈ Xn−1 : x � u}| and
for n ≤ N − 1,

Dnδx =
∑

δz,

where the sum is over all z ∈ Xn, z �= x, such that there exists y ∈ Xn+1

that covers both x and z, and finally, for n ≥ 1,

Δnδx =
∑

z∈Xn:
x∧z∈Xn−1

δz.

In general we have

dd∗δx = αnδx + Dnδx

and

d∗dδx = βnδx + Δnδx

but Dn is not necessarily equal to Δn, as it is shown in the exercise
below.

Therefore the commutation relations proved in the case of the Johnson
scheme (see Lemma 6.1.4) in general do not hold and only the weaker
theory of this section can be developed.

In the following exercise this point is investigated further.

Exercise 8.3.6 (1) Show that on the tree Tq,n we have βm = 1, αm = q

and Dm ≡ 0.
(2) Show that, denoting by X0, X1, . . . , Xn the levels of the tree, we

have

(a) for 1 ≤ p ≤ r ≤ n and f ∈ L(Xk)

dp(d∗)rf = qp(d∗)r−pf ;

(b) for 0 ≤ k ≤ m ≤ n and f ∈ L(Xk)

‖(d∗)m−kf‖2L(Xm) = qm−k‖f‖2L(Xk);

(c) for 0 ≤ k ≤ t ≤ n and f ∈ L(Xk) ∩ ker d

Δt(d∗)t−kf =

{
−f if t = k

(q − 1)f if t > k.

In particular, the spherical representation Wk in Theorem 7.4.1
coincides with (d∗)n−k (L(Xk) ∩ ker d).
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(3) Show that the key ingredient in the proof of the commutation
relations of Lemma 6.1.4 is the fact that the cube Qn is both lower and
upper semi-modular (and therefore Dm = Δm).

In the case of the tree we have the commutation relations ((a) of
the previous exercise) because Dm ≡ 0. In the case of the cube the
commutations relations come from the fact that Δm = Dm.

In the following exercise we show that both 0 �= Dm and Dm �= Δm

may hold true.

Exercise 8.3.7 Let Θn,m+1 be the poset in Example 8.1.10. Denote
by X0, X1, . . . , Xn its levels; in particular Xn is the Hamming scheme.
Show that Dk �= 0 and Dk �= Δk. Also show that the spherical repre-
sentations Vk in Theorem 8.3.4 coincides with the representation Wk in
the Hamming scheme, but L(Xk) ∩ ker d is, in general, not irreducible
and d∗ : L(Xk) ∩ ker d → Vk is not injective.

Exercise 8.3.8 Use Theorem 8.3.4 to compute the spherical functions
of the ultrametric Space (cf. Section 7.4).

Let (X, δ) be a finite metric space with the distance δ taking only
integer values (that is δ(x, y) ∈ N for all x, y ∈ X). Then we can define
a graph structure on X by taking as edge set E = {{x, y} : δ(x, y) = 1}.
We can ask when δ coincides with the distance induced by the graph
structure. The following lemma answers this question.

Lemma 8.3.9 δ is the distance induced by the graph structure if and
only if the following condition is satisfied: for any pair x, y ∈ X with
δ(x, y) ≥ 2 there exists z ∈ X such that δ(x, z) = 1 and δ(z, y) =
δ(x, y)− 1.

Proof The “only if” part is obvious. For the “if” part, it suffices to show
that when the above condition is satisfied then δ(x, y) equals the length
of the shortest path from x to y. A repeated application of the condition
yields the existence of a path x0 = x, x1, . . . , xk = y with k = δ(x, y).
On the other hand, if y0 = x, y1, . . . , yh = y is a path from x to y then,
by the triangle inequality, we have

δ(x, y) ≤ δ(y0, y1) + δ(y1, y2) + · · ·+ δ(yh−1, yh) = h.
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For instance, if δ is an ultrametric (see Section 7.3) then it cannot be
induced by a graph structure.

Now let X be a spherical poset. On the top level we can introduce a
graph structure by taking as edge set E = {{x, y} : δ(x, y) = 1} where δ

is the distance given by δ(x, y) = N − r(x∧y). It is natural to ask if δ is
induced by the graph structure; if this is the case, then by Lemma 8.2.13
(XN , E) is distance-transitive. To answer this question, consider the
graph structure on the whole X with edge set {{x, y} : x covers y}. Then
we have

Proposition 8.3.10 The distance δ on XN is induced by the graph
structure (XN , E) if and only if XN−1

∐
XN is connected as a (bipartite)

subgraph of X.

Proof Suppose that δ is induced by the graph structure (XN , E). From
the preceding lemma, we have that if x, y ∈ XN and r(x∧y) = N−k then
there exists z ∈ XN such that r(x∧z) = N −1 and r(z∧y) = N −k+1.
Iterating this fact we can produce a path in XN−1

∐
XN connecting x

and y:

x � α0 � x1 � α1 � x2 � · · ·� xk−1 � αk−1 � y

x, x1, . . . , xk−1, y ∈ XN and α0, α1, . . . , αk−1 ∈ XN−1. Thus XN−1
∐

XN

is connected.
The proof of the reverse implication is left to the reader (hint: by

Lemma 8.2.13 it suffices to show that for any k = 0, 1, . . . , N there exist
x, y, z ∈ XN with δ(x, y) = k, δ(x, z) = 1 and δ(z, y) = k − 1).

8.4 Spherical functions via Moebius inversion

We now present an alternative approach, due to Delsarte [52], to the
computation of the spherical functions associated with a regular poset.

Let X =
∐N

n=0 Xn be a spherical poset and let mn be as in (8.14).
We set

Cn =
1

(mn)2
(d∗)N−ndN−n : L(XN ) → L(XN ).

In other words, if x ∈ XN then

Cnδx =
∑

α∈Xn:
α≺x

∑
y∈XN :
y�α

δy (8.17)

(compare with (8.15)).
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Define the linear operators Δj : L(XN ) → L(XN ), j = 0, 1, . . . , N by
setting, as in (5.1),

(Δjf)(x) =
∑

y∈XN :
δ(x,y)=j

f(y), for all f ∈ L(XN ), x ∈ XN .

Let A be the algebra generated by Δ0, Δ1, . . . ,ΔN (the Bose–Mesner
algebra of XN ). With (ν(r, s))N

r,s=0 as in Definition 8.2.1 we have:

Lemma 8.4.1 The operators C0, C1, . . . , CN generate A and we have:

Ct =
N∑

k=t

ν(t, k)ΔN−k

for all t = 0, 1, . . . , N .

Proof From (8.17) we get that if x, y ∈ XN then (Ctδx)(y) is equal to
the number of α ∈ Xt such that α  x and α  y. If δ(x, y) = N − k,
that is x ∧ y ∈ Xk, then this number is equal to ν(t, k).

With π, as in Definition 8.2.1 and denoting by (ν′(i, k))N
i,k=0 the in-

verse of the matrix (ν(r, s))N
r,s=0 (see the proof of Lemma 8.2.4) we

have:

Lemma 8.4.2

CrCs =
r∑

t=0

μ(t, r)

⎡⎣ t∑
j=0

ν′(j, t)π(j, r, s)

⎤⎦Ct

for all r, s = 0, 1, . . . , N .

Proof First of all we prove that

CrCs =
N∑

k=0

⎡⎣min{r,k}∑
j=0

ψ(j, r, k)π(j, r, s)

⎤⎦ΔN−k (8.18)

where ψ is as in Lemma 8.2.4. Indeed, if x, y ∈ XN and k = r(x ∧ y),
then the coefficient of ΔN−k in CrCs is equal to [CrCsδy](x), which, in
turn, equals the number of triples (α, β, z) ∈ Xr ×Xs ×XN such that
α  x ∧ z and β  y ∧ z.

For any j = 0, 1, . . . ,min{r, k} we count the number of triples above
that satisfy j = r(α ∧ y): we can choose α in ψ(j, r, k) different ways
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Figure 8.9.

(by Lemma 8.2.4, with y, u and z replaced by x, x ∧ y and α, respec-
tively) and then we can choose the pair (β, z) in π(j, r, s) different ways.
Summing over j, we get (8.18).
From (8.8) it follows that

ψ(j, r, k) =
min{r,k}∑

t=j

ν(t, k)ν′(j, t)μ(t, r) (8.19)

(recall that the matrices (ν(t, k))N
t,k=0 and (μ(t, r))N

t,r=0 are upper-
triangular with unit diagonal and therefore so is (ν′(j, t))N

j,t=0).
From (8.18) and (8.19) and Lemma 8.4.1 the statement follows.

Remark 8.4.3 In the statement of previous lemma, the first sum,
namely

∑r
t=0, may be replaced by the sum

∑min{r,s}
t=0 because A is

commutative so that CrCs = CsCr.

For r = 0, 1, . . . , N let Ar be the subspace of A spanned by the
operators C0, C1, . . . , Cr. Also set A−1 = {0}.

Lemma 8.4.4 The vector space Ar is an ideal of A, that is, for A ∈ A
and B ∈ Ar one has AB ∈ Ar.

Proof This is an immediate consequence of Lemma 8.4.2: CrCs is a
linear combination of C0, C1, . . . , Cr.

Now let E0, E1, . . . , EN be the projections onto the spherical repre-
sentations in L(XN ) (as in Theorem 5.1.6). We can suppose that these
operators are numbered in such a way that Ar coincides with the sub-
space spanned by E0, E1, . . . , Er (indeed, if A ∈ Ar and A =

∑N
k=0 λkEk
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with λk �= 0, then Ek = 1
λk

AEk ∈ Ar and therefore Ar is spanned by
the Ek’s which belong to Ar itself).

Therefore there exists an upper triangular matrix (ρ(i, s))N
i,s=0 such

that

Cs =
s∑

i=0

ρ(i, s)Ei (8.20)

for all s = 0, 1, . . . , N .
Note also that

Cs =
1

(ms)2
(d∗)N−sdN−s

is a positive operator, that is

〈Csf, f〉L(XN ) =
1

(ms)2
〈dN−sf, dN−sf〉L(Xs) ≥ 0

for all f ∈ L(XN ).
Thus, the eigenvalues of the Cs’s, namely the ρ(i, s), 0 ≤ i ≤ s ≤ N

are all nonnegative. Moreover, since As is spanned by both {C0, C1,

. . . , Cs} and {E0, E1, . . . , Es}, necessarily ρ(s, s) > 0.

Lemma 8.4.5 For 0 ≤ r ≤ s ≤ N , the coefficients ρ(r, s) are given by
the formula

ρ(r, s) =
r∑

j=0

ν′(j, r)π(j, r, s).

Proof From Lemma 8.4.2 we get (for r ≤ s)

CrCs =

⎡⎣ r∑
j=0

ν′(j, r)π(j, r, s)

⎤⎦Cr + A (8.21)

where A ∈ Ar−1. On the other hand, from (8.20) we get

CrCs =

(
r∑

i=0

ρ(i, r)Ei

)(
s∑

h=0

ρ(h, s)Eh

)

(as EiEh = Eiδi,h) =
r∑

i=0

ρ(i, r)ρ(i, s)Ei

= ρ(r, s)Cr +
r−1∑
i=0

ρ(i, r) [ρ(i, s)− ρ(r, s)] Ei
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that is

CrCs = ρ(r, s)Cr + B (8.22)

where, again, B ∈ Ar−1. Comparing (8.21) and (8.22) the lemma follows
(in particular, A = B).

Now let (pj(λi))
N
i,j=0 be as in Theorem 5.1.6, that is

Δj =
N∑

i=0

pj(λi)Ei. (8.23)

In other words, the pj(λi)’s are the eigenvalues of Δj . We recall (see
Lemma 5.1.8) that the spherical function φi is equal to

φi(x) =
1
kj

pj(λi)

for δ(x, x(0)) = j, where kj = |{x ∈ X : δ(x, x(0)) = j}| (see also
Lemma 5.1.3).

We are now in a position to give Delsarte’s formula for the eigenvalues
pj(λi) (and therefore for the spherical functions).

Theorem 8.4.6 The eigenvalues pj(λr)’s are given by the formula

pj(λr) =
N∑

s=max{N−j,r}
ν′(N − j, s)ρ(r, s) (8.24)

for r, j = 0, 1, . . . , N .

Proof From Lemma 8.4.1 and (8.23) we get

Cs =
N∑

r=0

[
N∑

k=s

ν(s, k)pN−k(λr)

]
Er.

Then, from (8.20) we get the systems of linear equations

N∑
k=s

ν(s, k)pN−k(λr) = ρ(r, s), r, s = 0, 1, . . . , N.

Solving these systems we get (8.24).
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Corollary 8.4.7 The eigenvalues pj(λi) are integer numbers.

Proof We first recall that if an eigenvalue λ0 of an n × n matrix A

with integer entries is a rational number, then it is necessarily an integer
number. Indeed, λ0 is a root of the characteristic polynomial of A which
is of the form pA(λ) = λn + a1λ

n−1 + · · ·+ an−1λ + an were the ai’s are
integers. If λ0 = h/k with h, k ∈ Z and relatively prime, then one has
hn + a1h

n−1k + · · · an−1hkn−1 + ankn = 0. Therefore k divides h and
the claim follows.

Recall that pj(λi) is a eigenvalue of Δj which is represented by an
integer matrix (namely by the matrix (δj(x, y))x,y∈XN

with δj(x, y) = 1
if and only if δ(x, y) = j, and 0 otherwise). By the above considerations,
we are thus only left to show that pj(λi) ∈ Q. But this follows from the
fact that all the coefficients in (8.24) are in fact rational numbers (for
ρ(r, s) use Lemma 8.4.5).

We observe that Lemma 8.4.5 and Theorem 8.4.6 reduce the compu-
tation of the eigenvalues pj(λi)’s to the computation of the inverse of
the matrix (ν(r, s))N

r,s,=0.
We illustrate a general technique to perform this last computation

which is called the Moebius inversion. First we give some definitions.
For the moment, let X be a finite poset. For x, y ∈ X we set

ζ(x, y) =

{
1 if x  y

0 otherwise.

ζ is called the zeta function of X. The Moebius function M is defined
inductively by setting

M(x, x) = 1

for all x ∈ X and

M(x, y) = −
∑
z∈X:

x�z≺y

M(x, z)

for all x, y ∈ X with x ≺ y; finally M(x, y) = 0 otherwise (that is when
x & y or x and y are not comparable).

Proposition 8.4.8 (Moebius inversion formula) Let X be a finite
poset. Then we have∑

z∈X

M(x, z)ζ(z, y) = δx(y) =
∑
z∈X

ζ(x, z)M(z, y)

for all x, y ∈ X.
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Proof We recall that M(x, z) = 0 whenever x � z. We first establish
the first equality. If x = y the left hand side is∑

z∈X

M(x, z)ζ(z, x) =
∑
z∈X:
z�x

M(x, z) = M(x, x)

+
∑
z∈X:
z≺x

M(x, z) = M(x, x) =1.

Similarly, if x � y then the left hand side is∑
z∈X

M(x, z)ζ(z, y) =
∑
z∈X:
z�y

M(x, z) = 0

as there is no z ∈ X with x  z  y.
Finally, if x ≺ y, the first equality reduces to the definition of the

Moebius function:∑
z∈X

M(x, z)ζ(z, y) = M(x, y)+
∑

x�z≺y

M(x, z) = M(x, y)−M(x, y) = 0.

Noting that the first equality is nothing but the fact that the ma-
trix (M(x, y))x,y∈X is the inverse of (ζ(x, y))x,y∈X , the second equality
follows.

Exercise 8.4.9 Let X be a finite poset. The incidence algebra I(X) of
X is the set of all matrices (a(x, y))x,y∈X such that a(x, y) = 0 whenever
x � y.

(1) Show that I(X) is an algebra under matrix multiplication (which,
in this setting, is called convolution).

(2) Show that a matrix a ∈ I(X) is invertible if and only if a(x, x) �= 0
for all x ∈ X.

We now show that the inverse matrix ν′ of ν may be expressed in
terms of the Moebius function M .

Proposition 8.4.10 Let X =
∐N

n=0 Xn be a regular semi-lattice. For
y ∈ Xt we have

ν′(s, t) =
∑

z∈Xs

M(z, y).

In particular, the right hand side depends only on s and t.
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Proof First of all note that if z ∈ Xs then, by definition of ν,

ν(r, s) =
∑

x∈Xr

ζ(x, z). (8.25)

Fix y ∈ Xt and let x ∈ Xr with r ≤ t. If we write Moebius inversion
formula in the form

t∑
s=r

∑
z∈Xs

ζ(x, z)M(z, y) = δx(y)

then, summing over x ∈ Xr we get

δr(t) =
∑

x∈Xr

δx(y) =
∑

x∈Xr

t∑
s=r

∑
z∈Xs

ζ(x, z)M(z, y)

(by (8.25)) =
t∑

s=r

ν(r, s)
∑

z∈Xs

M(z, y)

and therefore ν′(s, t) =
∑

z∈Xs
M(z, y).

Suppose now that, for 0 ≤ r ≤ s ≤ N , M(x, y) is constant on each
pair (x, y) ∈ Xr ×Xs with x  y, say M(x, y) = m(r, s). For instance,
this is the case when | {z ∈ Xt : x  z  y} | is a constant depending
only on r, t, s. Then the formula of Proposition 8.4.10 may be written
in the form

ν′(s, t) = m(s, t)ν(s, t). (8.26)

We end this section with a discussion on the Moebius inversion formula
of the Boolean lattice. We also derive the classical inclusion–exclusion
principle (it will be used in Theorem 11.7.6; see also Proposition 11.7.3
for a direct and elementary proof).

Example 8.4.11 Let Qn be the Boolean lattice. Then

M(A, B) =

{
(−1)|B\A| if A ⊆ B

0 otherwise.

This is just a consequence of the following elementary binomial identity:
suppose that |A| = k, |C| = h and A ⊆ C. Then, with M as above,
we have:
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∑
B∈Qn

M(A, B)ζ(B, C) =
∑

B∈Qn:
A⊆B⊆C

(−1)|B\A| =
h∑

r=k

(−1)r−k

(
h− k

r − k

)

=
h−k∑
r=0

(−1)r

(
h− k

r

)

=

{
1 if k = h

0 if k < h.

Proposition 8.4.12 (Boolean Moebius inversion formula) Let
f, g ∈ L(Qn). Then

g(A) =
∑

B∈Qn:
A⊆B

f(B)

for all A ∈ Qn if and only if

f(A) =
∑

B∈Qn:
A⊆B

(−1)|B\A|g(B)

for all A ∈ Qn.

Proof This is just a consequence of the fact that M is the inverse of ζ: the
first equation may be written in the form g(A) =

∑
B∈Qn

ζ(A, B)f(B)
and the second one f(A) =

∑
B∈Qn

M(A, B)g(B).

For instance, let A1, A2, . . . , An be n subsets of a finite set A (they
are not necessarily distinct). For T ∈ Qn set

f(T ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
|
⋂
k∈T

Ak \
⋃

h∈T c

Ah| if T �= ∅

|A \
n⋃

k=1

Ak| ≡ |Ac
1 ∩Ac

2 ∩ · · · ∩Ac
n| otherwise.

In other words f(T ) is the cardinality of the set of all x ∈ A which
belong to all Ak’s with k ∈ T and to none Ah with h /∈ T .

Also set

g(T ) = |
⋂
k∈T

Ak|.
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Then we have

g(T ) =
∑

R∈Qn:
T⊆R

f(R) (8.27)

for all T ∈ Qn. Indeed,
⋂

k∈T Ak =
∐

R∈Qn:
R⊇T

[⋂
k∈R Ak \

⋃
h∈Rc Ah

]
because setting R = R(x) = {k ∈ {1, 2, . . . , n} : x ∈ Ak}, for x ∈ A,
then x ∈

[⋂
k∈R Ak \

⋃
h∈Rc Ah

]
and x /∈

[⋂
k∈R′ Ak \

⋃
h∈(R′)c Ah

]
for

any R′ �= R. Therefore the Boolean Moebius inversion applied to (8.27)
yields

f(T ) =
∑

R∈Qn:
T⊆R

(−1)|R\T |g(R).

Taking T = ∅ we immediately obtain:

Corollary 8.4.13 (Principle of inclusion–exclusion) Let A1,

A2, . . . , An be n subsets of a finite set A. Then

|Ac
1 ∩Ac

2 ∩ · · · ∩Ac
n| =

n∑
�=0

(−1)�s� (8.28)

where s0 = |A| and s� =
∑

T∈Qn:
|T |=�

| ∩h∈T Ah|, for all � = 1, 2, . . . , n.

Since |A1 ∪ A2 ∪ · · · ∪An| = |A| − |Ac
1 ∩ Ac

2 ∩ · · · ∩Ac
n| and |A| = s0,

(8.28) may be written in the form

|A1 ∪A2 ∪ · · · ∪An| =
n∑

�=1

(−1)�−1s�.

For n = 2 this is simply |A1 ∪ A2| = |A1| + |A2| − |A1 ∩ A2| and, for
n = 3

|A1 ∪A2 ∪A3| =|A1|+ |A2|+ |A3| − |A1 ∩A2| − |A1 ∩A3|
− |A2 ∩A3|+ |A1 ∩A2 ∩A3|.
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Exercise 8.4.14 Let X = Tq,n.

(1) Show that the Moebius function of X has the form

M(x, y) =

⎧⎪⎪⎨⎪⎪⎩
1 if x = y

−1 if x � y

0 otherwise

and therefore

ν′(s, t) =

⎧⎪⎪⎨⎪⎪⎩
1 if s = t

−1 if s = t− 1

0 otherwise.

(2) Show that ρ(r, s) =

{
qn−s if s ≥ r

0 otherwise
in two ways: first using

Lemma 8.4.5 and Example 8.2.2, and then by checking that Cs =
qn−s(E0 + E1 + · · ·+ Es) (use Exercise 8.3.6).

(3) Use Theorem 8.4.6 to determine the spherical functions of the
finite ultrametric space.

Exercise 8.4.15 Show that the Moebius function of Θn,m+1 (see Ex-
ample 8.1.10) is

M(φ, ψ) = (−1)|dom(ψ)\dom(φ)|

whenever φ  ψ. In other words, it coincides with the Moebius function
of the Boolean lattice Qn.

8.5 q-binomial coefficients and the subspaces of a
finite vector space

Definition 8.5.1 (q-binomial coefficients or Gaussian numbers)
Let n be a nonnegative integer and q be a real number different from 1.
We set

[n]q = 1 + q + q2 + · · ·+ qn−1 ≡ qn − 1
q − 1

and

(n)q = [1]q · [2]q · · · [n]q.
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Moreover, for k ∈ Z, q, n ∈ R and q �= 1, we set (q-binomial coefficient)(
n

k

)
q

=

{∏k−1
i=0

qn−i−1
qk−i−1 if k ≥ 0

0 if k < 0.

It is easy to check, that for n a nonnegative integer, we have:(
n

k

)
q

=
(n)q

(n− k)q(k)q

when 0 ≤ k ≤ n and
(
n
k

)
q

= 0 when k > n.

The ordinary binomial coefficients are limiting cases of their q-analogs:
if n is an integer we have

[n]q → n and (n)q → n! as q → 1

and if n is real and k a nonnegative integer then(
n

k

)
q

→
(

n

k

)
≡ n(n− 1) · · · (n− k + 1)

k!
as q → 1.

We present now some of the basic properties of the q-binomial coeffi-
cients.

Proposition 8.5.2

(i) For n, k ∈ Z and n ≥ 0(
n

k

)
q

=
(

n

n− k

)
q

(symmetry);

(ii) for n ∈ R and m, k ∈ Z(
n

m

)
q

·
(

m

k

)
q

=
(

n

k

)
q

·
(

n− k

m− k

)
q

(trinomial reversion);

(iii) for n ∈ R and k ∈ Z(
n

k

)
q

=
(

n− 1
k

)
q

+ qn−k

(
n− 1
k − 1

)
q

=
(

n− 1
k − 1

)
q

+ qk

(
n− 1

k

)
q

(addition formula);
(iv) for all x ∈ C and n positive integer

(1 + x)(1 + xq) · · · (1 + xqn−1) =
n∑

j=0

q(
j
2)xj

(
n

j

)
q

(q-binomial theorem);
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(v) (
n

k

)
q

= (−1)kqnk−(k
2)
(

k − n− 1
k

)
q

;

(vi) for � ≥ 0 and integer

�−m∑
k=−m

(−1)k

(
�

m + k

)
q

(
s + k

n

)
q

q(
k
2)+k(m−n)

= (−1)�+mq(�−m)(�−2n+m−1)/2
(

s−m

n− �

)
q

;

(vii)

�−m∑
k=−m

(−1)k

(
�

m + k

)
q

(
t− k

n

)
q

q(
k
2)+km

= (−1)mq−(m
2 )+�(t+m−n)

(
t− � + m

n− �

)
q

.

Proof (i), (ii), (iii) and (v) are easy calculations. (iv) may be proved
by induction on n using the first identity in (iii). (vi) may be proved
by induction on �, using (iii); it is the q-analog of (6.28). (vii) may be
easily deduced by applying (v) to the coefficients

(
s+k

n

)
q

and
(
s−m
n−�

)
q

in
(vi) and setting t = n− s− 1; it is another q-analog of (6.28).

Let q be a prime power, say q = pm with p a prime number and m ∈ N.
Then there exists a unique (finite) field Fq with q elements. If m = 1,
that is q = p is a prime, this is just Zp, the field of integers mod p. If
m > 1, Fq is usually regarded as an algebraic extension of Zp. We refer
to the monographs by M. Artin [6], Herstein [120], Hungerford [123] and
Lang [151]. We shall not use special properties of Fq (besides the fact
that it is a field with q elements). In the following theorem we present
a general counting principle for the subspaces of Fn

q , the n-dimensional
vector space over Fq. It is taken from [74].

Theorem 8.5.3 Let V, W be subspaces of Fn
q with dimV = a, dimW = b

and dim(V ∩W ) = x. Suppose that c, y are integers satisfying x ≤ y ≤ a

and b ≤ c ≤ n− a + y. Then the number of subspaces Z ⊆ Fn
q such that

Z ⊇ W , dimZ = c and dim(Z ∩ V ) = y is(
a− x

y − x

)
q

(
n− b− a + x

c− b− y + x

)
q

q(a−y)(c−b−y+x).
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Proof Any Z as in the statement may be written in the form Z =
W ⊕ Z1 ⊕ Z2 (as usual ⊕ denotes the direct sum) where Z1 is an (y −
x)-dimensional subspace of V with Z1 ∩ (V ∩ W ) = {0} and Z2 is a
(c− b− y +x)-dimensional subspace of Fn

q with Z2 ∩ (V +W ) = {0}. In
other words, Z may be obtained by choosing an ordered set A of y − x

linearly independent vectors in V \W ≡ V \ (V ∩W ) (\ denotes a set
difference) and then an ordered set B of c−b−y+x linearly independent
vectors in Fn

q \ (V + W ). The choice of A may be done in

c1 = (qa − qx)(qa − qx+1) · · · (qa − qy−1)

different ways: the first vector v1 may be chosen in qa − qx = the car-
dinality of V \W ways; when V1 has been chosen, the second vector v2

must be taken from V \ (W ⊕ 〈v1〉), whose cardinality is qa − qx+1 and
so on. Analogously, the set B may be chosen in

c2 = (qn − qa+b−x)(qn − qa+b−x+1) · · · (qn − qa+c−y−1)

different ways (note that by the Grassmann identity we have that dim(V +
W ) = dimV +dimW −dim(V ∩W ) = a+b−x). But any Z corresponds
to several different choices of A and B: any Z contains

c3 = (qy − qx)(qy − qx+1) · · · (qy − qy−1)

distinct A’s and

c4 = (qc − qy+b−x)(qc − qy+b−x+1) · · · (qc − qc−1)

distinct B’s (note that dim[Z ∩ (V +W )] = dimW +dimZ1 = b+y−x).
Therefore the number of subspaces Z is equal to

c1c2

c3c4
=

(
a− x

y − x

)
q

(
n− b− a + x

c− b− y + x

)
q

q(a−y)(c−b−y+x).

Exercise 8.5.4 Without using the above theorem show that the number
of k-dimensional subspaces in Fn

q is equal to
(
n
k

)
q
.

Corollary 8.5.5 Let V, W be subspaces of Fn
q with dimW = m and

dim(V ∩W ) = u. Then the number of subspaces Z ⊆ W with dimZ = k

and dim(Z ∩ V ) = v is equal to(
u

v

)
q

(
m− u

k − v

)
q

q(u−v)(k−v).



8.6 The q-Johnson scheme 243

Proof This is an immediate consequence of the theorem: take n = m,
x = b = 0, a = u, y = v, c = k and then replace Fn

q , V , W with W ,
V ∩W and {0}, respectively.

Corollary 8.5.6 If W ⊆ V ⊆ Fn
q , dimW = b, dimV = a then the

number of subspaces Z with W ⊆ Z ⊆ V and dimZ = c is equal to(
a−b
c−b

)
q
.

Proof In Theorem 8.5.3 take x = b and y = c.

Exercise 8.5.7 Give a combinatorial proof of the following identities(
n + m + 1

m + 1

)
q

=
n∑

k=0

qk

(
k + m

m

)
q

and (q-Vandermonde)

(
m

k

)
q

=
min{u,k}∑

v=max{0,k−m+u}

(
u

v

)
q

(
m− u

k − v

)
q

q(u−v)(k−v).

8.6 The q-Johnson scheme

Let q be a prime power and n ∈ N. As in the previous section, we denote
by Fq the finite field of order q, and by Fn

q the n-dimensional vector
space over Fq; also we denote by GL(n, q) the corresponding general
linear group. In other words, GL(n, q) is the group of all invertible n×n

matrices with coefficients in Fq, equivalently, the group of all invertible
linear transformations of Fn

q . Elementary introductions to GL(n, q) may
be found in the monographs by Alperin and Bell [4] and Grove [109]. A
more advanced treatment is in Grove’s more recent book [110].

Lemma 8.6.1 The order of GL(n, q) is given by

|GL(n, q)| = qn(n−1)/2(qn − 1)(qn−1 − 1) · · · (q − 1).

Proof A matrix in GL(n, q) is (uniquely) determined by its rows. The
first row a1 ∈ Fn

q can be chosen in qn−1 different ways (this corresponds
to the number of nonzero vectors in Fn

q ); the second row a2 can be chosen
in qn−qn−1 different ways (a2 may be any vector in Fn

q \〈a1〉); continuing
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this way, the kth row ak can be chosen in qn−qk−1 ways. Finally, observe
that

(qn − 1)(qn − q)(qn − q2) · · · (qn − qn−1)

= qn(n−1)/2(qn − 1)(qn−1 − 1) · · · (q − 1).

Let 0 ≤ m ≤ n and denote by Gm the Grassmann variety of all
m-dimensional subspaces of Fn

q . Also set for simplicity G = GL(n, q).
Then G acts on Gm in the obvious way: if A ∈ G and V ∈ Gm, then
AV = {Av : v ∈ V } (note that by the nonsingularity of A the subspace
AV has the same dimension of V ).

Lemma 8.6.2 The action of G on Gm is transitive and the stabilizer of
a subspace V0 ∈ Gm is isomorphic to the subgroup Hm consisting of all
matrices of the form

A =
(

A1 A2

0 A3

)
such that A1 ∈ GL(m, q), A3 ∈ GL(n−m, q) (8.29)

and A2 is an m× (n−m) matrix with coefficients in Fq.

Proof Let e1, e2, . . . , en be the standard basis of Fn
q and suppose that

V0 = 〈e1, e2, . . . , em〉. Then a matrix A ∈ G satisfies AV0 = V0 if and
only if Aei ∈ V0 for all i = 1, 2, . . . , m. This is clearly equivalent to A

be of the form (8.29).
If V is another m-dimensional subspace and v1, v2, . . . , vm is a basis

of V , then denoting by A ∈ G a matrix such that Aei = vi for all
i = 1, 2, . . . , m, then AV0 = V , showing that the action is transitive.

Let now G =
∐n

m=0 Gm the set of all subspaces of Fn
q . It is a poset

under inclusion which is also a lattice: if V, W ∈ G then their meet is
their intersection V ∩W and their join is their sum V + W = {v + w :
v,∈ V, w ∈ W}. The dimension dimV is a rank function so that G is
ranked. Finally it is modular: by Corollary 8.1.6 this is equivalent to

dimV + dimW = dim(V + W ) + dim(V ∩W )

for all V, W ∈ G which is nothing but the Grassmann identity.
Moreover, for the action of G in G the following general principle

holds.
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Lemma 8.6.3 Let V1, V2, W1, W2 ∈ G. Suppose that dimV1 = dimW1,
dimV2 = dimW2 and dim(V1 ∩ V2) = dim(W1 ∩W2). Then there exists
A ∈ G such that

AV1 = W1 and AV2 = W2.

Proof Set h = dimV1, k = dimV2 and r = dim(V1 ∩ V2). Take a basis
v1, v2, . . . , vh+k−r of V1 +V2 such that v1, v2, . . . , vr is a basis of V1 ∩V2,
v1, v2, . . . , vh is a basis of V1 and finally v1, v2, . . . , vr, vh+1, vh+2, . . . ,

vh+k−r is a basis of V2. Formally, replacing every v (resp. V ) symbol
by w (resp. W ) and choosing a matrix A ∈ G such that Avi = wi for
all i = 1, 2, . . . , h + k − r, the statement follows.

Corollary 8.6.4 Suppose that m ≤ n/2. Then the poset
∐m

k=0 Gk is
spherical.

Proof
∐m

k=0 Gk is a semi-lattice and it is lower modular because the
whole G is a modular lattice. The action of G is transitive on Gm and
the previous lemma ensures us that if Hm is the stabilizer of a fixed
V0 ∈ Gm, then for k = 0, 1, . . . , m the sets

Ωk,j = {V ∈ Gk : dim(V ∩ V0) = k − j}, (8.30)

j = 0, 1, . . . , k are the (nonempty) orbits of Hm on Gk.

The symmetric association scheme Gm is usually called the q-Johnson
scheme. On Gm we define the G-invariant distance δ(V, W ) = m −
dim(V ∩W ) that corresponds to the distance δ in Proposition 8.2.18.
Let also d and d∗ denote the linear operators in Section 8.3 and set
Wk = L(Gk) ∩ ker d and Vk = (d∗)m−kWk.

Applying Corollary 8.2.14 and Theorem 8.3.4 we obtain:

Theorem 8.6.5

(i) (GL(n, q), Hm) is a Gelfand pair;

(ii) L(Gm) = ⊕m
k=0Vk is the decomposition of L(Gm) into spherical

representations;

(iii) dimVk =
(
n
k

)
q
−

(
n

k−1

)
q
;
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(iv) the spherical function Φk ∈ Vk has the following expression:
Φk(V0) = 1 and

Φk(W ) =
1(

m
k

)
q

min{h,k}∑
i=max{0,h+k−m}

[
(−1)i

⎛⎝i−1∏
j=0

qm−k+j+1 − 1
1− qm−n+j

⎞⎠
·
(

m− h

k − i

)
q

(
h

i

)
q

qi(m−h−n+i−1)

]

if W ∈ Ωm,h, h = 1, 2, . . . , m.

Proof (i) and (ii) are an immediate consequence of the fact that G =∐m
k=0 Gk is a spherical poset (see Corollary 8.2.14 and Theorem 8.3.4).

To prove (iii), first note that for 0 ≤ k ≤ [n/2] each poset
∐k

j=0 Gj , is
spherical and therefore L(Gk) = ⊕k

j=0(d
∗)k−jWj . In particular, Wk =

L(Gk) ∩ ker d is irreducible, d : L(Gk) → L(Gk−1) is surjective and
dimVk = dimWk =

(
n
k

)
q
−

(
n

k−1

)
q
. We are left to prove the expres-

sion for the spherical functions in (iv). Let V0 be the subspace stabilized
by Hm. In this case the set Ωk,j in the definition of spherical poset is
given by (8.30)

We have just to get the expression for the coefficients ak,j , bk,j and Ck
i,h

in (8.11) and (8.13). If W ∈ Ωk,j , then ak,j is the number of subspaces
Z ∈ Ωk+1,j such that Z ⊇ W . Since dimW = k, dim(W ∩ V0) = k − j,
dimZ = k + 1 and dim(Z ∩ V0) = k + 1 − j, then an application of
Theorem 8.5.3 with a = m, b = k, x = k− j, c = k +1 and y = k +1− j

yields ak,j = qm−k+j−1
q−1 . Similarly bk,j = qn−k−qm−k+j

q−1 . Moreover, if
W ∈ Ωm,h then Ck

i,h is the number of subspaces Z ∈ Ωk,i such that
Z ⊆ W and an application of Corollary 8.5.6 with V = V0, u = m − h

and v = k − i yields

Ck
i,h =

(
m− h

k − i

)
q

(
h

i

)
q

q(m−k+i−h)i

and therefore the expression for the spherical functions follows from
Theorem 8.3.4.

For x ∈ Ωn,h set φk(h) = Φk(x) (see Section 5.1).
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Corollary 8.6.6

(i) The spherical functions φk satisfy the following orthogonality re-
lations:

m∑
h=0

φk(h)φt(h)
(

m

h

)
q

(
n−m

h

)
q

qh2
=

(
n
m

)
q(

n
k

)
q
−

(
n

k−1

)
q

δk,t.

(ii) Gm is a distance-transitive graph with parameters

bh =
1

(q − 1)2
(qm − qh)(qn−m − qh)q h = 0, 1, . . . , m− 1

ch =
1

(q − 1)2
(qh − 1)2 h = 1, 2, . . . , m

and degree b0 = 1
(q−1)2 (qm − 1)(qn−m − 1)q.

(iii) The spherical functions satisfy the following finite difference equa-
tion:

chφk(h− 1) + (b0 − bh − ch)φk(h) + bhφk(h + 1) = λkφk(h)

for h, k = 0, 1, . . . , m where bh and ch are as above and

λk =
1

(q − 1)2
·
[
q(1− qn−m)(1− qm)− (1− q−k)(qn+1 − qk)

]
.

Proof (i) These are the usual orthogonality relations for the spherical
functions. Note that setting x = b = 0, a = c = m and y = m − h in
Theorem 8.5.3 we get

|Ωm,h| ≡ |{W ∈ Gm : δ(W,V0) = h}| = qh2
(

m

h

)
q

(
n−m

h

)
q

.

(ii) It is easy to see that Gm satisfies the hypothesis in Proposition 8.3.10
and therefore that it is a distance-transitive graph (compare with Lemma
8.2.13). Now we have to compute the parameters bh and ch. Given V ∈
Gm with dim(V ∩V0) = m−h then bh = |{W ∈ Gm : dim(W∩V ) = m−1
and dim(W ∩ V0) = m− h− 1}|. Note that by the Grassmann identity
we have

dim[W∩(V ∩V0)] = dimW +dim(V ∩V0)−dim[W +(V ∩V0)] ≥ m−h−1.

Therefore a W as above may be obtained by selecting an (m − 1)-
dimensional subspace W1 ⊆ V such that dim[W1∩(V ∩V0)] = m−h−1,
then a vector w /∈ V + V0 and setting W = W1 + 〈w〉. From Corollary
8.5.5 with u = m − h, v = m − h − 1 and k = m − 1 the number of
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possible W1 is
(

m−h
m−h−1

)
q

(
h
h

)
q
qh = qm−h−1

q−1 qh. The number of possible w

is equal to |Fn
q \ (V + V0)| = qn − qm+h. But every W corresponds to

the choice of |W \ (W ∩ V )| = qm − qm−1 different w’s. Therefore

bh =
(qm−h − 1)qh(qn − qm+h)

(q − 1)(qm − qm−1)
=

(qm − qh)(qn−m − qh)q
(q − 1)2

.

Similarly, one can prove that

ch =
(qh − 1)2

(q − 1)2
.

The finite difference equation is clearly that in Corollary 5.1.9 and the
eigenvalues may be computed by the formula λk = b0φk(1)
(Lemma 5.1.8).

Exercise 8.6.7 Show that for n/2 ≤ m ≤ n we have L(Gm) ∼= L(Gn−m)
=

⊕n−m
k=0 Vk.

Exercise 8.6.8 Prove that for q → 1 all the formulae for the q-Johnson
scheme become the formulae for the Johnson scheme.

In the last part of this section, we apply the Moebius inversion (see
Section 8.4) to the q-Johnson scheme. Denote by Pn(q) the poset of all
subspaces of Fn

q . Then we have:

Proposition 8.6.9

(i) The Moebius function in Pn(q) is given by

M(U, V ) = (−1)kq(
k
2)

where U ⊆ V and k = dimV − dimU .
(ii) The coefficients μ, ν, π in 8.2.1 are given by

μ(r, s) =
(

m− r

m− s

)
q

, ν(r, s) =
(

s

r

)
q

for r ≤ s and

π(j, r, s)

=
min{j,s}∑

i=max{0,r+s−m}
q(j−i)(s−i)

(
j

i

)
q

(
m− j

s− i

)
q

(
n− r − s + i

n−m

)
q

for r − j ≤ m− s and j ≤ r.
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(iii) The coefficients ν′(r, s) and ρ(r, s) in Section 8.4 are given by

ν′(r, s) = (−1)s−rq(
s−r
2 )

(
s

r

)
q

and

ρ(r, s) = qr(m−s)
(

n− s− r

n−m− r

)
q

(
m− r

s− r

)
q

.

Proof (i) If M is as above, then given V ⊆ W ⊆ Fn
q and setting M(k) =

(−1)kq(
k
2), m = dimW , u = dimV we have,∑
Z∈Pn(q)

M(V, Z)ζ(Z, W ) =
∑

Z∈Pn(q):
V ⊆Z⊆W

M (dimZ − dimW )

(by Corollary 8.5.6) =
m∑

k=u

(−1)k−uq(
k−u

2 )
(

m− u

k − u

)
q

=
m−u∑
r=0

(−1)rq(
r
2)
(

m− u

r

)
q

=

{
1 if m = u

0 if m > u

where the last equality follows from (iv) in Proposition 8.5.2 taking x =
−1 (alternatively, it can be deduced from (vi) in the same proposition).

(ii) The formula for ν(r, s) is just the combinatorial interpretation of
the q-binomial coefficients and the formula for μ is just Corollary 8.5.6.
Now we prove the formula for π(j, r, s). Take j ≤ r ≤ m ≤ n, s ≤
m and two subspaces V, W of Fn

q with dimW = m, dimV = r and
dim(V ∩W ) = j. Then from Corollary 8.5.5 we get that the number of
subspaces Z ⊆ Fn

q with dimZ = s, Z ⊆ W and dim(Z ∩ V ) = i is equal
to (

j

i

)
q

(
m− j

s− i

)
q

q(j−i)(s−i)· (8.31)

If we fix Z as above, from the Grassmann identity we have dim(Z+V ) =
r + s − i and therefore from Corollary 8.5.6 we get that the number of
subspaces U with dimU = m, Z ⊆ U and V ⊆ U is equal to(

n− r − s + i

n−m

)
q

. (8.32)

From (8.31) and (8.32) the formula for π(j, r, s) follows.
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(iii) The formula for ν′(r, s) follows from (i) and (ii) and (8.26). To get
the formula for ρ(r, s), we must apply Lemma 8.4.5. For 0 ≤ r ≤ s ≤ m

we have

ρ(r, s) =
r∑

j=0

ν′(j, r)π(j, r, s)

=
r∑

j=0

(−1)r−jq(
r−j
2 )

(
r

j

)
q

·
j∑

i=max{0,r+s−m}
q(j−i)(s−i)

(
j

i

)
q

(
m− j

s− i

)
q

(
n− r − s + i

n−m

)
q

=∗

r∑
i=max{0,r+s−m}

q(r−i)(s−i)
(

r

i

)
q

(
n− r − s + i

n−m

)
q

·
r∑

j=i

(−1)r−j

(
r − i

r − j

)
q

(
m− j

s− i

)
q

q(r−j)(i−s)+(r−j
2 )

=∗∗

r∑
i=max{0,r+s−m}

(
r

r − i

)
q

(
n− s− (r − i)

n−m

)
q

· q(
r−i
2 )(−1)r−i

(
m− r

s− r

)
q

=∗∗∗q
r(m−s)

(
n− s− r

n−m− r

)
q

(
m− r

s− r

)
q

where *), **) and ***) follow from (ii), (vi) and (vii) of Proposition 8.5.2,
respectively.

Now we can apply Delsarte’s formula (8.24).

Corollary 8.6.10 For the q-Johnson scheme Gm the eigenvalues pk(λr)
are given by

pk(λr) =
min{k,m−r}∑

j=0

(−1)k−jq(
k−j
2 )+rj

·
(

m− j

m− k

)
q

(
m− r

j

)
q

(
n−m + j − r

j

)
q

(8.33)

for k, r = 0, 1, . . . , m.



8.7 A q-analog of the Hamming scheme 251

Proof From (8.24) and Proposition 8.6.9 we immediately get an expres-
sion for pk(λr) which modulo the change of variable j = m− s becomes
(8.33).

8.7 A q-analog of the Hamming scheme

In this section we discuss a q-analog of the Hamming scheme. If q is
a prime power and n, m are positive integers, then Gq

n,m is the set
of all triples (α, β, γ) where α ∈ GL(n, q), β ∈ GL(m, q) and γ ∈
Hom(Fn

q , Fm
q ).

Lemma 8.7.1 Gq
n,m is a group with the compososition law:

(α, β, γ) · (α1, β1, γ1) = (αα1, ββ1, βγ1α
−1 + γ).

Proof (ιn, ιm, 0) where ιn and ιm are the identity operators in Fn
q and

Fm
q respectively, is the identity element. The inverse of (α, β, γ) is

(α, β, γ)−1 = (α−1, β−1,−β−1γα).

The associativity is trivial and it is left as an exercise.

Exercise 8.7.2 Show that Gq
n,m is isomorphic to the group of all ma-

trices of the form
(

A 0
C B

)
where A ∈ GL(n, q), B ∈ GL(m, q) and

C ∈Mm,n(Fq).

Remark 8.7.3 Gq
n,m contains two subgroups, namely

GL(n, q)×GL(m, q) ≡ {(α, β, γ) ∈ Gq
n,m : γ = 0}

and Sq
n,m ≡ {(α, β, γ) ∈ Gq

n,m : α = ιn, β = ιm}. Note that Sq
n,m is

commutative: it coincides with Hom(Fn
q , Fm

q ) with the usual addition.
Moreover Sq

n,m is normal in Gq
n,m:

(α, β, γ) · (ιn, ιm, γ1) · (α, β, γ)−1

= (α, β, βγ1α
−1) · (α−1, β−1,−β−1γα)

= (ιn, ιm, βγ1α
−1 − γ) ∈ Sq

n,m

for any choice of (α, β, γ) ∈ Gq
n,m and (ιn, ιm, γ1) ∈ Sq

n,m. Finally,
Gq

n,m = [GL(n, q)×GL(m, q)] · Sq
n,m (since (α, β, γ) = (α, β, 0) · (ιn, ιm,

β−1γα)) and [GL(n, q) × GL(m, q)] ∩ Sq
n,m = {(ιn, ιm, 0)}. Altogether,

these properties may be expressed by saying that Gq
n,m is the semidirect
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product of GL(n, q) × GL(m, q) with the abelian group Sq
n,m. Groups

with this structure have a representation theory that can be deduced
by that of their constituents; we refer to [196], [198] and [220] for more
details.

We now introduce a poset that generalizes the posets in Example
8.1.10. To avoid the discussion of particular cases, we assume n ≤ m.
We set

Θq
n,m = {(φ, V ) : V is a subspace of Fn

q and

φ : V → Fm
q is a linear map}.

For any pair (φ, V ) as above we set dom(φ) = V and we often identify
the pair (φ, V ) just with φ. We introduce a partial order in Θq

n,m by
setting φ  ψ when dom(φ) ⊆ dom(ψ) and φ(v) = ψ(v) for all v ∈
dom(φ).

The group Gq
n,m acts on Θq

n,m by the rule

(α, β, γ)(φ, V ) = ((βφα−1 + γ)|αV , αV ) (8.34)

for all (α, β, γ) ∈ Gq
n,m and (φ, V ) ∈ Θq

n,m.

Lemma 8.7.4 The rule in (8.34) indeed defines an action.

Proof For (α, β, γ), (α1, β1, γ1) ∈ Gq
n,m and (φ, V ) ∈ Θq

n,m we have

(α, β, γ)[(α1, β1, γ1)(φ, V )] = ([ββ1φα−1
1 α−1 + βγ1α

−1 + γ]|αα1V

≡ [(α, β, γ) · (α1, β1, γ1)](φ, V ).

Moreover, (ιn, ιm, 0) · (φ, V ) = (φ, V ).

Lemma 8.7.5 Θq
n,m is a graded poset with rank function r : Θq

n,m →
{0, 1, . . . , n} given by: r(φ) = dim[dom(φ)], φ ∈ Θq

n,m. Moreover it is a
lower semi-modular meet semi-lattice.

Proof Adapt the arguments in Example 8.1.10.

Let X q
n,m denote the top level of Θq

n,m. Then X q
n,m consists of those

φ’s with dom(φ) ≡ Fn
q and it is isomorphic to Sq

n,m via the map

X q
n,m → Sq

n,m

φ �→ (ιn, ιm, φ).
(8.35)
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Moreover, under the identification (8.35), the action of Gq
n,m on X q

n,m

corresponds to the conjugation on Sq
n,m:

(α, β, γ) · φ = βφα−1 + γ �→ (ιn, ιm, βφα−1 + γ)

= (α, β, γ)(ιn, ιm, φ)(α, β, γ)−1.

In any case, if we take the trivial map 0 ≡ φ0 ∈ Hom(Fn
q , Fm

q ), then
the stabilizer of φ0 in Gq

n,m coincides with the subgroup GL(n, q) ×
GL(m, q) described in Remark 8.7.3.

Proposition 8.7.6 Θq
n,m is a spherical poset.

Proof We have already seen that Θq
n,m is a lower modular meet semi-

lattice. The transitivity of Gq
n,m on the top level X q

n,m is trivial: the
subgroup Sq

n,m is transitive (its action is just the translation on the
vector space X q

n,m). It remains to show that the sets Ωk,j = {φ ∈ Θq
n,m :

dim[dom(φ)] = k and dim[dom(φ ∧ φ0)] = k − j} are the nonempty
orbits of the stabilizer GL(n, q) × GL(m, q) of φ0. But the condition
dim[dom(φ ∧ φ0)] = k − j is equivalent to dim[ker(φ)] = k − j. Clearly
each Ωk,j is nonempty (recall that we assume n ≤ m). Moreover, if
φ1, φ2 ∈ Ωk,j then there exist four subspaces V1, V2, W1 and W2 of Fn

q

such that Fn
q = ker φi ⊕ Vi ⊕Wi, dom(φi) = ker φi ⊕ Vi, dim(ker φi) =

k − j, dimVi = j, dimWi = n − k, for i = 1, 2. Moreover, φi|Vi
: Vi →

Im(φi) = {φi(v) : v ∈ Fn
q } is a linear bijection. Therefore, if we choose

α ∈ GL(n, q) such that α(ker φ1) = ker φ2, α(V1) = V2, α(W1) = W2

and β ∈ GL(m, q) such that βφ1(v) = φ2α(v) for all v ∈ V1, that is
β|Imφ1 = φ2α(φ1|V1)

−1, then we have

(α, β, 0) · (φ1, dom(φ1)) = (φ2, dom(φ2)).

Indeed, if v ∈ dom(φ2) and v = u + w with u ∈ ker φ2, w ∈ V2 then
βφ1α

−1(v) = βφ1α
−1(w) = φ2(w) = φ2(v) where the second equality

follows from the choice of β. The proof is now complete.

Before giving the expression for the spherical functions we need a
couple of lemmas.

Lemma 8.7.7 For the spherical poset Θq
n,m the coefficients ak,j, bk,j

(see Section 8.3) have the expression:

ak,j =
qn−k − 1

q − 1
qj
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and

bk,j =
qn−k − 1

q − 1
(qm − qj).

Proof Fix ψ ∈ Ωk,j . Thus dim(dom(ψ)) = k and dim(kerψ) = k − j.
Note that

ak,j = |{φ ∈ Ωk+1,j : φ & ψ}| (8.36)

and

bk,j = |{φ ∈ Ωk+1,j+1 : φ & ψ}|. (8.37)

In both cases, dom(φ) ⊇ dom(ψ) with dim(dom(φ)) = k +1. Therefore,
by Corollary 8.5.6 (with a = n, b = k and c = k + 1), the number of
possible dom(φ)’s is equal to

(
n−k

1

)
q

= qn−k−1
q−1 .

If we fix w ∈ dom(φ)\dom(ψ), then φ is determined by the value φ(w)
(and different values for φ(w) clearly give different φ’s). In the first case
we want φ ∈ Ωk+1,j and therefore dim(kerφ) = k + 1− j, kerφ � ker ψ

or equivalently Imφ = Imψ. In other words φ(w) must belong to Imψ

and thus we have qj = |Imψ| choices for φ(w) and (8.36) follows.
In the second case we want φ ∈ Ωk+1,j+1 and therefore kerφ = ker ψ or

equivalently Imφ � Imψ. In other words φ(w) must belong to Fm
q \ Imψ

and thus we have qm − qj choices for φ(w) and (8.37) follows as well.

Lemma 8.7.8 For the spherical poset Θq
n,m the coefficients Ck

i,j in (8.13)
have the expression:

Ck
i,j =

(
n− j

k − i

)
q

(
j

i

)
q

q(n−j−k+i)i. (8.38)

Proof Fix ψ ∈ Ωn,j , that is ψ ∈ Hom(Fn
q , Fm

q ) and dim(kerψ) = n− j.
Then

Ck
i,j = |{φ ∈ Ωk,i : φ  ψ}|.

In particular, φ is determined by its domain. This subspace must sat-
isfy the condition dim(dom(φ) ∩ ker ψ) = k − i (which is equivalent
to dim(ker φ) = k − i). Then, applying Corollary 8.5.5 with m = n,
u = n− j and v = k − i, (8.38) follows.

As usual, we introduce the differential operators d and d∗ and the
subspaces V0, V1, . . . , Vn (see Section 8.3). Moreover, we continue to
denote by φ0 the trivial linear map φ0 : Fn

q → Fn
q , that is φ0 ≡ 0.
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Theorem 8.7.9

(i) (Gq
n,m, GL(n, q)×GL(m, q)) is a Gelfand pair;

(ii) L(X q
n,m) =

⊕n
k=0 Vk is the decomposition of L(X q

n,m) into spher-
ical representations;

(iii) for 0 ≤ k ≤ n, the spherical function Φk ∈ Vk has the following
expression: Φk(φ0) = 1 and, if φ ∈ Ωn,h, h = 1, 2, . . . , n

Φk(φ) =
1(

n
k

)
q

min{h,k}∑
i=max{0,k−n+h}

(−1)i

(
n − h

k − i

)
q

(
h

i

)
q

(
i−1∏
j=0

1
qm−j − 1

)
q(n−k−h+i)i·

Proof This is just an application of Theorem 8.3.4.

Exercise 8.7.10 Prove that X q
n,m is a distance-transitive graph.

Let Δ be the Laplace operator on X q
n,m (see Section 5.1). Then

from Theorem 8.7.9 and Theorem 5.1.6 we get immediately the spectral
analysis of Δ.

Corollary 8.7.11 Vk is an eigenspace of Δ and the corresponding eigen-
value is

(qm − 1)(qn−k − 1)− qn−k(qk − 1)
q − 1

.

Proof We just note that, for φ ∈ X q
n,m, |{ψ ∈ X q

n,m : δ(φ, ψ) = 1}| =
(qn−1)(qm−1)

q−1 (see exercise below).

Exercise 8.7.12 Prove that

|{ψ ∈ X q
n,m : δ(φ, φ0) = k}| =

(
n

k

)
q

k−1∏
j=0

(qm − qj)

≡
(

m

k

)
q

k−1∏
j=0

(qn − qj)

≡ q−k
k−1∏
j=0

(qm−j − 1)(qn−j − 1)
1− q−j−1 .

In the following series of exercises, we present an alternative approach
to the q-Hamming scheme. It is sketched in [74] and mentioned in [206,
207]. An earlier reference is [41]. The method that we use is also an
application of ideas in [44]. In what follows, we drop the assumption
n ≤ m (i.e. n > m is allowed). We will use the fact that the dual
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of a finite abelian group A is isomorphic to A (this will be proved in
Section 9.2). First of all, for an operator φ ∈ Hom(Fn

q , Fn
q ) we can

define the trace Tr(φ) as follows: choose a basis v1, v2, . . . , vn for Fn
q and

if φ(vi) =
∑n

j=1 aijvj then Tr(φ) =
∑n

i=1 aii.

Exercise 8.7.13 Show that Tr(φ) does not depend on the chosen basis,
that Tr : Hom(Fn

q , Fn
q ) → Fq is a linear operator and that Tr(φψ) =

Tr(ψφ) for all φ, ψ ∈ Hom(Fn
q , Fn

q ).

Here, X q
n,m

∼= Hom(Fn
q , Fn

q ) is an abelian group under addition and

therefore is isomorphic to its dual, that is X̂ q
n,m

∼= X q
n,m. We now give

an explicit parameterization.
Fix a nontrivial character χ of the additive group of Fq. For ψ ∈ X q

m,n

we define χψ : X q
n,m → T by setting

χψ(φ) = χ[Tr(ψφ)]

for any φ ∈ X q
n,m.

Exercise 8.7.14 Show that the map ψ �→ χψ is an explicit isomorphism

between X q
m,n and X̂ q

n,m.

We know that (Gq
n,m, GL(n, q) × GL(m, q)) is a symmetric Gelfand

pair and that GL(n, q) × GL(m, q) has min{n, m} + 1 orbits on X q
n,m

(compare with the proof of Proposition 8.7.6). Now we give an alterna-
tive description of the spherical representations. For ψ ∈ X q

n,m, the rank
of ψ is defined by

rk(ψ) := dim[Imψ].

Clearly 0 ≤ rk(ψ) ≤ min{n, m}. Set

Vk = 〈χψ : rk(ψ) = k〉,

for k = 0, 1, . . . ,min{n, m}.

Exercise 8.7.15 Show that L(X q
n,m) =

⊕min{n,m}
k=0 Vk is the decompo-

sition of L(X q
n,m) into irreducible representations.

Exercise 8.7.16 Show that Vk is an eigenspace of Δ and that the
corresponding eigenvalue is

(qm − 1)(qn−k − 1)− qn−k(qk − 1)
q − 1

.
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Exercise 8.7.17 From the preceding exercise and from Corollary 8.7.11
deduce that Vk ≡ Vk for k = 0, 1, . . . ,min{n, m}. From Exercise 8.7.12
deduce that

dimVk =
(

n

k

)
q

k−1∏
j=0

(qn − qj).

8.8 The nonbinary Johnson scheme

This section is devoted to a Gelfand pair arising from posets (it cor-
responds to a single level of the poset Θn,m+1 in Example 8.1.10) but
not covered by the theory of spherical posets developed in Section 8.2.
Many details will be left as exercises.

We first need some notation. Fix two integers n > 0 and m ≥ 0
and, for k = 0, 1, . . . , n, denote by Ωk the family of all k-subsets of
{1, 2, . . . , n} (see Section 6.1) and by Ωk,m+1 the set of all functions
whose domain is an element A ∈ Ωk and whose range is {0, 1, . . . , m}.
In symbols

Ωk,m+1 = {θ : A → {0, 1, . . . , m}; A ∈ Ωk}.

It is then clear that

Θn,m+1 =
n∐

k=0

Ωk,m+1.

Moreover Ωn,m+1 corresponds to the Hamming scheme Xn,m+1 (see
Section 5.3). It has been shown (see Example 8.2.8) that the group
Sm+1 � Sn acts on Ωk,m+1. It is also easy to see that this action is
transitive.

Fix k ∈ {0, 1, . . . , n} and a function θ ∈ Ωk,m+1: for instance, fix
A ∈ Ωk and then set θ(j) = 0 for all j ∈ A.

Exercise 8.8.1 Show that the stabilizer of θ is isomorphic to (Sm �Sk)×
(Sm+1 �Sn−k), where Sm is the stabilizer of 0 in Sm+1 and Sk ×Sn−k is
the stabilizer of A in Sn.

For h ≤ k define a function

δ : Ωk,m+1 × Ωh,m+1 → {0, 1, . . . , k} × {0, 1, . . . , k}

by setting, for θ ∈ Ωk,m+1 and ψ ∈ Ωh,m+1,

δ(θ, ψ) = (|dom(θ) ∩ dom(ψ)|, |{j ∈ dom(θ) ∩ dom(ψ) : θ(j) = ψ(j)}|).
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Exercise 8.8.2 (1) Show that the orbits of the diagonal action of Sn+1 �
Sn on Ωk,m+1 × Ωk,m+1 are precisely the sets

{(θ, ψ) : δ(θ, ψ) = (t, l)} max{0, 2k − n} ≤ t ≤ k, 0 ≤ l ≤ t.

(2) Deduce from (1) that (Sm+1 � Sn, (Sm � Sk) × (Sm+1 � Sn−k)) is a
symmetric Gelfand pair (use the orbit criterion (Exercise 4.3.5)).

We know that Θn,m+1 is a spherical poset so that the theory in
Section 8.3 can be used to recover the Hamming scheme (see also Sec-
tion 8.3). But, for k < n,

∐k
h=0 Ωh,m+1 is not a spherical poset as the

following exercise shows.

Exercise 8.8.3 Deduce from the previous exercise and Corollary 3.13.2
that the orbits of (Sm � Sk)× (Sm+1 � Sn−k) on Ωh,m+1, with 0 ≤ h ≤ k,
are precisely the sets

{θ ∈ Ωh,m+1 : δ(θ, θ) = (t, l)} max{0, k +h−n} ≤ t ≤ h, 0 ≤ l ≤ t.

From this fact deduce that
∐k

h=0 Ωh,m+1 is not a spherical poset.

Indeed, the decomposition into irreducibles in Theorem 8.3.4 is not
valid for L(Ωk,m+1) (see also Exercise 8.3.7). Nevertheless, a refinement
of this decomposition holds for L(Ωk,m+1): it was found by Dunkl [73].
We describe a slightly different approach inspired by a generalization
contained in [44]. Another different approach, based on the theory of
association schemes and orthogonal polynomials, is in [219].

Remark 8.8.4 The term “nonbinary Johnson scheme” was introduced
in [219]. If we consider the Hamming scheme Ωn,m+1(≡ Xn,m+1 in the
notation of Section 5.3) with the Hamming distance d(θ, ψ) = |{j ∈
{1, 2, . . . , n} : θ(j) �= ψ(j)}| and θ is the function defined by θ(j) = 0
for all j = 1, 2, . . . , n, then the sphere Ω̃k,m = {θ ∈ Ωn,m+1 : d(θ, θ) =
k} coincides with Ωk,m: with each θ ∈ Ωn,m+1, such that A := {j ∈
{1, 2, . . . , n} : θ(j) �= 0} has cardinality k, one associates θ1 : A →
{1, 2, . . . , m}. In other words, we regard Ωk,m as the set of all functions
θ : A → {1, 2, . . . , m}, with A ∈ Ωk.

In particular, for m = 1 (the binary case: Ωn,2 is the hypercube
Qn) Ω̃k,1 is just the usual Johnson scheme of Chapter 6. For m = 1
one recovers the binary case: Ωn,2 is the hypercube Qn. Finally, for
m ≥ 2 (the nonbinary case: Ωn,m+1 is the Hamming scheme over the
nonbinary alphabet {0, 1, . . . , m}), Ω̃k,m is what may be properly called
the “nonbinary Johnson scheme”.
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We still need further notation. Consider the operator D : L(Θn,m+1)
→ L(Θn,m+1) defined by

(DF )(θ) =
∑

ψ∈Θn,m+1
θ�ψ

F (ψ)

for all F ∈ L(Θn,m+1) and θ ∈ Θn,m+1, and let D∗ be its adjoint. The
symbols d and d∗ will be limited to denote the operators introduced in
Section 6.1. Clearly d, d∗ and D, D∗ are particular cases of the operators
d, d∗ introduced in Section 8.3, but we need to keep them distinct.

If A \ {1, 2, . . . , n} we denote by [m + 1]A (in order to simplify the
standard notation {0, 1, . . . , m}A) the set of all functions θ : A →
{0, 1, . . . , m}. Then we have the decomposition

Ωk,m+1 =
∐

A∈Ωk

[m + 1]A

and

L(Ωk,m+1) =
⊕

A∈Ωk

L([m + 1]A). (8.39)

Clearly, [m + 1]A is isomorphic to the Hamming scheme X|A|,m+1.
We now introduce two kinds of products that generalize the coordi-

natewise product used in Section 5.3. If A ⊆ {1, 2, . . . , n} and fi ∈
L({0, 1, . . . , m}), i ∈ A, we define the product ⊗i∈Afi ∈ L([m + 1]A) by
setting

[⊗i∈Afi](θ) =
∏
i∈A

fi[θ(i)] (8.40)

for all θ ∈ [m + 1]A. This is the first kind of product.
Now recall that L({0, 1, . . . , m}) = V0 ⊕ V1 with V0 the space of

constant functions, V1 the space of functions with zero mean (cf. Ex-
ample 1.8.1 and Section 5.3). If A ⊆ {1, 2, . . . , n}, |A| = h and 0 ≤
t ≤ h, then we denote by Ωt(A) the family of all t-subsets of A and
set Mh−t,t(A) = L(Ωt(A)) (this corresponds to the space Mh−t,t of
Section 6.1 associated with the t-subsets of the H-set A).

For 0 ≤ � ≤ k ≤ n and B ∈ Ω�, fi ∈ V1 for all i ∈ B and γ ∈
Mn−k,k−�(�B) (�B = {1, 2, . . . , n} \ B denotes the complement of B),
we define γ ⊗ (⊗i∈Bfi) ∈ L(Ωk,m+1) by setting

[γ ⊗ (⊗i∈Bfi)](θ) = γ(dom(θ) \B) ·
∏
i∈B

fi[θ(i)] (8.41)
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for all θ ∈ Ωk,m+1 such that dom(θ) ⊇ B, and

[γ ⊗ (⊗i∈Bfi)](θ) = 0

if θ ∈ Ωk,m+1 but dom(θ) �⊇ B. This is the second kind of product.
Clearly, (8.41) may be expressed in terms of (8.40): if φ0 ∈ V0 is the

constant function ≡ 1 on {0, 1, . . . , m}, then

γ ⊗ (⊗i∈Bfi) =
∑

C∈Ωk−�(�B)

γ(C)[(⊗i∈Cφ0)⊗ (⊗i∈Bfi)] (8.42)

where ⊗i∈Cφ0 ∈ L([m + 1]C) is nothing but the constant function ≡ 1.
Moreover (⊗i∈Cφ0)⊗ (⊗i∈Bfi) is a product of the first kind and

[(⊗i∈Cφ0)⊗ (⊗i∈Bfi)](θ) =
∏
i∈B

fi[(θ(i)]

for all θ ∈ [m + 1]C
∐

B .
In what follows, if G is a group acting on X, f ∈ L(X) and g ∈

G, then the G-image of f will be simply denoted by gf , in symbols:
(gf)(x) = f(g−1x) for all x ∈ X.

For γ ∈ Mn−k,k−�(�B) and π ∈ Sn, accordingly with the notation
above, we denote by πγ ∈ Mn−k,k−�(�πB) the function defined by
(πγ)(C) = γ(π−1C) for all C ∈ Ωk−�(�πB).

In the following lemma, we study the action of Sm+1 � Sn on the
products (8.40) and (8.41).

Lemma 8.8.5 Let (σ1, σ2, . . . , σn; π) ∈ Sm+1 � Sn. Then

(σ1, σ2, . . . , σn; π)(⊗i∈Bfi) = ⊗t∈πBσtfπ−1(t) (8.43)

(here σt ∈ Sm+1 acts on fπ−1(t) ∈ L({0, 1, . . . , m})) and

(σ1, σ2, . . . , σn; π)[γ ⊗ (⊗i∈Bfi)] = (πγ)⊗ [⊗t∈πBσtfπ−1(t)] (8.44)

(here π ∈ Sn acts on γ as above).
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Proof Using the formula (σ1, σ2, . . . , σn; π)−1 = (σ−1
π(1), σ

−1
π(2), . . . , σ

−1
π(n);

π−1) (see Lemma 5.4.1), for θ ∈ [m + 1]πB we have

[(σ1, σ2, . . . , σn; π)(⊗i∈Bfi)](θ)=(⊗i∈Bfi)[(σ−1
π(1), σ

−1
π(2), . . . , σ

−1
π(n); π

−1)θ]

=
∏
i∈B

fi{σ−1
π(i)[θ(π(i))]}

(t = π(i)) =
∏

t∈πB

[σtfπ−1(t)](θ(t))

=[⊗t∈πBσtfπ−1(t)](θ).

This proves (8.43). Then (8.44) follows from (8.43) and (8.42).

In the following lemma we investigate the action of D and D∗ on the
product of type (8.41).

Lemma 8.8.6 We have

D[γ ⊗ (⊗i∈Bfi)] = (m + 1)[(dγ)⊗ (⊗i∈Bfi)] (8.45)

and

D∗[γ ⊗ (⊗i∈Bfi)] = (d∗γ)⊗ (⊗i∈Bfi) (8.46)

where d and d∗ act on Mn−k,k−�(�B).

Proof The product [γ ⊗ (⊗i∈Bfi)](θ) is defined for those θ such that
dom(θ) ⊇ B. Therefore, {D[γ ⊗ (⊗i∈Bfi)]}(ξ) is defined for those ξ ∈
Ωk−1,m+1 satisfying the condition |B \ dom(ξ)| ≤ 1, that is, for the ξ’s
for which there exists θ ∈ Ωk,m+1 such that dom(θ) ⊇ B and ξ  θ.

We first consider the case |B \ dom(ξ)| = 0, that is dom(ξ) ⊇ B. If
this is the case, then

{D[γ ⊗ (⊗i∈Bfi)]}(ξ) =
∑

θ∈Ωk,m+1:
θ�ξ, dom(θ)⊇B

[γ ⊗ (⊗i∈Bfi)](θ)

=
∑

θ∈Ωk,m+1:
θ�ξ

γ(dom(θ \B)) ·
∏
i∈B

fi(θ(i))

(θ(u) = v) =
∑

u∈�dom(ξ)

m∑
v=0

γ[(dom(ξ)
∐
{u}) \B] ·

∏
i∈B

fi(ξ(i))

= (m + 1)(dγ)(dom(ξ) \B) ·
∏
i∈B

fi(ξ(i))

= (m + 1)[(dγ)⊗ (⊗i∈Bfi)](ξ).
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If |B \ dom(ξ)| = 1 and u is the unique element in B\ dom(ξ), then

{D[γ ⊗ (⊗i∈Bfi)]}(ξ) =γ[(dom(ξ)
∐
{u}) \B] · (

m∑
v=0

fu(v))

·
∏

i∈B\{u}
fi(ξ(i)) = 0

because fu ∈ V1. In particular, if � = k, then D[γ ⊗ (⊗i∈Bfi)] = 0.
The proof of (8.46) is similar and it is left as an exercise.

Exercise 8.8.7 Show that for 0 ≤ � ≤ k ≤ n, B,B′ ∈ Ω�, fi ∈ V1

for all i ∈ B, f ′
j ∈ V1 for all j ∈ B′, γ ∈ Mn−k,k−�(�B) and γ′ ∈

Mn−k,k−�(�B′) one has

〈γ ⊗ (⊗i∈Bfi), γ′ ⊗ (⊗j∈B′f ′
j)〉L(Ωk,m+1) =

= δB,B′ · 〈γ, γ′〉Mn−k,k−�(�B) · (m + 1)k−� · 〈⊗i∈Bfi,⊗j∈Bf ′
j〉L([m+1]B).

(8.47)

We recall that Mn−h,h−�(�B) = ⊕min{n−h,h−�}
k=0 Sn−�−k,k (see Chapter

6) as Sn−�-representation (think of Sn−� as the group of all permutations
of �B).

Definition 8.8.8 Let 0 ≤ � ≤ h ≤ n and A ∈ Ωh.

(i) We denote by W�(A) the subspace of L([m + 1]A) spanned by all
products ⊗i∈Afi with fi either in V0 or V1 and |{i ∈ A : fi ∈
V1}| = �.

(ii) We define Wh,� as the subspace of L(Ωh,m+1) given by (see (8.39))

Wh,� =
⊕

A∈Ωh

W�(A).

In other words, Wh,� is the subspace of L(Ωh,m+1) spanned by
all products of the form γ ⊗ (⊗i∈Bfi) where
B ∈ Ω�, γ ∈ Mn−h,h−� (�B) (and, clearly, fi ∈ V1 for all
i ∈ B).

(iii) For 0 ≤ k ≤ (n− �)/2 we denote by Wh,�,k the subspace of Wh,�

spanned by the products γ ⊗ (⊗i∈Bfi) with γ belonging to the
subspace of Mn−h,h−� isomorphic to Sn−�−k,k.

From Lemmas 8.8.5 and 8.8.6, Exercise 8.8.7, and the results in Sec-
tions 6.1 and 6.2, we immediately get some properties of the subspaces
introduced above.



8.8 The nonbinary Johnson scheme 263

Corollary 8.8.9

(i) The subspaces Wh,� and Wh,�,k are Sm+1 � Sn-invariant.
(ii) dimWh,� =

(
n
�

)(
n−�
h−�

)
m� and

dimWh,�,k =
(

n

�

)[(
n− �− k

k

)
−

(
n− �− k

k − 1

)]
m�.

(iii) dimWh,� =
⊕min{n−h,h−�}

k=0 Wh,�,k (orthogonal direct sum).
(iv) Wk+�,�,k = Wk+�,� ∩ ker D.
(v) For 0 ≤ k ≤ min{n− h, h− �} and f ∈Wk+�,�,k one has

‖(D∗)h−k−�f‖2L(Ωh,m+1) =(m + 1)h−k−�(h− k − �)!·
· (n− k − � + 1)h−k−�‖f‖2L(Ωk+�,m+1).

In particular, (D∗)h−k−� is an isomorphism of Wk+�,�,k onto
Wh,�,k.

Exercise 8.8.10 Prove the statements in the previous corollary.

We can now state and prove the main result of this section.

Theorem 8.8.11 For 0 ≤ h ≤ n,

L(Ωh,m+1) =
h⊕

�=0

min{n−h,h−�}⊕
k=0

Wh,�,k (8.48)

is the decomposition of L(Ωh,m+1) into spherical representations. In
particular, the subspaces in the right hand side are irreducible pairwise
inequivalent representation of Sm+1 � Sn.

Proof First of all, note that from the results in Section 5.3 it follows
that, for A ∈ Ωh, one has

L([m + 1]A) =
h⊕

�=0

W�(A). (8.49)

From (8.39), (8.49) and the definition of Wh,� it follows that L(Ωh,m+1)
= ⊕h

�=0Wh,� with orthogonal direct sum. Therefore, from (i) and (iii) in
Corollary 8.8.9 it follows that (8.48) is an orthogonal decomposition into
(Sm+1 � Sn)-invariant subspaces. It remains to prove that the Wh,�,k’s
are irreducible.

Set

A = {(t, �) : max{0, 2h− n} ≤ t ≤ h, 0 ≤ � ≤ t}
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and

B = {(k, �) : 0 ≤ � ≤ h, 0 ≤ k ≤ min{n− h, h− �}}.

The set A parameterizes the (Sm+1 � Sn)-orbits on Ωh,m+1 × Ωh,m+1

and B parameterizes the representations in (8.48). In virtue of Propo-
sition 4.4.4 it suffices to show that |A| = |B|. But the map T : A → B
defined by

T (t, �) =

{
(t + n− 2h, �) if n− h < h− �

(t− �, �) if n− h ≥ h− �

is a bijection (see exercise below).

Exercise 8.8.12 Show that the map T defined above is a bijection.

Exercise 8.8.13 Show that for h = n the decomposition (8.48) coincides
with the decomposition in Theorem 5.3.2. When does it coincides with
the decomposition in Theorem 6.1.6?

Exercise 8.8.14 Use (8.48) to show that, in general, L(Ωk,m+1)∩ker D

is not irreducible; see also Exercise 8.3.7.

We end this section with a description of the spherical functions of
the nonbinary Johnson scheme.

Let φ0 and φ1 be the spherical functions of the Gelfand pair (Sm+1, Sm)
as in Exercise 5.1.15. Suppose that 0 ≤ � ≤ h ≤ n. Fix A ∈ Ωh and
define θ ∈ [m + 1]A by θ(j) = 0 for all j ∈ A, as in Exercise 8.8.1. For
0 ≤ u ≤ min{n − h, h − �} we define the function Ψ(h, �, u) ∈ Wh,� by
setting

Ψ(h, �, u) =
∑

A1∈Ω�(A)

∑
A0∈Ωh−�(�A1):

|A0\A|=u

[(⊗i∈A0φ0)⊗ (⊗i∈A1φ1)] (8.50)

where ⊗i∈Aj φj indicates the product of |Aj | many φj ’s over Aj , in
symbols (⊗i∈Aj

φj)(θ) =
∏

i∈Aj
φj [(θ(i)] for all θ ∈ [m + 1]Aj , j = 0, 1.

Let (Sm �Sh)×(Sm+1 �Sn−h) be the stabilizer of θ (see Exercise 8.8.1).
From Lemma 8.8.5 it follows that each function Ψ(h, �, u) is [(Sm �Sh)×
(Sm+1 � Sn−h)]-invariant. Moreover, the functions

{Ψ(h, �, u) : 0 ≤ u ≤ min{n− h, h− �}}
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constitute an orthogonal basis for the subspace of [(Sm � Sh) × (Sm+1 �
Sn−h)]-invariant functions in Wh,�. Indeed,

Ψ(h, �, u) ∈
⊕

B∈Ωh:
|B\A|=u

L([m + 1]B)

and, for different values of u, the corresponding subspaces are orthogo-
nal. Moreover, from (iii) in Corollary 8.8.9, Theorem 8.8.11 and Theo-
rem 4.6.2, it follows that the dimension of the space of (Sm �Sh)×(Sm+1 �
Sn−h)-invariant vectors in Wh,� is precisely min{n− h, h− �}+ 1.

In the following theorem, φ(n, m, k; �) denote the coefficients of the
spherical functions of the Johnson scheme, as in Theorem 6.1.10. More-
over, if B ⊆ {1, 2, . . . , n}, |B| = t, then the symbol ΦB(t, m, k) denotes
the spherical function of the Gelfand pair (St, St−m,m × Sm) which
belongs to (d∗)m−kSt−k,k, where St is the group of all permutations of B.

Theorem 8.8.15 The spherical function Ψ(n, h, �, k) in Wh,�,k is given by

Ψ(n, h, �, k) =
1(
h
�

) min{n−h,h−�}∑
u=0

φ(n− �, h− �, k; u) ·Ψ(h, �, u).

Proof The function Ψ(n, h, �, k) is a linear combination of [(Sm � Sh)×
(Sm+1 � Sn−h)]-invariant functions and therefore it is invariant as well.

Moreover, its value on θ equals the value of
1(
h
�

)Ψ(h, �, 0) on θ, namely

1(
h
�

) ∑
A1∈Ω�(A)

[
(⊗i∈A\A1

φ0)⊗ (⊗i∈A1φ1)
]
(θ) = 1.

From (8.50) and (8.42) we get

Ψ(n, h, �, k) =
1(
h
�

) min{n−h,h−�}∑
u=0

φ(n− �, h− �, k; u)Ψ(h, �, u)

=
∑

A1∈Ω�(A)

min{n−h,h−�}∑
u=0

φ(n− �, h− �, k; u)·

·
∑

A0∈Ωh−�(�A1):
|A0\A|=u

[(⊗i∈A0φ0)⊗ (⊗i∈A1φ1)]

=
∑

A1∈Ω�(A)

Φ�A1
(n− �, h− �, k)⊗ (⊗i∈A1φ1)
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as

Φ�A1
(n− �, h− �, k) =

min{n−h,h−�}∑
u=0

φ(n− �, h− �, k; u)·∑
A0∈Ωh−�(�A1):

|A0\A|=u

(⊗i∈A0φ0)

is the spherical function of the Gelfand pair (Sn−�, Sn−h × Sh−�) be-
longing to the irreducible representation Sn−�−k,k (here Sn−� is the
symmetric group on �A1 and Sn−h × Sh−� is the stabilizer of A \ A1).
Therefore, Ψ(n, h, �, k) belongs to Wh,�,k and this ends the proof.

Exercise 8.8.16 Define the coefficients

ψ(h, �, u; s) =
min{s,�}∑

j=max{0,�+s+u−h}

(
s

j

)(
h− u− s

�− j

)(
− 1

m

)j

.

(1) Show that ψ(h, �, u; s) is precisely the value of Φ(h, �, u) on those
θ ∈ Ωh,m+1 that satisfy | dom(θ)\A| = u and |{j ∈ dom(θ)∩A : θ(j) =
0}| = u− s.

(2) Show that the value of ψ(n, h, �, k) on a θ ∈ Ωh,m+1 as above is
equal to

1(
h
�

)φ(n− �, h− �, k; u)ψ(h, �, u; s).
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Complements of representation theory

In this chapter we collect several complements of representation theory.
The references are the same as those for Chapter 3. Sections 9.1, 9.7 (and
part of Section 9.5) are inspired by Simon’s book [198]. Section 9.3 is
(partially) based on the books of Sternberg [212] and Naimark and Stern
[168]. Section 9.8 is inspired by A. Greenhalgh’s thesis [106]. Finally,
Section 9.9 is based on Behrends’ monograph [18] on Markov chains.

9.1 Tensor products

In this section we intoduce the notion of tensor product of vector spaces
and of representations. In several textbooks the tensor product of two
spaces is defined in terms of dual spaces. Here, following Simon [198],
we treat the (finite dimensional) spaces as Hilbert spaces and we make
use of the scalar product.

Let V and W be two finite dimensional complex vector spaces endowed
with scalar products 〈·, ·〉V and 〈·, ·〉W , respectively. A map B : V ×W →
C is bi-antilinear (on V ×W ) if

B(α1v1 + α2v2, w) = α1B(v1, w) + α2B(v2, w)

B(v, α1w1 + α2w2) = α1B(v, w1) + α2B(v, w2)
(9.1)

for all v, v1, v2 ∈ V, w, w1, w2 ∈W and α1, α2 ∈ C.
The prefix “anti-” comes from the fact that in (9.1) on the right hand

side the conjugates α1 and α2 of α1 and α2, respectively appear. Clearly,
the definition of a bilinear map is the same as in (9.1) but with α1 and
α2 replaced by α1 and α2, respectively.

The set of all bi-antilinear maps on V ×W is a complex vector space in
a natural way: if B1 and B2 are two anti-bilinear maps and α1, α2 ∈ C,
then their linear combination defined by setting (α1B1 + α2B2)(v, w) =
α1B1(v, w)+α2B2(v, w) for all v ∈ V and w ∈W , is again bi-antilinear.

267
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We denote by V
⊗

W the space of all bi-antilinear maps on V ×W and
call it the tensor product of V and W .

For v ∈ V and w ∈ W we denote by v ⊗ w the element in V
⊗

W

defined by

[v ⊗ w](v′, w′) = 〈v, v′〉V 〈w, w′〉W

for all v′ ∈ V and w′ ∈ W . Note that the map V × W � (v, w) �→
v ⊗ w ∈ V

⊗
W is bilinear, that is

(α1v1 + α2v2)⊗ (β1w1 + β2w2) =
2∑

i,j=1

αiβjvi ⊗ wj

for all α1, α2, β1, β2 ∈ C, v1, v2 ∈ V and w1, w2 ∈ W (in particular,
(αv)⊗w = α(v ⊗w) = v ⊗ (αw)). The elements in V

⊗
W of the form

v ⊗ w are called simple tensors.
We claim that the simple tensors span the whole V

⊗
W . Indeed, if

{ei}dV
i=1 and {fj}dW

j=1 denote two orthonormal bases for V and W , respec-
tively, for B ∈ V

⊗
V we clearly have B =

∑dV

i=1
∑dw

j=1 B(ei, fj)ei ⊗ fj .

For, if V � v =
∑dV

i=1 αiei and W � w =
∑dW

j=1 βjfj , then (ei ⊗
fj)(v, w) = αiβj and⎡⎣ dV∑

i=1

dw∑
j=1

B(ei, fj)ei ⊗ fj

⎤⎦ (v, w) =
dV∑
i=1

dw∑
j=1

αiβjB(ei, fj) = B(v, w).

This, incidentally shows that {ei ⊗ fj} i=1,...,dV
j=1,...,dW

is a basis for V
⊗

W so

that, in particular, dim(V
⊗

W ) = dim(V ) · dim(W ).
We now endow V

⊗
W with a scalar product 〈·, ·〉V ⊗

W by setting

〈v ⊗ w, v′ ⊗ w′〉V ⊗
W = 〈v, v′〉V 〈w, w′〉W

and then extending by linearity. This way, if the bases {ei}dV
i=1 and

{fj}dW
j=1 are orthonormal in V and W , respectively, then so is {ei ⊗

fj} i=1,...,dV
j=1,...,dW

in V
⊗

W .

Exercise 9.1.1 (1) Show that the bilinear map

φ : V ×W → V
⊗

W

(v, w) �→ v ⊗ w

is universal in the sense that if Z is another complex vector space and
ψ : V × W → Z is bilinear, then there exists a unique linear map
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θ : V
⊗

W → Z such that θ(v ⊗ w) = φ(v, w), that is such that the
diagram

V ×W
φ−→ V

⊗
W

↘ ψ ↙ θ

Z

is commutative (i.e. ψ = θ ◦ φ).
(2) Show that the above universal property characterizes the tensor

product: if U is a complex vector space and ψ : V ×W → U is a bilinear
map such that

(a) ψ(V ×W ) = {ψ(v, w) : v ∈ V, w ∈W} generates U ;

(b) for any complex vector space Z with a bilinear map τ : V ×W →
Z there exists a unique linear map θ : U → Z such that τ = θ◦ψ,

then there exists a linear isomorphism ε : V
⊗

W → U such that ψ =
ε ◦ φ.

Lemma 9.1.2 We have the following natural isomorphisms:

(i)
V

⊗
W → W

⊗
V

v ⊗ w �→ w ⊗ v

(ii)
C
⊗

V → V

λ⊗ v �→ λv

(iii)
(V

⊗
W )

⊗
Z → V

⊗
(W

⊗
Z)

(v ⊗ w)⊗ z �→ v ⊗ (w ⊗ z)

(iv)
(V

⊕
W )

⊗
Z → (V

⊗
Z)

⊕
(W

⊗
Z)

(v + w)⊗ z �→ (v ⊗ z) + (w ⊗ z).

Proof The proof is elementary and the details are left to the reader.

Note that (iii), namely the associativity of the tensor product, may
be recursively extended to the tensor product of k vector spaces: we
then denote by V1

⊗
V2

⊗
· · ·

⊗
Vk the set of all k-antilinear maps B :

V1 × V2 × · · · × Vk → C.
Let now A ∈ Hom(V ) and B ∈ Hom(W ). Define A ⊗ B ∈

Hom(V
⊗

W ) by setting, for C ∈ V
⊗

W ,

{[A⊗B](C)} (v′, w′) = C(A∗v′, B∗w′)
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where v′ ∈ V and w′ ∈ W and A∗ and B∗ are the adjoints of A and B,
respectively. For v, v′ ∈ V and w, w′ ∈W we then have

{[A⊗B](v ⊗ w)} (v′, w′) = [v ⊗ w](A∗v′, B∗w′)

= 〈v, A∗v′〉V 〈w, B∗w′〉W
= 〈Av, v′〉V 〈Bw, w′〉W
= [(Av)⊗ (Bw)](v′ ⊗ w′).

This shows that [A⊗B](v ⊗ w) = (Av)⊗ (Bw).

Lemma 9.1.3 Let A ∈ Hom(V ) and B ∈ Hom(W ). Then Tr(A⊗B) =
Tr(A)Tr(B).

Proof Let {ei}dV
i=1 and {fj}dW

j=1 be two orthonormal bases in V and W ,
respectively. Then

Tr(A⊗B) =
∑

i=1,...,dV
j=1,...,dW

〈[A⊗B](ei ⊗ fj), ei ⊗ fj〉V ⊗
W

=
∑

i=1,...,dV
j=1,...,dW

〈(Aei)⊗ (Bfj), ei ⊗ fj〉V ⊗
W

=
∑

i=1,...,dV
j=1,...,dW

〈Aei, ei〉V 〈Bfj , fj〉W

= Tr(A)Tr(B).

Exercise 9.1.4 (Kronecker product) Given two matrices A =
(ai,k)n

i,k=1 ∈ Mn,n(C) and B = (bj,h)m
j,h=1 ∈ Mm,m(C) we define their

Kronecker product A ⊗ B ∈ Mnm,nm(C) as the matrix which has the
following block form⎛⎜⎜⎜⎝

a1,1B a1,2B · · · a1,nB

a2,1B a2,2B · · · a2,nB
...

...
...

an,1B an,2B · · · an,nB

⎞⎟⎟⎟⎠ .

(1) Let V and W be two complex vector spaces of dimension dim(V ) =
n and dim(W ) = m. Fix two bases {ei}n

i=1 ⊆ V and {fj}m
j=1 ⊆ W . Let

LA : V → V and LB : W → W be the linear maps induced by the
matrices A and B with respect to the chosen bases. Show that the
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matrix representing the operator LA ⊗ LB : V
⊗

W → V
⊗

W with
respect to the basis {ei ⊗ fj} i=1,...,n

j=1,...,m
is the Kronecker product of A

and B, in formulæ, LA ⊗ LB = LA⊗B .
(2) Show that the Kronoecker product satisfies the following algebraic

properties:

(A⊗B)⊗ C = A⊗ (B ⊗ C) ≡ A⊗B ⊗ C

(A + B)⊗ C = A⊗ C + B ⊗ C

(A⊗B)(C ⊗D) = (AC)⊗ (BD).

Let now G1 and G2 be two groups and (ρ1, V1) and (ρ2, V2) be two
representations of G1 and G2, respectively. We define the outer tensor
product of ρ1 and ρ2 as the representation (ρ1 � ρ2, V1 ⊗ V2) of G1 ×G2

defined by setting

[ρ1 � ρ2](g1, g2) = ρ1(g1)⊗ ρ2(g2) ∈ Hom(V1

⊗
V2)

for all gi ∈ Gi, i = 1, 2.
If G1 = G2 = G the internal tensor product of ρ1 and ρ2 is the

G-representation (ρ1 ⊗ ρ2, V1 ⊗ V2) defined by setting

[ρ1 ⊗ ρ2](g) = ρ1(g)⊗ ρ2(g) ∈ Hom(V1

⊗
V2)

for all g ∈ G.
It is obvious that, modulo the isomorphism between G and G̃ =

{(g, g) : g ∈ G} ≤ G×G, the internal tensor product ρ1⊗ρ2 is unitarily
equivalent to restriction of the outer tensor product ρ1 � ρ2 from G×G

to G̃.
We have introduced the symbol “�” to make a distinction between

these two notions of tensor (compare with [95]). Note that, however, the
space will be simply denoted by V1

⊗
V2 in both cases.

Lemma 9.1.5 Let ρ1 and ρ2 be two representations of two groups G1

and G2, respectively and denote by χρ1 and χρ2 their characters. Then,
the character of ρ1 � ρ2 is given by

χρ1�ρ2(g1, g2) = χρ1(g1)χρ2(g2)

for all g1 ∈ G1 and g2 ∈ G2. In particular, if both ρ1 and ρ2 are one di-
mensional, so that they coincide with their characters, then one has that
ρ1 � ρ2 = χρ1 � χρ2 = χρ1χρ2 , the pointwise product of the characters.
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Proof This follows immediately from Lemma 9.1.3.

Similarly, for an internal tensor product we have: χρ1⊗ρ2(g) =
χρ1(g)χρ2(g).

Theorem 9.1.6 Let ρ1 ∈ Ĝ1 and ρ2 ∈ Ĝ2 two irreducible representa-
tions of two groups G1 and G2. Then ρ1 � ρ2 is an irreducible repre-
sentation of G1 ×G2. Moreover, if ρ′

1 ∈ Ĝ1 and ρ′
2 ∈ Ĝ2 are two other

irreducible representations of G1 and G2, then ρ1 � ρ2 ∼ ρ′
1 � ρ′

2 if and
only if ρ1 ∼ ρ′

1 and ρ2 ∼ ρ′
2.

Proof By Proposition 3.7.4 and Corollary 3.7.8 it suffices to check that
〈χρ1�ρ2 , χρ′

1�ρ′
2
〉 is either |G1 ×G2| ≡ |G1| · |G2| if ρ′

1 ∼ ρ1 and ρ′
2 ∼ ρ2,

or 0 otherwise. But

〈χρ1�ρ2 , χρ′
1�ρ′

2
〉 =

∑
(g1,g2)∈G1×G2

χρ1�ρ2(g1, g2)χρ′
1�ρ′

2
(g1, g2)

=
∑

g1∈G1
g2∈G2

χρ1(g1)χρ2(g2)χρ′
1
(g1)χρ′

2
(g2)

=
∑

g1∈G1

χρ1(g1)χρ′
1
(g1)

∑
g2∈G2

χρ2(g2)χρ′
2
(g2)

= 〈χρ1 , χρ′
1
〉 · 〈χρ2 , χρ′

2
〉

=

{
|G1| · |G2| if ρ1 ∼ ρ′

1 and ρ2 ∼ ρ′
2

0 otherwise
.

Corollary 9.1.7 Let G1 and G2 be two finite groups. Then ̂G1 ×G2 ∼=
Ĝ1 × Ĝ2.

Proof In virtue of Theorem 3.9.10 we have that | ̂G1 ×G2| equals the
number of conjugacy classes in G1 × G2. But the latter is the product
of the numbers of conjugacy classes in G1 and G2, which, again by The-
orem 3.9.10 equals |Ĝ1| · |Ĝ2|. Therefore, by the previous theorem, the
map Ĝ1×Ĝ2 � (ρ1, ρ2) �→ ρ1�ρ2 ∈ ̂G1 ×G2 is a bijection. Alternatively,
it is immediate to check (exercise) that

∑
ρ1∈Ĝ1

∑
ρ2∈Ĝ2

(dρ1�ρ2)
2 =

|G1 ×G2|.

Example 9.1.8 Let G and H be two finite groups and X and Y be G-
(resp. H-)homogeneous spaces. First of all note that there is a natural
isomorphism L(X)

⊗
L(Y ) ∼= L(X × Y )
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obtained by extending by linearity the map L(X)
⊗

L(Y ) � δx ⊗ δy �→
δ(x,y) ∈ L(X × Y ). In other words, F ∈ L(X × Y ) corresponds to the
bi-antilinear map BF on L(X)× L(Y ) defined by setting

BF (f, g) =
∑
x∈X

∑
y∈Y

F (x, y)f(x)g(y)

and L(X × Y ) � F �→ BF ∈ L(X)⊗ L(Y ) is an isomorphism.
Let now λ and μ be the permutation representations of G and H

on X and Y, respectively. Then λ � μ corresponds to the permutation
representation of G × H on X × Y . If G = H, then the internal ten-
sor product λ ⊗ μ corresponds to the diagonal action of G on X × Y,

see Section 3.13.

Example 9.1.9 Set X = {1, 2, . . . , n}. With the notation in Sec-
tion 3.14, we investigate the decomposition into irreducibles of the rep-
resentations M (n−1,1)⊗M (n−1,1) and S(n−1,1)⊗S(n−1,1). All the tensor
products in this example are inner.

We first observe that Sn has exactly two orbits on X ×X, namely

Ωn−2,1,1 = {(x, y) : x �= y} and Ωn−1,1 = {(x, x) : x ∈ X} ≡ X.

In virtue of the previous example, we thus have

M (n−1,1) ⊗M (n−1,1) = L(X)⊗ L(X) = L(X ×X)

= L(Ωn−2,1,1)⊕ L(Ωn−1,1) (9.2)

= M (n−2,1,1) ⊕M (n−1,1).

Then, observing that S(n) ⊗ Sλ = Sλ and using (3.28) and (3.32) we
have:

M (n−1,1) ⊗M (n−1,1) = [S(n) ⊕ S(n−1,1)]⊗ [S(n) ⊕ S(n−1,1)]

= S(n) ⊕ 2S(n−1,1) ⊕ [S(n−1,1) ⊗ S(n−1,1)]
(9.3)

and

M (n−1,1) ⊗M (n−1,1) = M (n−2,1,1) ⊕M (n−1,1)

= [S(n) ⊕ 2S(n−1,1) ⊕ S(n−2,2) ⊕ S(n−2,1,1)]⊕
⊕ [S(n) ⊕ S(n−1,1)]

= 2S(n) ⊕ 3S(n−1,1) ⊕ S(n−2,2) ⊕ S(n−2,1,1).

(9.4)
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Comparing (9.3) and (9.4) we deduce that

S(n−1,1) ⊗ S(n−1,1) = S(n) ⊕ S(n−1,1) ⊕ S(n−2,2) ⊕ S(n−2,1,1). (9.5)

Observe that this is equivalent to (3.33) in Exercise 3.14.1.

9.2 Representations of abelian groups and Pontrjagin duality

In this section A denotes a finite abelian group.
We recall the following structure theorem for finite abelian groups (see

for instance the monographs by M. Artin [6], Herstein [120], Hungerford
[123] and Simon [198]).

Theorem 9.2.1 Let A be a finite abelian group. Then A is a direct sum
of cyclic groups: A = Cd1 × Cd2 × · · · × Cdn . Such a decomposition can
be chosen in such a way that di divides di+1 for i = 1, 2, . . . , n − 1 and
in this case it is unique.

Remark 9.2.2 An alternative form of Theorem 9.2.1 is the following.
Any finite abelian group A may be (uniquely) expressed in the form
A = Cd1 ×Cd2 × · · · ×Cdm , where dj = p

αj

j with the pj ’s distinct prime
numbers and αj ’s positive integers, j = 1, 2, . . . , m.

Corollary 9.2.3 Let A be a finite abelian group. Then Â has a structure
of an abelian group and it is isomorphic to A.

Proof In virtue of Exercise 3.5.3, every irreducible representation of
A is one dimensional and therefore coincides with its character. It is
then clear that the characters form an abelian group under pointwise
multiplication. In Example 3.8.1 we showed that for a cyclic group
Cd one has Ĉd is even isomorphic to Cd. On the other hand, by the
above structure theorem, we have that A = Cd1 × Cd2 × · · · × Cdn and
Corollary 9.1.7 yields a bijective map Ĉd1 × Ĉd2 × · · ·× Ĉdn

→ Â which,
by the second part of Lemma 9.1.5, is in fact an isomorphism of groups.

The isomorphism in the above corollary depends on the choice of the
generators for the cyclic subgroups, that is it depends on the coordinates.
There is, however, a more intrinsic isomorphism between A and its bidual̂̂
A. It is given by

A � g �→ ψg ∈ ̂̂
A (9.6)

where ψg(χ) = χ(g) for all χ ∈ Ĝ.
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Exercise 9.2.4 Prove that the map (9.6) is an isomorphism.

The situation is similar to that of finite dimensional vector spaces. If
V is a finite dimensional vector space, then V ∼= V ∗ but the canonical
isomorphism is with its bidual V ∗∗. Moreover, the isomorphism between

G and ̂̂
G extends to locally compact abelian groups (Pontrjagin duality).

For instance, if T = {z ∈ C : |z| = 1} denotes the unit circle, then

T̂ ∼= Z but ̂̂
T ∼= T (this is the setting of classical Fourier series, see the

monographs of abstract harmonic analysis by Rudin [181], Katznelson
[139] or Loomis [157]).

We end this section with a characterization of the one-dimensional
representations of an arbitrary (not necessarily abelian) finite group.
For a group G, the commutator of two elements g1, g2 ∈ G is the ele-
ment [g1, g2] := g−1

1 g−1
2 g1g2 ∈ G. Then, the derived (or commutator)

subgroup of G is the subgroup G′ ≡ [G, G] := 〈[g1, g2] : g1, g2 ∈ G〉
generated by the commutators. As [g1, g2]−1 = [g2, g1], G′ just consists
of products of commutators.

Proposition 9.2.5 With the above notation, we have the following:

(i) G′ is normal in G;
(ii) if N is normal in G, then G/N is abelian if and only if G′ ≤ N ;
(iii) set Gab = G/G′ (it is abelian by (ii)). For χ ∈ Ĝab define χ̃ ∈ Ĝ

as the one-dimensional representation defined by χ̃(g) = χ(gG′).
Then the map χ �→ χ̃ is a one-to-one correspondence between the
dual of the Gab and the set of all one-dimensional representations
of G.

Proof (i) This follows immediately from the fact that [g1, g2]t = [gt
1, g

t
2]

for all g1, g2, t ∈ G, that is, the generating set of G′ is conjugacy
invariant.

(ii) We have g1N · g2N = g2N · g1N if and only if g1g2 ∈ g2g1N which
in turn is equivalent to the condition [g1, g2] ∈ N . Therefore G/N is
abelian if and only if N contains all commutators.

(iii) The element χ̃ is clearly a one-dimensional representation of G.
Conversely, if σ ∈ Ĝ is one-dimensional, that is σ : G → T is a ho-
momorphism, then setting ker(σ) = {g ∈ G : σ(g) = 1} we have that
G/ ker(σ) ∼= T is abelian. By point (ii) we have that ker(σ) ≥ G′ so that
χ(gG′) := σ(g), g ∈ G, is well defined, so that χ is a character of Gab.
Finally one has χ̃ = σ.
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The group Gab is called the abelianization of G. It is the largest
abelian quotient of G. The point (i) in the previous proposition may be
immediately extended in the following sense: G′ is fully invariant, that
is it is invariant under all endomorphisms of G.

9.3 The commutant

Let G be a finite group and denote by Mm,n(C) the set of all m × n

complex matrices.

Lemma 9.3.1 Suppose that (σ, V ) and (θ, U) are two G-representations
with

V = W1 ⊕W2 ⊕ · · · ⊕Wm and U = Z1 ⊕ Z2 ⊕ · · · ⊕ Zn

as decompositions into irreducible representations.

(i) Suppose that W1, W2, . . . , Wm, Z1, Z2, . . . , Zn are all equivalent.
Then HomG(V, U) ≡ Mm,n(C) as vector spaces.
In particular, dimHomG(V, U) = mn.

(ii) Suppose that W1, W2, . . . , Wm are all equivalent, Z1, Z2, . . . , Zn

are all equivalent, but the Wi’s are not equivalent to the Zj’s.
Then HomG(V, U) = 0.

Proof (i) Denote by Ij : Wj → V the inclusion and by Pi : U → Zi the
projection (1 ≤ j ≤ m, 1 ≤ i ≤ n).

For T ∈ Hom(U, V ) set Ti,j = PiTIj ∈ Hom(Wj , Zi). We claim that
T is G-invariant if and only if so are the Ti,j ’s. If w ∈W and w = w1 +
w2+· · ·+wm with wj ∈Wj then Tw =

∑n
i=1

∑m
j=1 Ti,jwj . Thus, by the

G-invariance of the Wj ’s, one has Tσ(g)w =
∑n

i=1

(∑m
j=1 Ti,jσ(g)wj

)
and, by the G-invariance of the Zi’s, θ(g)Tw =

∑n
i=1

(∑m
j=1 θ(g)Ti,jwj

)
,

for all g ∈ G, with θ(g)Ti,jwj ∈ Zi.
Therefore, Tσ(g)w = θ(g)Tw for all w ∈ W and g ∈ G if and only

if Ti,jσ(g)wj = θ(g)Ti,jwj for all wj ∈ Wj , 1 ≤ j ≤ m, 1 ≤ i ≤ n and
g ∈ G, proving the claim.

In other words, all Ij ’s commute with the σ(g)’s and the Pj ’s with the
θ(g)’s. Moreover, every T ∈ HomG(U, V ) is determined by the operators
Ti,j ’s: T =

⊕n
i=1

⊕m
j=1 Ti,j .

By Schur’s lemma, HomG(Wj , Zi) is one dimensional, say
HomG(Wj , Zi) = CLi,j , for some fixed Li,j ∈ HomG(Wj , Zi). Thus,



9.3 The commutant 277

for every T ∈ HomG(V, U), Ti,j = ai,jLi,j (with ai,j ∈ C) and T is of
the form T =

∑
i,j ai,jLi,j ; the proof of (1) is now complete.

(ii) This is easy: if Wj �∼ Zi, then, with the same notation as in the
previous part, Ti,j = 0 by Schur’s lemma and T = 0.

Theorem 9.3.2 Let (σ, V ) and (θ, U) be two G-representations with

V =
⊕
π∈I

mπWπ and U =
⊕
π∈J

nπWπ

as decompositions into irreducible sub-representations, with 0 < mπ, nπ

the corresponding multiplicities (so that I ∩ J is the set of (irreducible)
representations contained in both V and U). Then HomG(V, U) ≡⊕

π∈I∩J Mmπ,nπ (C) as vector spaces. In particular, dimHomG(V, U) =∑
π∈I∩J mπnπ.

Proof For π ∈ J denote by Pπ : U → nπWπ the orthogonal pro-
jection from U onto the isotypic component of π in U . Analogously,
for π ∈ I, denote by Iπ : mπWπ → V the inclusion map. Then, if
T ∈ HomG(V, W ) one has Pπ1TIπ2 ∈ HomG(mπ2Wπ2 , nπ1Wπ1) and,
by (ii) in previous lemma, Pπ1TIπ2 = 0 if π1 �= π2. Therefore, T =⊕

π∈I∩J PπTIπ with PπTIπ ∈ HomG(mπWπ, nπWπ) and the theorem
follows from (i) in the previous lemma, indeed HomG(V, U) =

⊕
π∈I∩J

HomG(mπWπ, nπWπ) ≡
⊕

π∈I∩J Mmπ,nπ (C).

Corollary 9.3.3 Let V and W be two G-representations. Suppose that
W is irreducible. Then

dimHomG(V, W ) = multiplicity of W in V = dimHomG(W,V )

Corollary 9.3.4 Suppose that V =
⊕

π∈I mπWπ is the decomposition
of V into irreducible inequivalent representations. Then

HomG(V, V ) ≡
⊕
π∈I

Mmπ,mπ
(C)

as algebras. In particular, dimHomG(V, V ) =
∑

π∈I m2
π.

Proof For all π ∈ I let mπWπ = Wπ,1 ⊕ Wπ,2 ⊕ · · · ⊕ Wπ,mπ be a
decomposition into irreducibles and choose Lπ

i,j : Wπ,j → Wπ,i as in the
proof of Lemma 9.3.1 in such a way that

Lπ
i,jL

π
j,k = Lπ

i,k (9.7)
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for all i, j, k = 1, 2, . . . , mπ. This is possible because we can first choose
Lπ

k,1 for k = 1, 2, . . . , mπ and then define Lπ
k,j = Lπ

k,1(L
π
j,1)

−1. But, if
T ∈ HomG(mπWπ, mπWπ) then there exists a matrix (ai,j)

mπ

i,j=1 such
that T =

∑mπ

i,j=1 ai,jL
π
i,j . From (9.7) it follows that the map T �→

(ai,j)
mπ

i,j=1 is an isomorphism between the algebras HomG(mπWπ, mπWπ)
and Mmπ,mπ (C).

Definition 9.3.5 The algebra HomG(V, V ) is called the commutant of
the representation V and mπWπ is the π-isotypic component of V .

Suppose again that V =
⊕

π∈I mπWπ is the decomposition of V into
irreducible representations. For any π ∈ I denote by Tπ ∈ HomG(V, V )
the projection onto the σ-isotypical component, that is the operator
defined by setting, for all v ∈ V ,

Tπv =

{
0 if v ∈

⊕
σ∈I\π mσWσ

v if v ∈ mπWπ.

Let Z be the center of HomG(V, V ), that is Z = {T ∈ HomG(V, V ) :
ST = TS for all S ∈ HomG(V, V )}. We then have:

Proposition 9.3.6

(i) The set {Tπ : π ∈ I} is a basis for Z.

(ii) Z is isomorphic to C|I| = {(α1, α2, . . . , α|I|) : αj ∈ C} under
coordinatewise multiplication:

(α1, α2, . . . , α|I|) · (α′
1, α

′
2, . . . , α

′
|I|) = (α1α

′
1, α2α

′
2, . . . , α|I|α

′
|I|).

Proof The space HomG(V, V ) is isomorphic to the direct sum
⊕

π∈I

Mmπ,mπ (C). But a matrix A ∈ Mmπ,mπ (C) commutes with any other
matrix B ∈ Mmπ,mπ

(C) if and only if it is a scalar multiple of the
identity: A ∈ CI. This proves (ii).

Then (i) follows by observing that with the notation in the proof of
Corollary 9.3.4 we have

Tπ|mπWπ
=

mπ⊕
k=1

Lπ
k,k.
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Recalling the notion of multiplicity-freeness (Definition 4.4.1), we have
the following generalization of Theorem 4.4.2.

Corollary 9.3.7 A representation V is multiplicity-free if and only if
HomG(V, V ) is commutative.

9.4 Permutation representations

In this section, we examine the commutant of a permutation represen-
tation and the relative harmonic analysis.

Suppose that a finite group G acts transitively on X, that K is the sta-
bilizer of a fixed point x0 ∈ X and denote by (λ, L(X)) the corresponding
permutation representation. If V is any G-representation, we denote by
V K the subspace of K-invariant vectors in V . Suppose that (ρ, V ) is irre-
ducible and that V K is nontrivial. For any v ∈ V K define the linear map

Tv : V → L(X) defined by setting (Tvw)(gx0) =
√

dimV
|X| 〈w, ρ(g)v〉V ,

for any w ∈ V and g ∈ G.
The following proposition generalizes Corollary 4.6.4.

Proposition 9.4.1 With the notation above one has:

(i) For any non–trivial v ∈ V K with ‖v‖V = 1, Tv is an isometric
inversion of V into L(X).

(ii) If u, v ∈ V K then Im(Tu) is orthogonal to Im(Tv) if and only if
u is orthogonal to v.

(iii) The map V K � v �→ Tv ∈ HomG(V, L(X)) is an antilinear
isomorphism between the vector spaces V K and HomG(V, L(X)).

Proof (i) may be proved as (4.13) and (i) in Corollary 4.6.4. See also
(9.8) below.

(ii) We first show that if u, v ∈ V K and w, z ∈ V , then

〈Tuw, Tvz〉L(X) = 〈w, z〉V 〈v, u〉V . (9.8)

Fix u, v ∈ V K and define two linear maps L, R : V → V by setting:
Lw = 〈w, u〉v for all w ∈ V and then R = 1

|K|
∑

g∈G ρ(g)Lρ(g−1). It is
clear that R ∈ HomG(V ) and since V is irreducible, R = aIV with a ∈ C
and IV the identity map on V . But Tr(L) = 〈v, u〉 (as can be easily
checked) and then adimV = Tr(R) = 1

|K|
∑

g∈G Tr(L) = |X|〈v, u〉. In

other words, R = |X|
dimV

〈v, u〉IV .
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Therefore, if w, z ∈ V , we have

〈Tuw, Tvz〉L(X) =
1
|K|

∑
g∈G

〈w, ρ(g)u〉V 〈z, ρ(g)v〉V ·
dimV

|X|

=
dimV

|X| 〈Rw, z〉V

= 〈w, z〉V 〈v, u〉V .

Then (ii) immediatley follows from (9.8).

(iii) The map v �→ Tv is antilinear: if α, β ∈ C, u, v ∈ V K , then clearly
Tαu+βv = αTu + βTv.

It remains to show that this map is a bijection. If T ∈ HomG(V, L(X)),
then V � w �→ (Tw)(x0) ∈ C is a linear map and therefore, by Riesz’s
representation theorem, there exists v ∈ V such that, for all w ∈ V ,
(Tw)(x0) = 〈w, v〉V . It follows that for all w ∈ V and g ∈ G

[Tw](gx0) = [λ(g−1)Tw](x0)

(because T ∈ HomG(V, L(X))) = [Tρ(g−1)w](x0)

= 〈ρ(g−1)w, v〉V
= 〈w, ρ(g)v〉V .

(9.9)

This shows that T = Tv. Moreover, taking g = k ∈ K in (9.9) we get
that v ∈ V K .

It is also clear that for T ∈ HomG(V, L(X)) such a vector v ∈ V K is
uniquely determined.

Corollary 9.4.2 (Frobenius reciprocity for permuation repre-
sentations) The multiplicity of V in L(X) is equal to dimV K , the
dimension of the subspace of K-invariant vectors in V .

Corollary 9.4.3 If v1, v2, . . . , vm constitute an orthogonal basis for V K ,
then

Tv1V
⊕

Tv2V
⊕

· · ·
⊕

TvmV

is an orthogonal decomposition of the V -isotypic component of L(X).

Exercise 9.4.4 Use Corollary 9.4.2 and Corollary 9.3.4 to prove
Wielandt’s lemma (Theorem 3.13.3).
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We can summarize the preceding facts in the following way: if L(X) =⊕
ρ∈I mρVρ is the decomposition of L(X) into irreducible G- represen-

tations, then mρ = dimV K
ρ and

HomG(L(X), L(X)) ∼=
⊕
ρ∈I

Mmρ,mρ(C). (9.10)

We already know that HomG(L(X), L(X)) is isomorphic to the al-
gebra L(K\G/K) of all bi-K-invariant functions on G (see Proposi-
tion 4.2.1). In the remaining part of this section we construct an explicit
isomorphism between L(K\G/K) and the right hand side of (9.10).

Suppose again that L(X) =
⊕

ρ∈I mρVρ. For any irreducible repre-
sentation ρ ∈ I, select an orthonormal basis {vρ

1 , vρ
2 , . . . , vρ

mρ
} in V K

ρ .

Definition 9.4.5 For ρ ∈ I, the matrix coefficients

φρ
i,j(g) = 〈vρ

i , ρ(g)vρ
j 〉Vρ

(9.11)

with i, j = 1, 2, . . . , mρ, are the spherical matrix coefficients of (ρ, Vρ).

Clearly, the spherical matrix coefficients generalize the spherical func-
tions. Moreover they satisfy the usual properties of the matrix coeffi-
cients (they are the conjugates of the matrix coefficients introduced in
Section 3.6).

In particular, the spherical matrix coefficients form an orthonormal
basis for the vector space L(K\G/K) (note that from (9.10) and the iso-
morphism HomG(L(X), L(X)) ∼= L(K\G/K) it follows that
dim L(K\G/K) =

∑
ρ∈I m2

ρ). Using the orthogonality relation in Lemma
3.6.3 we can immediately write the spherical Fourier transform rela-
tive to the matrix coefficients (9.11): for F ∈ L(K\G/K), ρ ∈ I and
i, j = 1, 2, . . . , mρ

f̂i,j(ρ) = 〈f, φρ
i,j〉L(G)

and the relative inversion formula becomes

f(g) =
1
|G|

∑
ρ∈I

dρ

mρ∑
i,j=1

φρ
i,j(g)f̂i,j(ρ).

From Lemma 3.9.14 we get

φρ
i,j ∗ φσ

h,k =
|G|
dρ

δj,hδρ,σφρ
i,k (9.12)

and this immediately yields the desired explicit isomorphism.
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Theorem 9.4.6 The map

L(K\G/K) −→
⊕

ρ∈I Mmρ,mρ(C)

f �→ ⊕ρ∈I

(
f̂i,j(ρ)

)
i,j=1,2,...,mρ

is an isomorphism of algebras.

Proof Let f, h ∈ L(K\G/K). Then, for all ρ ∈ I and i, j = 1, 2, . . . , mρ,
we have

(̂f ∗ h)i,j(ρ) =
mρ∑
k=1

f̂i,k(ρ) · ĥk,j(ρ)

as it easily follows from the inversion formula and (9.12).

When (G, K) is not a Gelfand pair, then there are three distinct kinds
of algebras that are worthwhile to study.

• The first algebra is the whole algebra L(K\G/K) of bi-K-invariant
functions: its harmonic analysis has been described above.

• The second algebra is A = span {φρ
i,i : ρ ∈ I, i = 1, 2, . . . , mρ}. It

depends on the choice of the bases {vρ
1 , vρ

2 , . . . , vρ
mρ
}, ρ ∈ I.

Exercise 9.4.7 (1) Show that A is a maximal abelian subalgebra of
L(K\G/K).

(2) Show that the operator Eρ
i : L(X) → L(X) defined by

(Eρ
i f)(gx0) =

dρ

|G| 〈f̃ , λ(g)φρ
i,i〉L(G)

f ∈ L(X), g ∈ G (and f̃ is as in (4.1)), is the projection from L(X) onto
Tvρ

i
Vρ, ρ ∈ I, i = 1, 2, . . . , mρ (Tvρ

i
Vρ as in Proposition 9.4.1).

• The last algebra is B = span {χK
ρ : ρ ∈ I} where

χK
ρ =

mρf∑
i=1

φρ
i,i.

Exercise 9.4.8 (1) Show that B is the center of L(K\G/K).
(2) Show that the linar operator Eρ : L(X) → L(X) defined by

(Eρf)(gx0) =
dρ

|G| 〈f̃ , λ(g)χK
ρ 〉L(G)
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f ∈ L(X), g ∈ G (and f̃ is as in (4.1)), is the projection from L(X) onto
the isotypic component mρVρ, ρ ∈ I.

(3) Show that if χρ is the character of ρ, then χK
ρ (g) = 1

|K|
∑

k∈K

χρ(kg).

Exercise 9.4.9 Show that (Sa+b+c, Sa × Sb × Sc) (where Sn is the
symmetric group on n elements and a, b, c are nonnegative integers) is a
Gelfand pair if and only if min{a, b, c} = 0.

9.5 The group algebra revisited

Let G be a finite group, (π, V ) a unitary representation of G. Denote
by V ′ the dual of V and let θ : V ′ → V be the Riesz map, i.e. the
bijection given by the Riesz representation theorem: if f ∈ V ′ then
f(v) = 〈v, θ(f)〉 for all v ∈ V . Recall that θ is antilinear, i.e. θ(αf1 +
βf2) = αθ(f1) + βθ(f2), for all α, β ∈ C and f1, f2 ∈ V ∗.

We now define the adjoint or conjugate representation (π′, V ′) of (π, V ).
For f ∈ V ′ and g ∈ G, π′(g)f ∈ V ′ is defined by

[π′(g)f ](v) = f [π(g−1)v].

for all v ∈ V .
We have

〈v, θ[π′(g)f ]〉 = [π′(g)f ](v) = f [π(g−1)v]

= 〈π(g−1)v, θ(f)〉 = 〈v, π(g)[θ(f)]〉

so that

π′(g) = θ−1π(g)θ

for all g ∈ G. Clearly π′ is a linear representation of G; in general
it is not equivalent to π, but in any case it is easy to show that π′ is
irreducible if and only if π is irreducible.

Definition 9.5.1 The representation π is selfconjugate (or selfadjoint)
if π and π′ are equivalent.

In other words, π is selfconjugate if and only if χπ = χπ′ .
Fix now an orthonormal basis {v1, v2, . . . , vn} of V . We recall that

the functions ui,j : G → C, defined by

ui,j(g) = 〈π(g)vj , vi〉 (9.13)
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are the matrix coefficients of the representation π; see Section 3.6. In
V ′ we introduce a scalar product by setting, for all f1 and f2 ∈ V ′

〈f1, f2〉 = 〈θ(f2), θ(f1)〉.

Thus, for f ∈ V ′ and v ∈ V one has

f(v) = 〈v, θ(f)〉 = 〈f, θ−1(v)〉

which shows that (V ′)′ is isometrically identified with V by mean of θ−1.
Moreover the double adjoint (π′)′ coincides with π; indeed for all g ∈ G:

(π′)′(g) = θπ′(g)θ−1 ≡ π(g).

Denoting by {f1, f2, . . . , fn} the orthonormal basis in V ′ which is dual
to {v1, v2, . . . , vn}, that is fi(vj) = δi,j (or, equivalently, fi = θ−1(vi)),
then, for the corresponding matrix coefficients u′

i,j(g) of π′ one has

u′
i,j(g) = 〈π′(g)fj , fi〉 = 〈θ(fi), θ[π′(g)fj ]〉

= 〈vi, π(g)vj〉 (9.14)

= ui,j(g).

Therefore, if χπ and χπ′ are the characters of π and π′ then χπ(g) =
χπ′(g). For instance, if χk is the character of the cyclic group Cn as in
Section 2.1, then the adjoint character is χ−k.

Denote by Ĝ the unitary dual of G, that is a complete list of irre-
ducible, inequivalent, unitary representations of G. It is not restrictive
to suppose that Ĝ is invariant under conjugation: for all σ ∈ Ĝ, also
σ′ ∈ Ĝ.

For σ ∈ Ĝ denote by Vσ and by dσ = dim(Vσ) the space and the
dimension of σ, respectively. Also we denote by {vσ

1 , vσ
2 , . . . , vσ

dσ
} an

orthonormal basis for Vσ in such a way that {vσ′

1 , vσ′

2 , . . . , vσ′

dσ
} is its

dual in Vσ′ = (Vσ)′; the matrix coefficients of σ are the uσ
i,j ’s given by

uσ
i,j(g) = 〈σ(g)vσ

j , vσ
i 〉. Finally, we define three kinds of subspaces of

L(G) spanned by the matrix coefficients of σ, namely Mσ
i,∗ = 〈uσ

i,j : j =
1, 2, . . . , dσ〉, Mσ

∗,j = 〈uσ
i,j : i = 1, 2, . . . , dσ〉 and Mσ = 〈uσ

i,j : i, j =
1, 2, . . . , dσ〉.

We recall that the left-regular and right-regular representations of G

are the representations (λ, L(G)) and (ρ, L(G)) defined by

[λ(g)F ](g1) = F (g−1g1)
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and

[ρ(g)F ](g1) = F (g1g)

for F ∈ L(G) and g, g1 ∈ G; see Section 3.4.

Theorem 9.5.2

(i) L(G) = ⊕σ∈ĜMσ and each Mσ is both λ- and ρ-invariant;
(ii) Mσ = ⊕dσ

i=1M
σ
i,∗; each Mσ

i,∗ is ρ-invariant and the restriction of
ρ to Mσ

i,∗ is equivalent to σ;
(iii) Mσ = ⊕dσ

j=1M
σ
∗,j; each Mσ

∗,j is λ-invariant and the restriction of
λ to Mσ

∗,j is equivalent to σ′.

Proof (i) The decomposition L(G) =
⊕

σ∈Ĝ Mσ is just the Peter–Weyl
theorem (Theorem 3.7.11) and λ- and ρ-invariance are proved below.

(ii) If g, g1 ∈ G and i, j ∈ {1, 2, . . . , dσ} then, by Lemma 3.6.4 (ii),

[ρ(g)uσ
i,j ](g1) = uσ

i,j(g1g) =
dσ∑

k=1

uσ
i,k(g1)uσ

k,j(g),

i.e. ρ(g)uσ
i,j =

∑dσ

k=1 uσ
i,kuσ

k,j(g) and since by (3.13) σ(g)vσ
j =

∑dσ

k=1 vσ
k

uσ
k,j(g) this means that the map vσ

j �→ uσ
i,j , j = 1, 2, . . . , dσ, extends to

an operator that intertwines σ with ρ|Mσ
i,∗

.
(iii) If g, g1 ∈ G and i, j ∈ {1, 2, . . . , dσ} then, by Lemma 3.6.4 (ii), (i)

and by (9.14)

[λ(g)uσ
i,j ](g1) = uσ

i,j(g
−1g1)

=
dσ∑

k=1

uσ
i,k(g−1)uσ

k,j(g1)

=
dσ∑

k=1

uσ
k,i(g)uσ

k,j(g1)

=
dσ∑

k=1

uσ′

k,i(g)uσ
k,j(g1)

i.e. λ(g)uσ
i,j =

∑dσ

k=1 uσ
k,ju

σ′

k,i(g) and, since by (3.13) σ′(g)vσ′

i =∑dσ

k=1 vσ′

k uσ′

k,i(g), this shows that the map vσ′

i �→ uσ
i,j , i = 1, 2, . . . , dσ,

extends to an operator that intertwines σ′ with λ|Mσ
∗,j

.

The representation Mσ is the σ-isotypic component of L(G).
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Now consider the action of G×G on G given by

(g1, g2) · g = g1gg−1
2

and the associated permutation representation η of G×G on L(G) given
by

[η(g1, g2)f ](g) = f(g−1
1 gg2)

for all f ∈ L(G) and g, g1, g2 ∈ G. Note that η(g1, g2) = λ(g1)ρ(g2) =
ρ(g2)λ(g1). The stabilizer of the point 1G is the diagonal subgroup
G̃ = {(g, g) : g ∈ G}, clearly isomorphic to G, and we may write

G = (G×G)/G̃.

For σ ∈ Ĝ let dσ = dim(Vσ) and χσ denote, as usual, the dimension
and the character of σ, respectively.

Lemma 9.5.3 The restriction of η to Mσ is equivalent to σ′ ⊗ σ. In
particular it is irreducible.

Proof For f ∈ Vσ′ , v ∈ Vσ and g ∈ G define

F f
v (g) = f(σ(g)v) = [σ′(g−1)f ](v) = 〈σ(g)v, θ(f)〉

where θ : Vσ′ → Vσ is the Riesz map. Noticing that for all i, j =
1, 2, . . . , dσ, one has uσ

i,j = F θ−1vi
vj

we have that the F f
v ’s span the whole

of Mσ.

Moreover, if (g1, g2) ∈ G×G and g ∈ G, then

[η(g1, g2)F f
v ](g) = F f

v (g−1
1 gg2)

= 〈σ(g−1
1 gg2)v, θ(f)〉

= 〈σ(g)σ(g2)v, θ(σ′(g1)f)〉

= F
σ′(g1)f
σ(g2)v

(g)

so that the surjective map Vσ′ ⊗ Vσ � f ⊗ v �→ F f
v ∈ Mσ intertwines

σ′ ⊗ σ with η|Mσ . The irreducibility of σ′ ⊗ σ follows from Theorem
9.1.6.

A group G is said to be ambivalent if g−1 is conjugate to g for all
g ∈ G: for any g ∈ G there exists t ∈ G such that t−1gt = g−1.
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Theorem 9.5.4

(i) (G×G, G̃) is a Gelfand pair;
(ii) L(G) = ⊕σ∈ĜMσ is the decomposition of L(G) into irreducible

spherical representations of G×G;
(iii) 1

dσ
χσ is the spherical function in Mσ;

(iv) the pair is symmetric if and only if G is ambivalent.

Proof We first observe that the action of G̃ on G is simply the conju-
gation: for all g, g1 ∈ G,

(g1, g1) · g = g−1
1 gg1.

Therefore, recalling Theorem 3.9.10,

# orbits of G̃ on G = # conjugacy classes of G

= |Ĝ|.

Moreover, from Lemma 9.5.3 and the fact that the matrix coefficients
{uσ

i,j : σ ∈ Ĝ, i, j = 1, 2, . . . , dσ} form an orthogonal basis for L(G) (see
Lemma 3.6.3) we deduce that L(G) = ⊕σ∈ĜMσ is the decomposition of
L(G) into irreducible (G×G)-representations. Moreover, from Theorem
9.5.2 we deduce that this decomposition is multiplicity free (the restric-
tions to {1} × G are inequivalent for different choices of σ ∈ Ĝ). Then
(i) and (ii) follow from Proposition 4.4.4.

To prove (iii), note that, in our setting, bi-G̃-invariance is nothing but
invariance by conjugation; in other words the algebra of bi-G̃-invariant
functions coincides with the algebra of central functions on G. This
gives, incidentally, another proof of (i). Now (Theorem 3.9.10), the
characters form a basis for the latter algebra and, in particular, χσ,
which is a sum of matrix coefficients of σ, spans the (one-dimensional
space of) central functions in Mσ, and (iii) follows from χσ(1G) = dσ.

Finally, (G×G, G̃) is symmetric if and only if (g−1
1 , g−1

2 ) ∈ G̃(g1, g2)G̃
for all g1, g2 ∈ G, that is if and only if for every pair (g1, g2) ∈ G × G

there exist g3, g4 ∈ G such that{
g−1
1 = g3g1g4

g−1
2 = g3g2g4.

(9.15)

Now (9.15) is equivalent to the existence of g3 ∈ G such that

g−1
1 g2 = g3(g1g

−1
2 )g−1

3 ; (9.16)
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indeed, if condition (9.16) (apparently weaker) is satisfied, one can take
g4 = g−1

1 g−1
3 g−1

1 ≡ g−1
2 g−1

3 g−1
2 . The equivalence of (9.16) and ambiva-

lence of G is now clear: if (9.16) is satisfied take g2 = 1G; conversely, if
G is ambivalent, given g1 and g2 ∈ G there exists g5 ∈ G such that

g−1
1 g2 = g5(g−1

2 g1)g−1
5

= g5g
−1
2 g1(g−1

2 g2)g−1
5

= (g5g
−1
2 )g1g

−1
2 (g5g

−1
2 )−1

and taking g3 = g5g
−1
2 this gives (9.16). This proves (iv).

Remark 9.5.5 It is easy to see that (G×G, G̃) is always weakly sym-
metric (see Exercise 4.3.3). Indeed for the automorphism τ : G × G �
(g1, g2) �→ (g2, g1) ∈ G×G one always has

(g1, g2)−1 = (g−1
1 , g−1

2 ) = (g−1
1 , g−1

1 )(g2, g1)(g−1
2 , g−1

2 ) ∈ G̃τ(g1, g2)G̃

for all g1, g2 ∈ G.

Corollary 9.5.6 The projection Eσ : L(G) → Mσ is given by

Eσ =
dσ

|G|f ∗ χσ for all f ∈ L(G).

Proof This is just a reformulation in our setting of Proposition 4.7.10.
Alternatively, it also easily follows from Lemma 3.9.14: we leave to

the reader to check the details.

Remark 9.5.7 Let (G, K) be a Gelfand pair and (ρ, V ) a spherical
representation. Take an orthonormal basis v1, v2, . . . , vd in V (here d =
dim(V )) such that v1 is K-invariant. Then the spherical function φ

associated with V is given by

φ(g) = 〈v1, ρ(g)v1〉V = 〈ρ(g−1)v1, v1〉V = 〈ρ′(g)v1, v1〉V

where ρ′ denotes the conjugate representation of ρ (see Corollary 4.6.4).
In other words, the spherical function φ is a matrix coefficient of the

conjugate representation ρ′ but not of ρ (unless ρ is selfconjugate).
This happens because φ belongs to the sub-representation of L(G/K)

isomorphic to V (see Corollary 4.6.4). Note also that, by Theorem 9.5.2,
the restriction of the left regular representation λ to Mσ

∗,j is isomorphic
to σ′, that is, Mσ′

∗,1 ∼ V . Mσ′

∗,1 is made up of the right K-invariant
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functions corresponding to V inside L(G/K): this again follows from
Corollary 4.6.4.

Exercise 9.5.8 Let (G, K) be a Gelfand pair and (ρ, V ) a spherical rep-
resentation. Denote by χ = χρ its character and by φ the corresponding
spherical function. Also set d = dim(V ). Show that

(1) φ(g) = 1
|K|

∑
k∈K χ(gk);

(2) χ(g) = d
|G|

∑
h∈G φ(h−1gh).

Exercise 9.5.9 Let f 
 and f � be as in Section 4.8. Show that f̂ 
(ρ) =
f̂(ρ)∗ and f̂ �(ρ) = f̂(ρ′)∗ for all ρ ∈ Ĝ.

We end this section with still another view on L(G) and the Fourier
transform, which connects them with the material developed in Sec-
tions 9.1 and 9.3.

Example 9.5.10 Denote by Hom(V ) the set of all linear maps T :
V → V of a finite dimensional complex vector space V . Define the
Hilbert–Schmidt scalar product on Hom(V ) by setting

〈T, S〉V,HS = Tr(TS∗)

for all T, S ∈ Hom(V ). (Exercise: (1) show that 〈·, ·〉V,HS is indeed a
scalar product; (2) if {v1, v2, . . . , vn} is an orthonormal basis for V , then
〈T, S〉V,HS =

∑n
i=1〈Tvi, Svi〉.)

Let G be again a finite group. Suppose that V is a G-representation
and denote by V = ⊕σ∈ĜMσ the decomposition of V into its isotyp-
ical components (thus Mσ = mσVσ with Vσ irreducible). For T ∈
HomG(V ) we then write T = ⊕σ∈ĜTσ where Tσ ∈ HomG(Mσ). For
S, T ∈ HomG(V ) we then set

〈T, S〉HS,G =
1
|G|

∑
σ∈Ĝ

dσ〈Tσ, Sσ〉Mσ,HS .

We can summarize the results in Section 3.9 in the following way.

Proposition 9.5.11 The Fourier transform is an isometric isomor-
phism between the group algebra L(G) and

⊕
σ∈Ĝ Hom(Vσ).

Recall that if V is a finite dimensional vector space and V ′ denotes
its dual, then Hom(V ) ∼= V ⊗ V ′. An explicit isomorphism is given by
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linearly extending to the whole of V ⊗ V ′ the map

V
⊗

V ′ → Hom(V )
v ⊗ f �→ Tv,f

(9.17)

where Tv,f (w) = f(w)v for all w ∈ V .

Exercise 9.5.12 Fill in all the details relative to (9.17).

Let now (ρ, Vρ) be a G-representation. For f ∈ V ′
ρ and v ∈ Vρ we

define the function F ρ
f,v ∈ L(G) by setting, for all g ∈ G,

F ρ
f,v(g) = f [ρ(g−1)v]

(compare with the proof of Lemma 9.5.3).
We then have two maps. The first one is the Fourier transform:

̂ : L(G) →
⊕

ρ∈Ĝ[Vρ

⊗
V ′

ρ ]
(
∼=

⊕
ρ∈Ĝ Hom(Vp)

)
F �→ F̂ =

⊕
ρ∈Ĝ F̂ (ρ)

where F̂ (ρ) =
∑

g∈G F (g)ρ(g) ∈ Hom(Vρ). The second one (the inverse
Fourier transform)

T :
⊕
ρ∈Ĝ

[Vρ

⊗
V ′

ρ ] → L(G)

is defined by

T (v ⊗ f) =
dρ

|G|F
ρ
f,v

for all ρ ∈ Ĝ, v ∈ Vρ and f ∈ Vrho′ and then extending by linearity.

Exercise 9.5.13 Show directly that the maps ̂ and T are the adjoint
of each other, that is

〈F, T (v ⊗ f)〉L(G) = 〈F̂ , v ⊗ f〉HS,G

for all F ∈ L(G), v ∈ Vρ and f ∈ V ′
ρ where ρ ∈ Ĝ.

Exercise 9.5.14 Suppose that (σ, V ), (π, W ) and (η, U) are three rep-
resentations of a group G.

(1) Show that

HomG(π′ ⊗ η, σ) ∼= HomG(η, π ⊗ σ)

by constructing an explicit isomorphism.
(2) Show that dimHomG(π′ ⊗ η, σ) = dimHomG(η, π ⊗ σ) by com-

puting the scalar product of the corresponding characters.
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9.6 An example of a not weakly symmetric Gelfand pair

In this section we describe un example of a Gelfand pair which is not
weakly symmetric. The existence of not weakly symmetric Gelfand
pairs is indicated in Terras’ book [220] who directly refers to Krieg’s
monograph [148] but in both cases no details are given. We thank
Ernst Vinberg [225] for addressing our attention to such an interesting
example.

Example 9.6.1 Let p be a prime number. Denote by Fp the field with
p elements and by

G = GL(2, p) =
{(

a b

c d

)
: ad− bc �= 0

}
the general linear group of 2× 2 matrices over Fp. Let

K = Aff(2, Fp) :=
{(

a b

0 1

)
: a �= 0

}

the subgroup of affine transformations of Fp (that is
(

a b

0 1

)
·x = ax+b

for all x ∈ Fp). Then (GL(2, p), Aff(2, Fp)) is a Gelfand pair. Moreover,
if p ≥ 5 it is not weakly symmetric.

It is a simple computation to show that the number of K-double cosets

is p. Indeed, let
(

a b

c d

)
∈ GL(2, p). If c �= 0 then

(
a b

c d

)
=

(
bc−ad

c
a
c

0 1

)(
0 1
1 0

)(
c d

0 1

)
while, if c = 0 (and therefore a, d ∈ F∗

p),(
a b

0 d

)
=

(
a
d 0
0 1

)(
d 0
0 d

)(
1 b

a

0 1

)
.

Setting w =
(

0 1
1 0

)
and Id =

(
d 0
0 d

)
, an instant of thought shows

that

G = KwK
∐⎛⎝ ∐

d∈F∗
p

KIdK

⎞⎠ . (9.18)
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Note that if h is in the center of G, then one has

1KgK ∗ 1KhK =

⎛⎝ ∑
k1,k2∈K

δk1gk2

⎞⎠ ∗

⎛⎝ ∑
k3,k4∈K

δk3hk4

⎞⎠
=

∑
k1,k2,k3,k4∈K

δk1gk2k3hk4

=
∑

k1,k2,k3,k4∈K

δk1hgk2k3k4

=

⎛⎝ ∑
k1,k2εk

δk1hk2

⎞⎠ ∗

⎛⎝ ∑
k3,k4εk

δk3gk4

⎞⎠
= 1KhK ∗ 1KgK .

Therefore, as the diagonal matrices Id belong to the center of G and
the algebra L(K\G/K) of bi-K-invariant functions is linearly spanned
by the characteristic functions 1KwK and 1KIdK , d ∈ F∗

p, one has
that L(K\G/K) is commutative. In other words, (G, K) is a Gelfand
pair.

To show that (G, K) is not weakly symmetric we recall the descrip-
tion of the group Aut(GL(2, p)) of automorphisms of GL(2, p). There
are two kinds of automorphisms in Aut(GL(2, p)) (see [124]):

• τB : A �→ BAB−1, where B ∈ GL(2, p) (inner automorphisms);
• τχ : A �→ χ(A)A where χ : G → F∗

p is a group homomorphism
(radial automorphisms).

Moreover, any automorphism τ ∈ Aut(GL(2, p)) can be expressed as a
product of an inner and a radial automorphism. Our goal is to show
that the condition

τ(g) ∈ Kg−1K (9.19)

is verified by no automorphism τ ∈ Aut(GL(2, p)) if p ≥ 5.
Claim 1. Suppose that τ ∈ Aut(GL(2, p)) satisfies (9.19). Then
necessarily

τ(Id) = Id−1 (9.20)

and

τ(K) = K. (9.21)
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The proof is straightforward. (9.20) follows from (9.19) with g = Id and
the fact that an automorphism leaves the center invariant (also recall
(9.18)), while (9.21) follows from (9.19) with g ∈ K. �

Claim 2. There is no radial automorphism such that both (9.20) and
(9.21) hold.

Indeed, let τ = τχ be a radial automorphism. Looking at the (2,2)-
entries, formula (9.21) has the stronger formulation: τ(k) = k for all
k ∈ K. Moreover, τ(w) = λw with λ = χ(w) ∈ Fp such that λ2 = 1.
Suppose that a, d ∈ F∗

p. Then

τ

[(
a 0
0 d

)]
= τ

[(
a
d 0
0 1

)]
τ

[(
d 0
0 d

)]
=

(
a
d 0
0 1

)(
d−1 0
0 d−1

)
=

(
a
d2 0
0 1

d

)
.

On the other hand,

w

(
a 0
0 d

)
w =

(
d 0
0 a

)
so that, if a2 �= d2,

τ

[
w

(
a 0
0 d

)
w

]
= τ

[(
d 0
0 a

)]
=

(
d
a2 0
0 1

a

)
differs from

τ(w)τ
[(

a 0
0 d

)]
τ(w) = λ2wτ

[(
a 0
0 d

)]
w =

( 1
d 0
0 a

d2

)
.

Thus τ fails to be multiplicative, a contradiction. �

We now show that there is no automorphism τ ∈ Aut(GL(2, p))
verifying (9.19). This will be done via a case-by-case analysis.

• We first observe that (9.20) rules out all inner automorphisms (in
the case p ≥ 5).

• τ cannot be radial: this immediately follows from Claims 1 and
2.

• Suppose now that τ is a composition of an inner and a radial
automorphism, say τ = τχτB , and that τ satisfies (9.19). We dis-
tinguish two cases: B ∈ KIdK, for some d ∈ F∗

p, and B ∈ KwK.
In the first case, as Id is central, τB = τk for some k ∈ K.
From (9.19), as τB(K) = K, we deduce that τχ(K) = K. Also,
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as τB(Id) = Id, from (9.20) we deduce that τχ(Id) = Id−1 . These
two facts contradict Claim 2.
Suppose now that B ∈ KwK, say B = k1wk2. Let a, b �= 0 and

set k = k−1
2

(
a b

0 1

)
k2 ∈ K. Then

τB(k) = k1w

(
a b

0 1

)
wk−1

1 = k1

(
1 0
b a

)
k−1
1 =

(
∗ ∗
b
x ∗

)
where x denotes the (1, 1)-entry of k1. But then

τ(k) = τχ

[(
∗ ∗
b
x ∗

)]
=

(
∗ ∗

λ b
x ∗

)
/∈ K.

This contradicts (9.21).

9.7 Real, complex and quaternionic representations:
the theorem of Frobenius and Schur

Let (π, V ) be an irreducible representation of a finite group G and let
(π′, V ′) denote its conjugate representation as in Section 9.5. We recall
that χπ′ = χπ and therefore π is selfconjugate (Definition 9.5.1) if and
only if χπ(g) ∈ R for all g ∈ G, that is its character is a real valued
function.

Definition 9.7.1 The representation π is complex when it is not
selfconjugate.

Equivalently, π is complex if and only if π and π′ are not unitarily
equivalent (i.e. χπ �= χπ′).

Further, we split the class of selfconjugate representations into two
subclasses.

Definition 9.7.2 Let π be selfconjugate and suppose that there exists
an orthonormal basis {v1, v2, . . . , vd} in V such that the corresponding
matrix coefficients are real valued: ui,j(g) = 〈π(g)vj , vi〉 ∈ R for any
g ∈ G and i, j = 1, 2, . . . , d. Then we say that π is real. Otherwise we
say that π is quaternionic.

The etymological reason for the last definition becomes apparent from
the following basic example.
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Example 9.7.3 Let Q = {1,−1, i,−i, j,−j, k,−k} denote the quater-
nionic group. We recall that the multiplication law is given by

ij = k jk = i ki = j

ji = −k kj = −i ik = −j

i2 = −1 j2 = −1 k2 = −1

together with the sign rule

(−x)y = −(xy) and (−x)(−y) = xy

for all x, y ∈ Q.
Define the two-dimensional unitary representation ρ of Q by setting

ρ(±1) = ±
(

1 0
0 1

)
ρ(±i) = ±

(
i 0
0 −i

)
ρ(±j) = ±

(
0 i

i 0

)
ρ(±k) = ±

(
0 −1
1 0

)
.

(9.22)

It is easy to check that ρ is indeed a representation. In fact Q is
sometimes defined as the group consisting of the eight matrices above.

Its character is given by

χρ(g) =

⎧⎪⎪⎨⎪⎪⎩
2 if g = 1

−2 if g = −1

0 if g �= ±1.

As
∑

g∈Q |χρ(g)|2 = 4 + 4 = |Q| we have that π is irreducible (Corol-
lary 3.7.8), moreover χρ being real valued, π is selfconjugate.

We now show that π is quaternionic: more explicitly we show that
there is no basis of C2 for which ρ is represented by real matrices.

Suppose, by contradiction, that U is a unitary matrix such that Uρ(g)
U∗ is real valued for any g ∈ Q. Since the matrices A =

(
1 0
0 1

)
, B =

(
0 1
1 0

)
C =

(
0 −1
1 0

)
and D =

(
1 0
0 −1

)
form a basis of the vector space M2,2(R),

then there exist α, β, γ, δ : Q→ R such that

Uρ(g)U∗ = α(g)A + β(g)B + γ(g)C + δ(g)D.

As χρ(g) = tr(Uρ(g)U∗) = α(g)tr(A) = 2α(g) vanishes for g �= ±1,
we conclude that

α(1) = 1, α(−1) = −1 (9.23)
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and, for all g �= ±1,

α(g) = 0. (9.24)

Moreover direct computations show that, for all g, h ∈ Q,

α(gh) = α(g)α(h) + β(g)β(h)− γ(g)γ(h) + δ(g)δ(h). (9.25)

Suppose now that g, h �= ±1. Setting g = h in (9.25) we deduce from
(9.23) and (9.24) that

β(g)2 − γ(g)2 + δ(g)2 = −1. (9.26)

On the other hand from (9.25) and (9.24) one deduces that, for h �= g,

β(g)β(h)− γ(g)γ(h) + δ(g)δ(h) = 0. (9.27)

Set b1 = β(g), b2 = β(h), c1 = γ(g), c2 = γ(h), d1 = δ(g) and d2 = δ(h).
With this position and supposing that h �= g equations (9.26) and (9.27)
altogether give ⎧⎪⎪⎨⎪⎪⎩

b2
1 − c2

1 + d2
1 = −1

b2
1 − c2

1 + d2
1 = −1

b1b2 − c1c2 + d1d2 = 0.

From the above system we have

(1 + b2
1 + d2

1)(1 + b2
2 + d2

2) = (c1c2)2 = (b1b2 + d1d2)2.

This yields

1 + b2
1 + b2

2 + d2
1 + d2

2 = −(b1d2 + b2d1)2

a contradiction. Therefore ρ is quaternionic.

Exercise 9.7.4 Determine all the irreducible representations of Q.

Exercise 9.7.5 Let (ρ, V ) be a selfadjoint representation of a group G.
Suppose that V is endowed with a scalar product 〈·, ·〉 and that there
exists a basis (not necessarily orthonormal) {v1, v2, . . . , vd} in V such
that the corresponding matrix coefficients are real valued.

(1) Show that there exists a ρ-invariant scalar product (·, ·) with an
orthonormal basis {w1, w2, . . . , wd} in V such that the corresponding
matrix coefficients are real valued: ui,j(g) = (ρ(g)wj , wi) ∈ R for any
g ∈ G and i, j = 1, 2, . . . , d.



9.7 Real, complex and quaternionic representations 297

(2) Show that if ρ̃(g) is the matrix representing ρ(g) in a fixed 〈·, ·〉-
orthonormal basis {u1, u2, . . . , ud} in V , then there exists a unitary
matrix U such that Uρ̃(g)U∗ is real for all g ∈ G.

This shows that it is not restrictive in Definition 9.7.2 to impose
orthonormality for the basis in the representation space V .

Suppose now that ρ is selfconjugate. This means that there exists
a unitary operator W : V → V ′ which intertwines ρ and ρ′. Let
{v1, v2, . . . , vd} be a basis in V and denote by {f1, f2, . . . , fd} the dual
basis in V ′. Then condition Wρ(g)W ∗ = ρ′(g) becomes

ui,j(g) =
d∑

t,k=1

wi,kuk,t(g)wj,t (9.28)

for all g ∈ G and i, j = 1, 2, . . . , d, where W = (wi,k)i,k=1,2,...,d is the
matrix representing W .

Denoting by U(g) = (ui,j(g))i,j=1,2,...,d the matrix representing ρ(g)
(with respect to the basis {v1, v2, . . . , vd}) and, for a general matrix A,
denoting A its conjugate (obtained by conjugating all coefficients) then
(9.28) may be written

U(g) = WU(g)W ∗. (9.29)

Lemma 9.7.6 Suppose that ρ is selfconjugate. Then, with W as above,
we have

WW = WW = ±I.

More precisely, WW = I if ρ is real and WW = −I if ρ is quaternionic.

Proof Conjugating (9.29) we obtain

U(g) = WU(g)(W )∗ ≡ WU(g)WT

and therefore

U(g) = WWU(g)W ∗(W )∗ = (WW )U(g)(WW )∗.

This means that the linear operator V → V represented by the matrix
WW intertwines ρ with itself. By Schur’s lemma,

WW = cI (9.30)

with |c| = 1 as WW is unitary. Moreover, from (WW )W = W (WW ) =
WcI we deduce that WW = cI, while conjugating (9.30) gives WW =
cI. Thus c is real and in fact c = ±1.
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Suppose that c = 1, that is WW = I or, equivalently, W ∗ = W . We
want to prove that ρ is real by showing that there exists a unitary matrix
B such that B∗U(g)B is a real matrix for all g ∈ G. As W is unitary,
there exists a unitary matrix A such that

A∗WA = Λ (9.31)

with Λ unitary and diagonal:

Λ =

⎛⎜⎜⎜⎜⎜⎝
λ1 0 0 · · · 0
0 λ2 0 · · · 0
...

...
...

. . .
...

0 0 · · · λd−1 0
0 0 · · · 0 λd

⎞⎟⎟⎟⎟⎟⎠ .

Conjugating both sides of (9.31) we get

AT WA = Λ

while from WW = I we get

I = AT WWA = AT WA ·AT WA = ΛAT WA

which, in virtue of Λ−1 = Λ becomes

AT WA = Λ.

Therefore we conclude that W (A + A) = AΛ + AΛ = (A + A)Λ. In
particular, W has a set of real eigenvectors and we can say that there
exists a real unitary matrix A1 with the same properties of A, that is

A∗
1WA1 ≡ AT

1 WA1 = Λ

and

AT
1 WA1 = Λ

(A1 may be obtained by an application of the Gram–Schmidt process
to the real eigenvectors of W ). Let Θ be a unitary and diagonal matrix
such that Θ2 = Λ and define

B = A1Θ.
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Then B is unitary and we have

B∗U(g)B = ΘAT
1 U(g)A1Θ

from (9.29) = ΘAT
1 WU(g)W ∗A1Θ

from W ∗ = W = ΘAT
1 WA1A

T
1 U(g)A1A

T
1 WA1Θ

= ΘΘ2AT
1 U(g)A1Θ

2
Θ

= ΘAT
1 U(g)A1Θ

= B∗U(g)B

and therefore ρ is real.
Conversely suppose that ρ is real so that there exists a unitary matrix

B such that B∗U(g)B = B∗U(g)B for all g in G. This is equivalent to

U(g) = BB∗U(g)BBT

and by Schur’s lemma (see also Section 9.3) we have that BB∗ must be
a multiple of W in (9.29):

W = cBB∗

with |c| = 1. Therefore

WW = cBBT cBB∗ = I.

The following frundamental theorem shows how it is possible to distin-
guish among real, complex and quaternionic representations by looking
at their characters.

Theorem 9.7.7 (Frobenius and Schur) Let χ be the character of
an irreducible representation (ρ, V ) of G. Then

1
|G|

∑
g∈G

χ(g2) =

⎧⎪⎪⎨⎪⎪⎩
1 if ρ is real

0 if ρ is complex

−1 if ρ is quaternionic.

(9.32)

Proof Fix an orthonormal basis {v1, v2, . . . , vd} in V and set, as usual,
ui,j = 〈ρ(g)vj , vi〉. Then

1
|G|

∑
g∈G

χ(g2) =
1
|G|

∑
g∈G

d∑
i=1

ui,i(g2) =
1
|G|

∑
g∈G

d∑
i,j=1

ui,j(g)uj,i(g)

(9.33)
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where the last equality comes from Lemma 3.6.4. If ρ is real we can
choose the basis {v1, v2, . . . , vd} in such a way that the matrix coefficients
ui,j(g) are all real that is ui,j(g) = ui,j(g). By the orthogonality relations
(Proposition 3.6.3) we get from (9.33):

1
|G|

∑
g∈G

χ(g2) =
1
|G|

d∑
i,j=1

|G|
d

δi,j = 1.

If ρ is complex then from (9.14) we get uj,i(g) = u′
j,i(g) where u′

j,i(g)
is the matrix coefficients of the conjugate representation ρ′ and, since
ρ and ρ′ are not equivalent, again from the orthogonality relations we
obtain

1
|G|

∑
g∈G

χ(g2) = 0.

Finally suppose that ρ is quaternionic. Then from (9.29) written in
the form U(g) = WU(g)WT (by Lemma 9.7.6), (9.33) becomes:

1
|G|

∑
g∈G

χ(g2) =
d∑

i,j=1

d∑
k,t=1

wj,kwi,t ·
1
|G|

∑
g∈G

ui,j(g)uk,t(g)

=
d∑

i,j=1

d∑
k,t=1

wj,kwi,tδi,kδj,t
1
d

=
1
d
tr[WW ]

(by Lemma 9.7.6) =
1
d
tr[−I] = −1.

For any h ∈ G set S(h) = |{g ∈ G : g2 = h}| that is S(h) is the
number of square roots of h in G. For any ρ ∈ Ĝ set

c(ρ) =

⎧⎪⎪⎨⎪⎪⎩
1 if ρ is real;

0 if ρ is complex;

−1 if ρ is quaternionic.

(9.34)

Then we have

Corollary 9.7.8

S(h) =
∑
ρ∈Ĝ

c(ρ)χρ(h)
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and in particular

S(1G) =
∑
ρ∈Ĝ

ρ real

dρ −
∑
ρ∈Ĝ

ρ quaternionic

dρ.

Proof From the Theorem of Frobenius and Schur (9.7.7) we have

1
|G|

∑
h∈G

χρ(h)S(h) = c(ρ)

(note that S(h) and c(ρ) are real valued and we may conjugate formula
(9.32)).

Now, S(h) is a central function and the characters constitute an or-
thogonal basis of the central functions (Theorem 3.9.10). Therefore
the statement follows from the orthogonality relations of the characters
(Proposition 3.7.4).

Definition 9.7.9 Let G be a group. A conjugacy class C in G is
ambivalent if g−1 ∈ C for all g ∈ C.

Therefore G is ambivalent (see Section 9.5) if and only if all conjugacy
classes are ambivalent.

The following theorem relates the number of ambivalent classes with
the number of selfconjugate representations.

Theorem 9.7.10 Let h be the number of selfconjugate representations
of G. Then we have

(i) h = 1
|G|

∑
g∈G S(g)2

(ii) h is equal to the number of ambivalent classes in G.

Proof (i) From the previous corollary and the orthogonality relations of
the characters we get

1
|G|

∑
g∈G

S(g)2 =
1
|G|

∑
g∈G

S(g)S(g)

=
∑

ρ,π∈Ĝ

c(ρ)c(π)
1
|G|

∑
g∈G

χρ(g)χπ(g)

=
∑

ρ,π∈Ĝ

c(ρ)c(π)δρ,π = h.
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(ii) Note that if ρ′ is the conjugate of ρ we have χρ(g) = χρ′(g) (see
Section 9.5) and therefore

1
|G|

∑
g∈G

χρ(g)2 =

{
1 if ρ ∼ ρ′

0 if ρ �∼ ρ′.

Let C1, C2, . . . , Cm be the conjugacy classes of G. Then

h =
1
|G|

∑
g∈G

∑
ρ∈Ĝ

χρ(g)2 =
m∑

i=0

|Ci|
|G|

∑
ρ∈Ĝ

χρ(ci)2 (9.35)

where ci ∈ Ci. Since χρ(ci) = χρ(c−1
i ) by Proposition 3.7.2, we get from

the dual orthogonality relations for the characters (see Exercise 3.9.13),

∑
ρ∈Ĝ

χρ(ci)2 =
∑
ρ∈Ĝ

χρ(ci)χρ(c−1
i ) =

{ |G|
|Ci| if Ci is ambivalent;

0 otherwise.

Thus, from (9.35) we deduce (ii).

As outlined in the following exercise, one can directly prove that

h =
1
|G|

∑
g∈G

ρ(g)2

(see [166] and [229]).

Exercise 9.7.11 Set p(g) = |{u ∈ G : gug−1 = u−1}|.

(1) Show that p(g) = ρ(g2).
(2) Deduce that

∑
g∈G p(g) =

∑
t∈G ρ(g)2.

(3) Show that the number of ambivalent classes of G equals 1
|G|

∑
g∈G

p(g).

Corollary 9.7.12 G is ambivalent if and only if any irreducible repre-
sentation is selfconjugate.

Corollary 9.7.13 Suppose that |G| is odd. Then any non-trivial irre-
ducible representation is complex.

Proof Set n = 2k−1 = |G|. Clearly, for all g ∈ G one has gn+1 = gn ·g =
1G · g = g. From this we deduce that (gk)2 = g, that is g is a square
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and S(g) ≥ 1 for all g ∈ G. On the other hand, as
∑

g∈G S(g) = |G|
we necessarily have S(g) = 1 for all g ∈ G. Therefore from (i) in the
previous theorem one deduces

h =
1
|G|

∑
g∈G

S(g)2 = 1

that is there is only one selfconjugate representation, namely the trivial
one.

We end this section by illustrating the Theorem of Frobenius and
Schur for a Gelfand pair (G, K). Denote, as usual, by X = G/K the
corresponding homogeneous space and by x0 ∈ X the point stabilized by
K. Also let X =

∐N
j=0 Ωj be the decomposition of X into K-orbits with

Ω0 = {x0}. Finally let g0 = 1G, g1, . . . , gN denote representatives for
the double cosets KgK in G so that G =

∐N
j=0 KgjK and Ωj = Kgjx0

(see Sections 3.13 and 4.1).
Define a map θ : {0, 1, . . . , N} → {0, 1, . . . , N} in such a way that

g−1
j ∈ Kgθ(j)K.

It is obvious that θ is an involution.

Definition 9.7.14 A K-orbit Ωj is symmetric if gx0 ∈ Ωj implies
g−1x0 ∈ Ωj for all g ∈ G.

In other words, Ωj is symmetric if the corresponding double coset
is symmetric, that is g ∈ KgjK implies g−1 ∈ KgjK, equivalently if
θ(j) = j.

Let now (ρi, Vi), φi and di = dim(Vi) be as in Section 4.7 and c(ρi) as
in (9.34).

Exercise 9.7.15 (1) (Frobenius–Schur Theorem for Gelfand pairs)
Show that

1
|G|

∑
g∈G

φi(g2x0) =
c(ρi)
di

.

(2) For any x ∈ X set S(x) = |{g ∈ G : g2x0 = x}|. Show that

S(x) = |K|
N∑

i=0

c(ρi)φi(x).
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(3) Set A = {i : ρi is selfconjugate}. Show that

1
|G|

∑
x∈X

S(x)2 = |K|
∑
i∈A

1
di

.

(4) Show that the number |A| of selfconjugate spherical representa-
tions of G equals the number of symmetric K-orbits on X, in other
words

|A| = |{j : θ(j) = j}|.

(5) Prove that indeed every selfconjugate spherical representation is
real.

For variations and generalizations on this exercise and, more generally,
on the whole Section 9.7 we refer to the following papers: [38], [141] and
[166].

9.8 Greenhalgebras

This section contains an exposition of a theory that generalizes the con-
struction in Theorem 9.5.4. We introduce a class of algebras that after
Diaconis’ paper [57] we call Greenhalgebras.

Actually, A. Greenhalgh in his thesis [106] developed a more general
theory while the construction in this section was already considered by
Brender [34]. Particular cases were also considered in [137], [33], [223]
and [108].

If H ≤ G and f ∈ L(G), we say that f is H-conjugacy invariant when

f(h−1gh) = f(g)

foa all g ∈ G and h ∈ H.

Definition 9.8.1 Let G be a finite group and K � H ≤ G. The
Greenhalgebra associated with the triple (G, H, K) is

G(G, H, K) ={f ∈ L(G) : f(h−1gh) = f(g) and f(k1gk2) = f(g),

∀h ∈ H, g ∈ G, k1, k2 ∈ K},

that is G(G, H, K) is the set of all f ∈ L(G) that are both H-conjugacy
invariant and bi-K-invariant. It is easy to see that G(G, H, K) = {f ∈
L(G) : f(h−1gh) = f(g) and f(gk) = f(g), ∀h ∈ H, g ∈ G, k ∈ K}
since f(k1gk2) = f(k1gk2k1k

−1
1 ).
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Example 9.8.2 (1) For K = {1G} and H = G we get the algebra of
central functions on G.

(2) For K = H ≤ G it is the algebra of bi-K-invariant functions on
G.

(3) For H = K = {1G} it coincides with L(G).
(4) For K = {1G}, H ≤ G it is the algebra of all H-conjugacy invariant

functions on G. It is also called the centralizer of H (or of L(H)) in
L(G). It coincides with {f ∈ L(G) : f ∗ δh = δh ∗ f, ∀h ∈ H} and it is
usually denoted by L(G)H (or C[G]H).

In what follow, we fix G with K � H ≤ G. We will think of G/K as
the set of right K-cosets in G.

Lemma 9.8.3 G×H acts on G/K by:

(g, h) · g0K = gg0h
−1K

and the stabilizer of K is the subgroup B = {(kh, h) : k ∈ K, h ∈ H}.

Proof The coset (g, h) ·g0K is well defined: (g, h) ·g0kK = gg0kh−1K =
gg0h

−1 · hkh−1K = gg0h
−1K, for any k ∈ K. It is easy to check that

indeed it is an action. Moreover, (g, h)K = K if and only if gh−1 ∈ K

and this is equivalent to (g, h) ∈ B.

Remark 9.8.4 It is easy to see that B = (K × {1H})H̃ where H̃ =
{(h, h) : h ∈ H} ∼= H, (K × {1H}) ∩ H̃ = {1G×H} and K × {1H}
is normal in B. In other words, B ∼= K � H, where � denotes the
semidirect product (see Section 8.7).

In other words, G×H acts on G by (g, h) · g0 = gg0h
−1 and permutes

among themselves the classes of G/K. The action of G×H on L(G/K)
(identified with the subspace of right K-invariant functions on G) will
be denoted by η:

[η(g, h)f ] (g0) = f(g−1g0h)

(compare with the η in Lemma 9.5.3).

Lemma 9.8.5 Let B as in the previous lemma. Then we have the
following isomorphism of algebras:

G(G, H, K) ∼= G(G×H, B, B)
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that is G(G, H, K) is isomorphic to the algebra of bi-B-invariant func-
tions on G×H.

Proof From Proposition 4.2.1 and Lemma 9.8.3 we get

G(G×H, B, B) ∼= HomG×H (L(G/K), L(G/K)) .

But the latter is a subalgebra of HomG (L(G/K), L(G/K)) ∼= G(G, K, K)
(the algebra of bi-K-invariant functions on G.) Suppose that Tf = f ∗φ

with φ bi-K-invariant. Then

[η(g1, h)Tf ] (g0) = Tf(g−1
1 g0h)

=
∑
g∈G

f(g−1
1 g0hg−1)φ(g)

=
∑
t∈G

f(g−1
1 g0t

−1)φ(th),

while

{T [η(g1, h)f ]} (g0) =
∑
g∈G

f(g−1
1 g0g

−1h)φ(g)

=
∑
t∈G

f(g−1
1 g0t

−1)φ(ht)

and therefore Tη(g1, h) = η(g1, h)T , that is T ∈ HomG×H(L(G/K),
L(G/K)), if and only if the bi-K-invariant function φ satisfies φ(ht) =
φ(th), that is if and only if φ ∈ G(G, H, K).

Exercise 9.8.6 Prove directily Lemma 9.8.5 by showing that

Φ : G(G×H, B, B) → G(G, H, K),

defined by setting for F ∈ G(G × H, B, B) and g ∈ G, Φ(F )(g) =√
|H|F (g, 1), is an isomorphism of algebras. Moreover ‖Φ(F )‖L(G) =

‖F‖L(G×H).

We recall that any irreducible G × H-representation is of the form
σ � θ with σ ∈ Ĝ, θ ∈ Ĥ (see Section 9.1). Now we want to determine
the multiplicity of σ � θ in η. With the symbol ResG

Hσ we will denote
the restriction of σ to H, that is the representation of H given by σ(h),
h ∈ H. Moreover, θ′ will denote the adjoint of θ (see Section 9.5)

Theorem 9.8.7 Let σ ∈ Ĝ and θ ∈ Ĥ. If σ � θ is contained in η then
ResH

Kθ = (dimθ)ιK , where ιK is the trivial representation of K.
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Moreover, the multiplicity of σ � θ in η is equal to the multiplicity of
θ′ in ResG

Hσ.

Proof Denote by V and W the representation spaces of σ and θ, respec-
tively.

Suppose that σ � θ is contained in η. Note that the linear map T :
V⊗W → L(G/K) belongs to HomG×H(σ � θ, η) if and only if, for
g, g0 ∈ G, h ∈ H, v ∈ V , w ∈W, we have:

{T [σ(g)v ⊗ θ(h)w]} (g0) = {T (v ⊗ w)} (g−1g0h). (9.36)

In particular, setting g = 1G, h = k ∈ K, (9.36) becomes

{T [v ⊗ θ(k)w]} (g0) = {T (v ⊗ w)} (g0), ∀g0 ∈ G.

If T is nontrivial, ker(T ) = {0} and this forces θ(k)w = w. That is if
σ � θ is contained in η then ResH

Kθ = (dimθ)ιK
Now suppose that this condition is satisfied. By Corollary 9.3.3 we

end the proof if we construct a linear isomorphism

HomG×H(σ � θ, η) ∼= HomH(ResG
Hσ, θ′).

Let W ′ be the dual space of W (i.e. the representation space of θ′). If
T ∈ HomG×H(σ � θ, η) we define T̃ : V → W ′ by setting (T̃ v)(w) =
[T (v ⊗ w)](1G) for all v ∈ V and w ∈ W . Clearly T̃ v ∈ W ′ and T̃ is a
linear map.

Moreover, if h ∈ H we have[
T̃ σ(h)v

]
(w) = {T [σ(h)v ⊗ w]} (1G)

by (9.36) = [T (v ⊗ w)] (h−1)

again by (9.36) =
{
T
[
v ⊗ θ(h−1)w

]}
(1G)

=
(
T̃ v

) [
θ(h−1)w

]
=

[
θ′(h)T̃ v

]
(w)

that is T̃ σ(h) = θ′(h)T̃ and T̃ ∈ HomH(ResG
Hσ, θ′). It remains to show

that the map T �→ T̃ is a bijection. First of all, observe that T is
determined by T̃ :

[T (v ⊗ w)] (g) =
[
T (σ(g−1)v ⊗ w)

]
(1G)

=
{

T̃
[
σ(g−1)v

]}
(w).

(9.37)
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Therefore the map is injective. It is also surjective and (9.37) is its
inversion. Indeed, given T̃ we can define T by (9.37). Then we have
(recall that we are supposing ResH

Kθ = (dimθ)iK)

[T (v ⊗ w)] (gk) =
[
T̃ σ(k−1g−1)v

]
(w)

=
[
θ′(k−1)T̃ σ(g−1)v

]
(w)

=
[
T̃ σ(g−1)v

]
(θ(k)w)

=
[
T̃ σ(g−1)v

]
(w)

= [T (v ⊗ w)] (g)

that is T (v ⊗ w) ∈ L(G/K). Moreover

{T [σ(g)v ⊗ θ(h)w]} (g0) =
[
T̃ σ(g−1

0 g)v
]
(θ(h)w)

=
[
θ′(h−1)T̃ σ(g−1

0 g)v
]
(w)

=
[
T̃ σ(h−1g−1

0 g)v
]
(w)

= [T (v ⊗ w)] (g−1g0h)

and by (9.36) T belongs to HomG×H(σ � θ, η).

Theorem 9.8.8 The following conditions are equivalent

(i) The algebra G(G, H, K) is commutative.
(ii) (G×H, B) is a Gelfand pair.
(iii) For any σ ∈ Ĝ and any θ ∈ Ĥ with ResH

Kθ ∼= (dimθ)ιK , ιK
the trivial representation of K, the multiplicity of θ′ in ResG

Hσ is
≤ 1.

Proof The equivalence between (i) and (ii) follows from Lemma 9.8.5
and the definition of Gelfand pair. The equivalence between (ii) and (iii)
follows from Theorem 4.4.2 and Theorem 9.8.7.

Example 9.8.9 (1) If K = {1G} and H = G Theorems 9.8.7 and 9.8.8
yield (i) and (ii) in Theorem 9.5.4.

(2) If K = H ≤ G they generalize Theorems 4.4.2 and 4.6.2.
(3) If K = H = {1G} we recover Theorem 3.7.11.

The fourth example deserves more evidence. Now K = {1G} and
H ≤ G.
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Corollary 9.8.10 Suppose H ≤ G and let G×H acts on G by (g, h) ·
g0 = gg0h

−1 Let η be the corresponding permutation representation. For
σ ∈ Ĝ and θ ∈ Ĥ let mθσ be the multiplicity of θ′ in ResG

Hσ Then

η = ⊕σ∈Ĝ ⊕θ∈Ĥ mθσσ � θ.

Now we want to determine when the pair (G × H, B) is symmetric,
and therefore a sufficient condition for the commutativity of the algebra
G(G, H, K).

Proposition 9.8.11 The pair (G × H, B) is symmetric if and only if
the following condition is satisfied: for any g ∈ G there exist k1, k2 ∈ K

and h1 ∈ H such that:

g−1 = k1h1gh−1
1 k2. (9.38)

Proof It is just an easy exercise: the pair is symmetric if and only if for
any (g, h) ∈ G×H there exist (k1h1, h1), (k2h2, h2) ∈ B such that{

h−1 = h1hh2

g−1 = k1h1gk2h2.
(9.39)

Taking h = 1G we get h2 = h−1
1 and g−1 = k1h1gh−1

1 · (h1k2h
−1
1 ).

Conversely, if (9.38) is satisfied then taking (g, h) ∈ G×H and k̄1, k̄2 ∈
K, h̄1 ∈ H such that

(gh−1)−1 = k̄1h̄1(gh−1)h̄1
−1

k̄2

we get (9.39), by setting h1 = h−1h̄1, k1 = h−1k̄1h, k2 = h−1h̄1
−1

k̄2h̄1h

and h2 = h−1h̄1
−1

Corollary 9.8.12 If (9.38) is satisfied then the algebra G(G, H, K) is
commutative.

Corollary 9.8.13 Suppose that H ≤ G. If for any g ∈ G there exists
h ∈ H such that g−1 = hgh−1 then the algebra of H-conjugacy invariant
functions in G is commutative and for any σ ∈ G the restriction ResG

Hσ

is multiplicity-free.

Proof This is the case K = {1G} in Corollary 9.8.12 and in Theorem
9.8.8.
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Exercise 9.8.14 Suppose that G(G, H, K) is commutative. For σ ∈ Ĝ

and θ ∈ Ĥ with ResH
Kθ = (dimθ)ιK and θ′ contained in ResG

Hσ, define
the function φσ,θ ∈ L(G) by setting:

φσ,θ(g) =
1

|H| · |K|
∑
h∈H

∑
k∈K

χσ(gkh) χθ(h)

where χσ and χθ are the characters of σ and θ, rispectively.
Show that these functions form an orthonormal basis for G(G, H, K)

and that ‖φσ,θ‖2L(G) = |G|
(dimσ)(dimθ)

.

Exercise 9.8.15 A Schur algebra on a finite group G is a subalgebra
A of L(G) such that there exists a partition G = A0

∐
A1

∐
. . .

∐
Am

that satisfies:

(i) The functions 1A0 ,1A1 , . . . ,1Am
form a basis of A (as a vector

space).
(ii) A0 = {1G}.
(iii) For any i ∈ {0, 1, . . . , m} there exists j ∈ {0, 1, . . . , m} such that:

g ∈ Ai ⇒ g−1 ∈ Aj .

Show that G(G, H, K) is a Schur algebra.

A classical reference on Schur algebras is the monograph by Wielandt
[228]. See also [122] and [217, 218]. The survey article by Takacs [216]
contains many applications of Schur algebras to probability.

We now present our main example of Greenhalgebra. It is taken from
Greenhalgh’s thesis [106]. We take G = Sn, H = Sn−k × Sk and K =
Sn−k. First of all, the homogeneous space Sn/Sn−k may be identified
with the set

{(i1, i2, . . . , ik) : i1, i2, . . . , ik ∈ {1, 2, . . . , n}, ih �= ij if h �= j} ,

that is with the set of all ordered sequences of k distinct elements of
{1, 2, . . . , n}. Indeed Sn acts on this space and the stabilizer of (1, 2, . . . , k)
is just Sn−k (seen as the group of all permutations of {k+1, k+2, . . . , n}).
If we identify Sk with the group of all permutations of {1, 2, . . . , k}, then
Sn × (Sn−k × Sk) acts on Sn/Sn−k by setting

(π, γ) · (i1, i2, . . . , ik) =
(
π(iγ−1(1)), π(iγ−1(2)), . . . , π(iγ−1(k))

)
(9.40)

for all γ ∈ Sn−k × Sk and π ∈ Sn.
It is easy to verify that this is an action. Moreover, the stabilizer of

(1, 2, . . . , k) in Sn × (Sn−k × Sk) is exactly

B = {(νγ, γ) : ν ∈ Sn−k, γ ∈ Sn−k × Sk}. (9.41)
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Clearly, any element of B stabilizes (1, 2, . . . , k). Conversely, set (i1, i2,
. . . , ik) ≡ (1, 2, . . . , k) and suppose that (π, γ)(i1, i2, . . . , ik) = (i1, i2, . . . ,
ik). Since iγ−1(j) = γ−1(j) (simply because ij = j) we get j =
π(iγ−1(j)) = π(γ−1(j)) for j = 1, 2, . . . , k, that is ν := πγ−1 ∈ Sn−k

and (π, γ) = (νγ, γ) ∈ B. We have determined the action of Lemma
9.8.3 in the present setting and thus we have:

Lemma 9.8.16 The homogeneous space [Sn×(Sn−k×Sk)]/B is exactly
Sn/Sn−k with the action given by (9.40).

Exercise 9.8.17 Show that B ∼= (Sn−k � Sn−k)× Sk.

Our next goal is to prove that (Sn × (Sn−k × Sk), B) is a symmetric
Gelfand pair and therefore that the algebra G(Sn, Sn−k × Sk, Sn−k) is
commutative. First of all we need some definitions. An oriented graph
is a couple G = (V, E) where V is the vertex set and the edge set
E is a subset of V × V , that is an edge is an ordered pair of vertices
(v, w), v, w ∈ V (v = w is allowed), v is the initial vertex and w is the
final vertex. It is just a slightly modification of the definition given in
Section 1.6. When we draw an oriented graph, we put arrows instead of
segments (for an example see Exercise 1.10.8).

If G1 = (V1, E1), G2 = (V2, E2) are two oriented graphs, we say
that are isomorphic and we write G1 ∼= G2 if there exists a bijection
φ : V1 → V2 such that (v, w) ∈ E1 ⇔ (φ(v), φ(w)) ∈ E2, for all v, w ∈ V1.

We will use a particular construction with oriented graphs to parame-
terize the orbits of Sn× (Sn−k ×Sk) on (Sn/Sn−k)× (Sn/Sn−k). Given
a pair x, y ∈ Sn/Sn−k, x = (i1, i2, . . . , ik), y = (j1, j2, . . . , jk), we asso-
ciate with x, y the oriented graph G(x, y) = (V, E) defined as follows.
The vertex set is V = {i1, i2, . . . , ik} ∪ {j1, j2, . . . , jk} while the edge set
is E = {(i1, j1), (i2, j2), . . . , (ik, jk)}.

Note that the degree of a vertex v ∈ V is ≤ 2:

• if ih = jh they form a loop that is not connected with any other vertex;

• if v ∈ {i1, i2, . . . , ik} ∩ {j1, j2, . . . , jk} and v = ih = jt for h �= t then
the degree of v is 2 and it is the initial vertex of an edge and the
terminal vertex of another edge;

• if v ∈ {i1, i2, . . . , ik}Δ{j1, j2, . . . , jk} then the degree of v is 1 and it
is the terminal (resp. initial) vertex of an edge if v ∈ {j1, j2, . . . , jk}
(resp. if v ∈ {i1, i2, . . . , ik}).
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The following is an example: (n = 15, k = 8)

x = (1, 7, 14, 15, 10, 3, 13, 9)
y = (3, 1, 6, 15, 11, 9, 14, 7).

7 9

1 3

11

10 13 14

6
15

Figure 9.1.

Note that an oriented graph G(x, y) is composed by (isolated) loops,
(oriented) closed paths and (oriented) nonclosed paths. Moreover, if
v1 → v2 → · · · → vm is a nonclosed path, then v1 ∈ {i1, i2, . . . , ik}
and vm ∈ {j1, j2, . . . , jk}. Clearly, G(y, x) is obtained from G(x, y) just
by reversing the orientation of the edges. From these considerations it
follows easily that:

Lemma 9.8.18 G(x, y) ∼= G(y, x).

Moreover,

Lemma 9.8.19 (x, y), (x′, y′) ∈ (Sn/Sn−k) × (Sn/Sn−k) belong to the
same Sn × (Sn−k × Sk) orbit if and only if G(x, y) ∼= G(x′, y′).

Proof Suppose that x = (i1, i2, . . . , ik), y = (j1, j2, . . . , jk), x′ = (i′1,
i′2, . . . , i

′
k), y′ = (j′

1, j
′
2, . . . , j

′
k), γ ∈ Sn−k × Sk, π ∈ Sn and

i′h = π(iγ−1(h)), j′
h = π(jγ−1(h)), h = 1, 2, . . . , k.

Then the graphs G(x, y) and G(x′, y′) are isomorphic: the isomorphism
φ is given by:

φ(v) = π(v) ∀v ∈ {i1, i2, . . . , ik} ∪ {j1, j2, . . . , jk}.

This proves the “only if” part. Note that the effect of γ is just a permu-
tation of the edges, while π changes the vertices but not the structure
of the graph.

Conversely suppose that G(x, y) ∼= G(x′, y′) and denote by φ the cor-
responding isomorphism. Then we can take γ ∈ Sn−k×Sk such that the
φ-image of the edge (iγ−1(h), jγ−1(h)) is (i′h, j′

h) for h = 1, 2, . . . , k. Then
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setting π(iγ−1(h)) = i′h and π(jγ−1(h)) = j′
h, h = 1, 2, . . . , k and extent-

ing π to a permutation of the whole {1, 2, . . . , n} we have (π, γ)(x, y) =
(x′, y′).

For instance, if x, y are as in Figure 9.1 and

x′ = (2, 3, 1, 7, 11, 4, 14, 12)
y′ = (2, 11, 5, 13, 4, 12, 7, 3),

4 11

12 3

5

1 14 7

13
2

Figure 9.2.

then we can take γ = (4, 1, 8, 5, 3)(6, 2)(7) and

π = (1, 12, 10)(15, 2)(9, 11, 5)(3)(6, 13, 14, 7, 4)(8).

Corollary 9.8.20 (Sn × (Sn−k × Sk), B) is a symmetric Gelfand pair.

Corollary 9.8.21 The algebra G(Sn, Sn−k × Sk, Sn−k) is commutative.

Corollary 9.8.22 Sn is ambivalent. In particular, any irreducible
Sn-representation is selfconjugate.

Proof The ambivalence of Sn is just Corollary 9.8.20 for k = n combined
with Theorem 9.5.4. Then we can apply Corollary 9.7.12.

Denote by S(n−k) the trivial representation of Sn−k (as in Section 3.14).

Corollary 9.8.23 Suppose that Sμ is an irreducible representation of Sn

and that S(n−k)⊗Sλ is an irreducible representation of Sn−k×Sk which
is trivial on Sn−k (and therefore Sλ is an irreducible representation of
Sk). Then the multiplicity of S(n−k) ⊗ Sλ in ResSn

Sn−k×Sk
Sμ is ≤ 1.

For k = n−1, Sn−1×S1 ∼= Sn−1 (the stabilizer of a point, say n) and
we get
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Corollary 9.8.24 The algebra of Sn−1-conjugacy invariant functions
in Sn is commutative. For any irreducible representation Sμ of Sn,
ResSn

Sn−1
Sμ is multiplicity-free.

Note that in Corollaries 9.8.23 and 9.8.24 we do not need to know an
explicit parameterization of the irreducible representations of Sn, as it
will be developed in Chapter 10.

We refer to Koornwinder’s paper [147] for a result similar to Corol-
lary 9.8.24 in the setting of classical compact groups. Corollary 9.8.24 is
the starting point for the approach to the representation theory of Sn de-
veloped by Okounkov and Vershik in [173, 174]. See also the monograph
by Kleshchev [144].

9.9 Fourier transform of a measure

In this section we present a characterization of ergodicity for a random
walk on a finite group. It is taken from Behrends’ book [18].

Let G be a finite group. For a subset Δ ⊆ G set Δ−1 = {g−1 : g ∈ Δ}.
Denote by GΔ the set of all g ∈ G that can be expressed as a product

g = g1g2 · · · g2r (9.42)

with r-many gi belonging to Δ and with the remaining r in Δ−1. For
instance, if g1, g2, g3, g4 ∈ Δ, then the element g = g1g

−1
2 g−1

3 g4 ∈ GΔ,
while the element g′ = g2g

−1
1 g4 in general does not belong to GΔ. More-

over, for any Δ ⊆ G, we denote by G(Δ) (resp. GN (Δ)) the subgroup
(resp. the normal subgroup) generated by Δ.

Exercise 9.9.1 (Discrete intermediate value theorem) Let a < b ∈
Z and set [a, b] = {a, a+1, . . . , b−1, b} ⊂ Z. Suppose that f : [a, b] → Z
is such that |f(t)− f(t + 1)| = 1 for all t ∈ [a, b− 1] and f(a)f(b) < 0.
Then there exists u ∈ [a + 1, b− 1] such that f(u) = 0.

Lemma 9.9.2

(i) GΔ is a subgroup of G. Moreover, setting ΔΔ−1 = {gh−1 : g, h ∈
Δ} we have

G(ΔΔ−1) ≤ GΔ ≤ GN (ΔΔ−1). (9.43)

(ii) If 1G ∈ Δ, then GΔ = G(Δ).
(iii) GΔ = G if and only if there exists k ∈ N such that every element

g ∈ G can be written as a product of k elements in Δ.
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Proof First recall that in a finite group, a subset is a subgroup if and
only if it is closed under multiplication.

(i) The first part of the statement immediately follows from the pre-
ceding observation.

The first inclusion in (9.43) follows immediately from the fact that
ΔΔ−1 ⊆ GΔ and the fact that GΔ is a subgroup.

We now prove the second inclusion (in 9.43) by induction on r. The
identity g−1h = (h−1h)g−1h = h−1(hg−1)h implies that Δ−1Δ ⊆
GN (ΔΔ−1) and this is the case r = 1.

For h ∈ Δ ∪Δ−1 we define the element h ∈ Δ by setting

h =

{
h if h ∈ Δ

h−1 if h ∈ Δ−1.
(9.44)

With this notation, if g ∈ GΔ, then (9.42) becomes

g = (g1)ε1(g2)ε2 · · · (g2r)ε2r

with εi = ±1. Obviously one has
∑2r

i=0 εi = 0.
Suppose by induction that the assertion is true for all � ≤ r − 1.
We distinguish two cases:

• ε1 = ε2r. Applying Exercise 9.9.1 with a = 0, b = 2r − 1 and
f(t) =

∑t
i=0 εi, we have that there exists u (necessarily an even

integer, say u = 2i) such that f(u) = 0. This infers that g = g′g′′

with g′ = g1g2 · · · g2i and g′′ = g2i+1g2i+2 · · · g2r both belonging
to GΔ. By recurrence g′ and g′′ belong to GN (ΔΔ−1) and so
does g.

• ε1 �= ε2r. In this case we have g1g2r and g′ = g2g3 · · · g2r−1 both
belong to GΔ (and therefore to GN (ΔΔ−1), by recurrence). But
then by normality g1g

′g−1
1 ∈ GN (ΔΔ−1) and the same holds for

g = (g1g
′g−1

1 )(g1g2r).

(ii) Suppose that 1G ∈ Δ. Every element in G(Δ), the subgroup gen-
erated by Δ, is of the form g = g1g2 · · · gk with gi ∈ Δ (recall the obser-
vation at the beginning of the proof). But then g = g1g2 · · · gk1−1

G 1−1
G · · ·

1−1
G ∈ GΔ.
(iii) Suppose first that G = GΔ and denote by N = |G| the order of

this group. Recall that gN = 1G for all g ∈ G.
Fix g ∈ G and express it as g = g1g2 · · · g2r where r = r(g) of the gi’s

are in Δ and the other r in Δ−1. With the notation in (9.44), replace
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each gi ∈ Δ−1 with gi
N−1. This shows that g can be expressed as a

product of k(g) = r + r(N − 1) = rN elements in Δ. The same holds
for 1G which can be expressed as 1G = gk(g) for any element g ∈ Δ. It
follows that G = ΔΔ · · ·Δ with k =

∑
g∈G k(g) factors.

Conversely, if G = ΔΔ · · ·Δ with k factors, then for any g ∈ G one
can write g = g1g2 · · · gk and 1G = h1h2 · · ·hk with all gi’s and hj ’s in
Δ. But then

g = g1g2 · · · gkh−1
k h−1

k−1 · · ·h
−1
2 h−1

1 ∈ GΔ

and the proof is complete.

Exercise 9.9.3 Show that in (9.43) both inclusions may be proper.

Exercise 9.9.4 Let μ be a probability measure on a finite group G and
denote by Δ = {g ∈ G : μ(g) > 0} its support. Show that Δk is the
support of μ∗k for all k = 1, 2, . . ..

Recall that for a linear operator A on a finite dimensional vector space,
the Hilbert-Schmidt norm is ‖A‖HS :=

√
tr(AA∗) (see Example 9.5.10).

Lemma 9.9.5 (Upper bound lemma) Let G be a finite group, μ

a probability measure and denote by U the uniform distribution on G.
Then

‖μ∗k − U‖TV ≤
1
4

∑
ρ∈Ĝ\{ιG}

dρtr
(
[μ̂(ρ)]k([μ̂(ρ)]∗)k

)
. (9.45)

Proof From the Cauchy–Schwarz inequality we deduce that ‖μ∗k −
U‖TV ≤ 1

4 |G|‖μ∗k − U‖2. By Plancherel’s formula (3.20), and the fact
that Û(ρ) = 1 if ρ = ιG, the trivial representation and vanishes other-
wise, the last term equals 1

4

∑
ρ∈Ĝ\{ιG} dρtr

(
[μ̂(ρ)]k([μ̂(ρ)]∗)k

)
.

Proposition 9.9.6 Let G be a finite group and μ a probability measure
with support Δ = {g ∈ G : μ(g) > 0}. Then the following conditions are
equivalent:

(a) GΔ = G.

(b) There is k ∈ N such that G = ΔΔ · · ·Δ with k factors.
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(c) For any nontrivial irreducible representation ρ one has

‖μ̂(ρ)k‖HS → 0 as k →∞.

(d) Denoting by U the uniform distribution on G one has

‖μ∗k − U‖TV → 0 as k →∞.

(e) The corresponding Markov chain is ergodic.

Proof The equivalence (a)⇔(b) follows from Lemma 9.9.2.
(b) is equivalent to (e) by definition of ergodicity: indeed we have (P

is the stochastic matrix associated with the measure μ, namely p(g, h) =
μ(g−1h))

P is k-ergodic ⇐⇒ p(k)(g, h) > 0 for all g, h ∈ G

by the G-invariance of P ⇐⇒ p(k)(1G, h) > 0 for all h ∈ G

⇐⇒ μ∗k(h) > 0 for all h ∈ G

⇐⇒ supp μ∗k = G

by the previous exercise ⇐⇒ Δk = G.

(e) is equivalent to (d) in virtue of the ergodic theorem (Theorem 1.4.1);
observe that in this case the (unique) stationary distribution is given by
the uniform distribution U ≡ 1/|G|.

(c) ⇔ (d): recall that the norms ‖ · ‖TV and ‖ · ‖L(G) are equivalent

(G is finite and ‖ · ‖TV = 1
2‖ · ‖L1(G) ≤

√
|G|
2 ‖ · ‖L(G) ≤

√
|G|
2 ‖ · ‖L1(G)).

Therefore ‖μ∗k − U‖TV → 0 if and only if ‖μ∗k − U‖L(G) → 0, as
k → ∞. With the same arguments as in the upper bound lemma
(Lemma 9.9.5) we have ‖μ∗k − U‖L(G) → 0, if and only if ‖μ̂(ρ)k‖2HS =
tr

(
[μ̂(ρ)]k([μ̂(ρ)]∗)k

)
→ 0 as k → ∞, for all nontrivial representation

ρ ∈ Ĝ.

Exercise 9.9.7 Suppose that G is a finite abelian group. Let μ be
a probability measure on G and denote by Δ its support. Prove that
the following assertions are equivalent (we use additive notation for the
operation on G).

(a) G(Δ−Δ) = G (in particular, GΔ = G).

(b) There is a k ∈ N such that G = Δ+Δ+· · ·+Δ with k summands.
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(b′) There are no proper subgroups H of G and g0 ∈ G such that
Δ ⊆ g0 + H.

(c) For any nontrivial character χ, one has |μ̂(χ)| < 1.
(d) Denoting by U the uniform distribution on G one has

‖μ∗k − U‖TV → 0 as k →∞.

(e) The corresponding Markov chain is ergodic.
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Basic representation theory of
the symmetric group

This chapter contains a standard exposition on James’ approach to the
representation theory of the symmetric group. We follow the mono-
graphs by James [132] and Sagan [182]. See also Diaconis [55] and
Sternberg’s [212] books. The most complete reference on the subject
is the book by James and Kerber [134]. Sections 10.6 and 10.7 are
based on Diaconis’s book [55]. Section 10.8 is an introduction to Stan-
ley’s paper [201]. See also Sagan’s book [182]. In Section 10.9 we prove
a characterization of the irreducible representations of the symmetric
group due to James; we follow the elementary proof in [187].

10.1 Preliminaries on the symmetric group

In this section we recall some elementary facts on the symmetric group
(see, for instance, the algebra books by Herstein [120], Hungerford [123]
and M. Artin [6]).

For n ≥ 2, we denote by Sn the symmetric group of degree n, that is
the group of all permutations of the set {1, 2, . . . , n}.

A permutation γ ∈ Sn is called a cycle of length d, and we denote it
as γ = (a1, a2, . . . , ad), with 1 ≤ ai �= aj ≤ n for 1 ≤ i �= j ≤ d, if

γ(a1) = a2, γ(a2) = a3, . . . , γ(ad−1) = ad, γ(ad) = a1

and

γ(b) = b if b �= ai for all i’s.

Two cycles γ = (a1, a2, . . . , ad) and θ = (b1, b2, . . . , bd′) with {a1, a2, . . . ,

ad} ∩ {b1, b2, . . . , bd′} = ∅ are said to be disjoint. It is clear that any
two disjoint cycles commute (γθ = θγ) and that any permutation can
be uniquely expressed as product of pairwise disjoint cycles. We call the

319
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type or the cycle structure of a permutation the sequence of the lengths
(in decreasing order) of its cycles. In other words, if

π = (a1, a2, . . . , aμ1)(b1, b2, . . . , bμ2) · · · (c1, c2, . . . , cμk
)

with μ1 ≥ μ2 ≥ · · · ≥ μk and disjoint cycles, the type of π is (μ1, μ2, . . . ,

μk) (and we suppose that μ1 + μ2 + · · ·+ μk = n, that is also the trivial
cycles, i.e. the points fixed by π, are included in the cycle structure).

The following problem was presented to us by Adriano Garsia who,
in turn, heard it from Richard Stanley. We thank Richard Stanley for
addressing Peter Winkler’s home page and to the latter for kindly giving
us the permission to reproduce it here.

Exercise 10.1.1 (The prisoners’ problem [230]) There are 2n pris-
oners senteced to death. The director of the prison decides to give them
a “last chance” of survival. Each prisoner has a “registration number”
between 1 and 2n assigned. These numbers are placed into 2n boxes,
one number inside each box, and the boxes, numbered from 1 to 2n, are
placed in a room. The prisoners (all together) have their lives saved if
and only if each of them finds his own registration number according to
the following rule. Each prisoner, one at a time, is led into the room.
He may open at most n boxes (i.e. the half of them) and has to leave
the room exactly as he found it. He cannot communicate with the other
prisoners after he has visited the room. The prisoners, however, have
the possibility to plot together a strategy in advance. Find a strategy
which would ensure them a probability of survival exceeding 30%.

Comment. Note that if no strategy is established, so that each prisoner
opens at random n boxes, then their probability of survival is exactly
(1/2)2n which is almost zero. On the other hand, if n = 1, so that there
are exactly two prisoners and two boxes, the strategy for which prisoner
i opens the box i, i = 1, 2, gives a 1/2 probability of survival.

As usual in group theory, two elements η and η′ in Sn are conjugate if
there exists π ∈ Sn such that πθπ−1 = θ′. It is clear that conjugacy is
an equivalence relation; we call the conjugacy class of an element η ∈ Sn

the class {πηπ−1 : π ∈ Sn} containing η.
Before stating the following lemma we need the following definition.
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Definition 10.1.2 Let n be a positive integer. A partition of length h

of n is an ordered sequence of positive integers λ = (λ1, λ2 . . . , λh) such
that λ1 +λ2 + · · ·λh = n and λ1 ≥ λ2 ≥ · · · ≥ λh. We use the expression
λ + n to say that λ is a partition of n.

For instance, the cycle structure of a permutation π ∈ Sn is a partition
of n.

We have the following remarkable fact.

Lemma 10.1.3 If θ = (a1, a2, . . . , ad) · · · (b1, b2, . . . , bd′) is the decom-
position into disjoint cycles of θ ∈ Sn, then, for all π ∈ Sn one has that

πθπ−1 = (π(a1), π(a2), . . . , π(ad)) · · · (π(b1), π(b2), . . . , π(bd′)) (10.1)

is the decomposition into disjoint cycles of the conjugate πθπ−1.

Proof Observe that πθπ−1(π(x)) = π(θ(x)) for all x ∈ {1, 2, . . . , n}.
Therefore, the cycle (a1, a2, . . . , ad) ≡ (a1, θ(a1), . . . , θd−1(a1)) of the
permutation θ corresponds to the cycle (π(a1), π(a2), . . . , π(ad))
of πθπ−1.

Corollary 10.1.4 Two permutations are conjugate if and only if they
have the same cycle structure. In particular, if Cμ denotes the set of all
permutations that have cycle structure μ + n, then the map μ �→ Cμ is a
bijection between the set of all partitions of n and the conjugacy classes
in Sn.

There is another way to write a partition of n. If μ = (μ1, μ2, . . . , μk) +
n, we can represent it in the form (1r1 , 2r2 , . . . , nrn) where rj denotes
the number of i ∈ {1, 2, . . . , k} with μi = j, j = 1, 2, . . . , n. Thus,
r1 + 2r2 + · · · + nrn = n. Usually one omits the terms of the form iri

with ri = 0 and simply writes i instead of i1. For instance, the partition
(7, 5, 5, 4, 4, 4, 1) + 30 may be also represented in the form (1, 43, 52, 7).
Analogously (1, 1, · · · , 1) + n is represented by (1n).

Proposition 10.1.5 Let μ + n with μ = (1r1 , 2r2 , . . . , nrn) and denote
by Cμ the corresponding conjugacy class. Then

|Cμ| =
n!

r1!1r1r2!2r2 · · · rn!nrn
.
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Proof Sn acts transitively on Cμ by conjugation: Cμ � σ �→ πσπ−1 ∈ Cμ

for all π ∈ Sn. If σ ∈ Cμ, then the stabilizer of σ in Sn is the subgroup
Zσ = {π ∈ Sn : πσπ−1 = σ}, which is nothing but the centralizer of
σ in Sn. From Lemma 10.1.3 it follows that π ∈ Zσ if and only if: (a)
for j = 1, 2, . . . , n it permutes among themselves the cycles of length
j and/or (b) it cyclically permutes each cycle of σ.

Now, for each j, (a) may be performed in rj ! different ways, while, for
each cycle of length j, (b) can be performed in j different ways. Alto-
gether we get |Zσ| = r1!1r1r2!2r2 · · · rn!nrn . Finally, |Cμ| = |Sn|/|Zσ| is
as we wished to prove.

With λ = (λ1, λ2, · · · , λm) + n we associate the group

Sλ = Sλ1 × Sλ2 × · · · × Sλm

which can be naturally embedded into Sn: if {1, 2, . . . , n} =
∐m

i=1 Ai

with |Ai| = λi, is a partition of {1, 2, . . . , n}, then we may regard Sλ

as the subgroup SA1 × SA2 × SAm , where SAi denotes the group of all
permutations of Ai. This is clearly a subgroup of Sn: (π1, π2, . . . , πm) ∈
SA1×SA2×SAm is the same thing as the permutation π1π2 · · ·πm ∈ Sn.

A subgroup of this type is called a Young subgroup of Sn corresponding
to λ + n.

Remark 10.1.6 Note that we write the permutations on the left of the
permuted object, that is, if γ ∈ Sn and i ∈ {1, 2, . . . , n}, the γ-image
of i is γ(i). As a consequence, the product of nondisjoint cycles is as in
the following example: (1, 2, 5) ·(1, 2, 4) = (1, 5)(2, 4), that is, the second
cycle on the left hand side sends 1 → 2 and the first one 2 → 5, and so
on. This agrees with the convention in Hungerford [123]. On the other
hand, Herstein [120] writes the permutations on the right and therefore,
in that book, one finds (1, 2, 5) · (1, 2, 4) = (1, 4)(2, 5).

Exercise 10.1.7 (1) Show that Sn is generated by the set of all trans-
positions.

(2) Show that Sn is generated by the transpositions (i, i + 1) for i =
1, 2, . . . , n− 1.

10.2 Partitions and Young diagrams

With a partition λ = (λ1, λ2, . . . , λk) + n one associates its Young di-
agram, namely an arrangement (from left to right and from the top
to the bottom) of n squared boxes in k left-justified rows, the ith one
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containing exactly λi boxes. In other words, the first row contains λ1

boxes, the second row λ2 boxes, with the ith box of the second row
below the ith box of the first row and so on. For instance, the Young
diagram corresponding to the partition (4, 4, 3, 1, 1) + 13 is

4

4

3

1

1

λ = (4, 4, 3, 1, 1)

Figure 10.1.

Also, rows and columns are numbered as rows and column of a matrix.
Note that in the diagram of λ there are t := λ1 columns and the

jth column contains exactly λ′
j = |{i : λi ≥ j}| boxes. The conjugate

partition λ′ of λ is defined by λ′ = (λ′
1, λ

′
2, . . . , λ

′
t). Clearly its associated

Young diagram is obtained by transposing the Young diagram of λ.

λ 1 λ 2 λ k

λ 1

λ 2

λk

λ = (λ 1, λ 2, . . . , λ k 
) λ′ = (λ ′, λ ′ , . . . , λ ′)

λ ′1
λ ′1

λ ′2

λ ′2

λ ′t

λ ′t

1 2 t

Figure 10.2.

We now introduce a partial order on the set of all partitions of n.

Definition 10.2.1 Let λ = (λ1, λ2, . . . , λh) and μ = (μ1, μ2, . . . , μk) be
two partitions of n. We say that μ dominates λ and we write

λ � μ

if k ≤ h and
�∑

i=1

λi ≤
�∑

i=1

μi

for � = 1, 2, . . . , k.

For instance one has (3, 2, 2, 1) � (4, 3, 1). It is clear that � is a partial
order relation and the partitions (1, 1, . . . , 1) and (n) are the minimal



324 Basic representation theory of the symmetric group

and maximal elements, respectively. The order is not total: there exist
elements that are not comparable. This is the case, for instance, for the
partitions λ = (3, 3) and μ = (4, 1, 1).

Suppose that λ and μ are partitions of n. We say that μ is obtained
from λ by a single-box up-move if there exist positive integers a and b

with a < b such that μi = λi for all i �= a, b and μa = λa + 1 and
λb = μb−1. It is also obvious that if μ is obtained from λ by a single-box
up-move, then λ � μ.

Lemma 10.2.2 Let λ and μ be two partitions of n. Then μ dominates
λ if and only if there exists a chain

λ0 � λ1 � · · · � λs−1 � λs

where λ0 = λ, λs = μ and λi+1 is obtained from λi by a single-box
up-move, i = 1, 2, . . . , s− 1.

Proof We only prove the nontrivial implication. Suppose λ = (λ1, λ2, . . . ,

λh) is dominated by μ = (μ1, μ2, . . . , μk) and λ �= μ. Set μj = 0 for
j = k + 1, k + 2, . . . , h. Denote by s the smallest integer such that∑s

i=1 λi <
∑s

i=1 μi and denote by t the smallest integer such that μt <

λt. From the definition of s we have

μ1 = λ1, μ2 = λ2, . . . , μs−1 = λs−1, μs > λs. (10.2)

It follows that t > s. We define v as the largest integer v ≥ t such that
λv = λt. Then we can add to (10.2) other relations:{

μi ≥ λi i = s + 1, s + 2, . . . , t− 1

λi = λt > μt ≥ μi i = t + 1, t + 2, . . . , v.
(10.3)

We define λ as the partition of n obtained from λ by the following
single-box up-move:

λ = (λ1, λ2, . . . , λs−1, λs + 1, λs+1, . . . , λv−1, λv − 1, λv+1, . . . , λh).

λ1 λ1 μ1

μs

μ t

μ v

λs λs + 1

λ v – 1

λ t

λ v

λ h λ h

λ = (λ1, λ2, . . . , λ h) μ = (μ1, μ2, . . . , μ k)λ = (λ1, λ2, . . . , λ h)

Figure 10.3.
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Clearly, λ is still a partition: λs−1 = μs−1 ≥ μs > λs yields λs−1 ≥
λs + 1 and λv > λv+1 yields λv ≥ λv+1 + 1.

We now show that λ � μ. Clearly, it suffices to prove that
∑z

i=1 μi ≥∑z
i=1 λi, for z = s, s+1, . . . , v−1, equivalently that

∑z
i=1 μi >

∑z
i=1 λi,

for the same values of z. From
∑z

i=1 μi ≥
∑z

i=1 λi and from (10.2)
and (10.3) it follows that the quantity

∑z
i=1 μi −

∑z
i=1 λi is positive for

z = s and z = v − 1, not decreasing for s ≤ z ≤ t − 1, decreasing for
t ≤ z ≤ v−1. Therefore it cannot be

∑z
i=1 μi =

∑z
i=1 λi for s ≤ z ≤ v−1

and λ � μ.

Finally, one can take λ1 = λ and iterate the procedure until one
reaches μ.

10.3 Young tableaux and the Specht modules

Definition 10.3.1 Let λ be a partition of n and consider the corre-
sponding Young diagram Dλ. A Young tableau of shape λ (or, simply, a
λ-tableau) is a bijection t of the set of n boxes of Dλ into {1, 2, . . . , n}.
We denote by ti,j the number corresponding to the box in the ith row
and jth column and by Tλ the set of all λ-tableaux.

Example 10.3.2 If n = 3 and λ = (2, 1) we have the following λ-
tableaux.

3 2 3 1 2 1

1 1 2 2 3 32 3 1 3 1 2

t1 t2 t3 t4 t5 t6

Figure 10.4.

It is clear that for any partition λ + n the number of λ-tableaux is
|Tλ| = n!.

For λ + n we now define an action of Sn on Tλ by setting, for all
π ∈ Sn and t ∈ Tλ,

(π[t])i,j = π(ti,j).
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Example 10.3.3 For example, if n = 3, λ = (2, 1) as above and with
π = (1, 2) we have:

3 1 3 2 1 2

2 2 1 1 3 31 3 2 3 2 1

π (t1) π (t2) π (t3) π (t4) π (t5) π (t6)

Figure 10.5.

We note that this action is transitive.

Lemma 10.3.4 Let λ, μ + n be two partitions of n and t ∈ Tλ and s ∈ Tμ

be two Young tableaux. Suppose that, for each row i of t, the elements
{ti,1, ti,2, . . . , ti,λi} belong to different columns of s. Then λ � μ.

Proof As the elements of the first row of t belong to different columns
of s we necessarily have λ1 ≤ μ1. Now, given three elements from the
first two rows of t, as two of them are necessarily in the same row and
therefore belong to different columns of s, we have that these three
elements cannot belong to a single column of s. In other words, every
column of s contains at most two elements from the first two rows of t.
Up to permuting the elements in each single column of s, we may suppose
that the elements corresponding to the first two rows of t belong to the
top two rows of s. This shows that λ1 + λ2 ≤ μ1 + μ2. Analogously,
iterating this argument, each column of s contains at most i elements
from the first i rows of t showing that λ1+λ2+· · ·+λi ≤ μ1+μ2+· · ·+μi

and this completes the proof.

Definition 10.3.5 For any set A denote by SA the group of all permu-
tations of A. Let λ = (λ1, λ2, . . . , λh) + n be a partition and t ∈ Tλ a
tableau. For 1 ≤ i ≤ h and for 1 ≤ j ≤ k := λ1, let Ri = Ri(t) = {ti,j :
j = 1, . . . , λi} and Cj = Cj(t) = {ti,j : i = 1, . . . , λ′

j} (where λ′ is the
conjugate of λ) denote the sets of numbers in the ith row and in jth
column of t, respectively. Then the Young subgroups

Rt = SR1 × SR2 × · · · × SRh
and Ct = SC1 × SC2 × · · · × SCk

are called the row-stabilizer and column-stabilizer of t, respectively. More-
over, given t1, t2 ∈ Tλ we say that they are equivalent and we write
t1 ∼ t2 if Ri(t1) = Ri(t2) for all 1 ≤ i ≤ h, that is if each row of t1 con-
tains the same elements of the corresponding row in t2. This is clearly
an equivalence relation; the equivalence class of t is called a λ-tabloid
and it is denoted by {t}. We denote by Tλ the set of all λ-tabloids.
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We can also think of a tabloid as a tableaux with no order within the
rows. That is,

764

85321

647

35281

t ∈ T(5,3) {t} ∈ �(5,3)

Figure 10.6.

where in the diagram of t the sets {1, 2, 3, 6, 8} and {4, 5, 7} are unordered
(they are viewed just as subsets of {1, 2, . . . , 8}).

Observe that the action of Sn on Tλ induces a transitive action on the
λ-tabloids, namely π{t} = {πt}, as clearly t1 ∼ t2 infers π(t1) ∼ π(t2)
for all t1, t2 ∈ Tλ and π ∈ Sn. It is also clear that the stabilizer in Sn

of a tabloid {t} is nothing but the subgroup Rt. Thus the number of all
λ-tabloids is

|Tλ| =
|Sn|
|Rt|

=
n!
λ!

where for λ = (λ1, λ2, . . . , λh) + n we use the notation λ! = λ1!λ2! · · ·λh!.

Definition 10.3.6 For λ + n denote by Mλ = L(Tλ) the permutation
representation of Sn induced by the action on the λ-tabloids.

Example 10.3.7 Consider the partition (n − 1, 1) + n. Clearly there
are n!

(n−1)! = n distinct (n−1, 1)-tabloids: these are uniquely determined
by the unique element in the second row.

1 2

· · · · · · · · ·· · ·
n

2 n 1 n n – 113 3 2

Figure 10.7.

Thus, Mn−1,1 is isomorphic to the space L({1, 2, . . . , n}) of all complex
valued functions on {1, 2, . . . , n}.

More generally, for k ≤ n/2, a (n−k, k)-tabloid is uniquely character-
ized by the k numbers appearing in its second row. This way, Mn−k,k

is isomorphic to the space of all complex valued functions on the space
of all k-subsets of {1, 2, . . . , n}; see Chapter 6 on the Johnson scheme.
Analogously, for k < n, a (n − k, 1, . . . , 1)-tabloid is determined by the
ordered k-tuple consisting of the numbers appearing in the last k rows.
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This way, M (n−k,1,...,1) is isomorphic to the space of all complex valued
functions defined on the set of all ordered k-tuples of distinct elements
in {1, 2, . . . , n}; see also Section 3.14. In general, Tλ is isomorphic to the
Sn-homogeneous space Sn/(Sλ1×Sλ2×· · ·×Sλh

) and Mλ is isomorphic
to the corresponding permutation representations.

With a λ-tabloid {t} we denote by e{t} ∈ Mλ the Dirac function at
{t}. Clearly, {{t} : t ∈ Tλ} is an orthonormal basis for Mλ. Here
we adopt a slight change of notation (more similarly to that adopted
in the literature relative to the representation theory of Sn; see for
instance [132, 182]). Indeed, a function f ∈ Mλ will be seen as a
linear combination

∑
{t}∈Tλ

f({t})e{t}. The permutation representa-
tion of Sn on Mλ will be written in the form: πe{t} = e{πt} and
πf ≡ π(

∑
{t}∈Tλ

f({t})e{t}) =
∑

{t}∈Tλ
f({t})e{πt}, which is cleary

equivalent to saying that (πf)({t}) = f(π−1{t}).
Let now μ + n and t ∈ Tμ. We set At =

∑
π∈Ct

sign(π)π, where sign is
the character of Sn given by sign(π) = 1 if π is an even permutation and
sign(π) = −1 otherwise (see Exercise 3.4.5). If λ is another partition of
n we can think of At as a linear operator At : Mλ → Mλ by setting

Ate{s} =
∑

π∈Ct

sign(π)e{πs} (10.4)

for all s ∈ Tλ. In other words, At corresponds to the element f of the
group algebra L(Sn) given by f(π) = sign(π) if π ∈ Ct and f(π) = 0
otherwise. Moreover (10.4) is its natural action on Mλ.

The linear operator At : Mλ → Mλ is symmetric: indeed,

〈Atu, v〉 = 〈
∑

π∈Ct

sign(π)πu, v〉 =
∑

π∈Ct

sign(π)〈u, π−1v〉 = 〈u, Atv〉

for all u, v ∈ Mλ, where the last equality follows from the fact that
sign(π−1) = sign(π) and that 〈πe{u}, e{v}〉 = 〈e{u}, π

−1e{v}〉.

Definition 10.3.8 Let t be a λ-tableau. The polytabloid associated with
t is the vector et in Mλ defined by

et = Ate{t}. (10.5)
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Example 10.3.9 Let λ = (n− 2, 2) + n. Consider the λ-tableau

t = · · ·1

n

2

n − 1

n − 2

Figure 10.8.

Then, its column stabilizer is Ct = S{1,n−1} × S{2,n} and therefore

At = 1− (1, n− 1) + (1, n− 1)(2, n)− (2, n).

Correspondingly, the associated polytabloid is

et = e{t} − e{t1} + e{t2} − e{t3}

where

n − 1 n − 1

n − 1

n − 2n − 2n − 2· · ·

t1 t2 t3

1 n

2 · · ·

1 2

n 1 · · ·

2

n

Figure 10.9.

Lemma 10.3.10 For a polytabloid et and a permutation π ∈ Sn one
has

πet = eπt. (10.6)

Proof Let A be a subset of {1, 2, . . . , n} and denote by Sn(A) its sta-
bilizer in Sn. Since every element of Sn(A) is a product of its cycles
we have, in virtue of (10.1), that πSn(A)π−1 = Sn(πA) for all π ∈ Sn.
Thus for every π ∈ Sn we have πCtπ

−1 = Cπt and

πet = π

( ∑
π′∈Ct

sign(π′)eπ′(t)

)
=

∑
π′∈Ct

sign(π′)πeπ′{t}

=
∑

π′∈Ct

sign(π′)eππ′{t} =
∑

σ∈Cπt

sign(π−1σπ)eππ−1σπ{t})

= eπ{t}.

Definition 10.3.11 For λ + n we define Sλ as the subspace of Mλ

spanned by all the λ-polytabloids. Sλ is called the Specht module asso-
ciated with λ.

Note that, in virtue of the previous lemma, any Specht module Sλ,
λ + n, is Sn-invariant.
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Lemma 10.3.12 Let λ, μ + n be two partitions; let t ∈ Tλ and s ∈ Tμ

be two tableaux. Suppose that there are two numbers belonging simul-
taneously to the same row of s and to the same column of t. Then
Ate{s} = 0.

Proof Let a, b ∈ {1, 2, . . . , n} denote the two numbers as in the state-
ment. Then we have

(1− (a, b)) e{s} = e{s} − e{s} = 0.

On the other hand, {1, (a, b)} is a subgroup of Ct: denote by {γ1, . . . , γz}
a set of representatives for the corresponding left-cosets. We then have

Ate{s} =
∑

π∈Ct

sign(π)eπ{s} =
z∑

i=1

sign(γi)γi (1− (a, b)) e{s} = 0.

Corollary 10.3.13 Let λ, μ + n be two partitions; let t ∈ Tλ and s ∈ Tμ

be two tableaux. Suppose that Ate{s} �= 0. Then λ � μ. In particular, if
in addition, λ = μ one has Ate{s} = ±et.

Proof From the previous lemma we immediately have that the elements
belonging to a given row of s necessarily belong to different columns of
t. In virtue of Lemma 10.3.4 we deduce that λ � μ.

Now suppose, in addition, that λ = μ. We show that there exist two
elements σ ∈ Rs and θ ∈ Ct such that σs = θt. Let s1,1, s1,2, . . . , s1,λ1 be
the elements of the first row in s. As they belong to different columns in
t, there is σ1 ∈ Ct such that {s1,1, s1,2, . . . , s1,λ1}= {(σ1t)1,1, (σ1t)1,2, . . . ,

(σ1t)1,λ1}. Let then θ1 ∈ Sλ1 ≤ Rs be such that (θ1s)1,j = (σ1t)1,j for all
j’s. Repeating the same argument for the part of the tableaux θ1s and
σ1t below the first rows, respectively, we obtain elements θi ∈ Sλi

≤ Rs

and θi ∈ Ct (fixing the first i− 1 rows of t), i = 2, 3, . . . , h, so that σ =
σh · · ·σ2σ1 ∈ Rs and θ = θh · · · θ2θ1 ∈ Ct are the right permutations.

Thus, {s} = {σs} = {θt} = θ{t} and e{s} = eθ{t} = θe{t} so that

Ate{s} =
∑

π∈Ct

sign(π)πθe{t} = sign(θ)Ate{t} = sign(θ)et.

Lemma 10.3.14 Let t be a λ-tableau and f ∈ Mλ. Then there exists
c ∈ C such that Atf = cet.
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Proof By linearity it suffices to prove the statement in the case f = e{s}
where s ∈ Tλ; but then, in virtue of the previous corollary (with λ = μ),
we have that

Atf = cet, with c ∈ {1,−1}.

Theorem 10.3.15 (James’ submodule theorem) Let W be an Sn-
invariant subspace of Mλ. Then Sλ is contained either in W or in
its orthogonal complement W⊥. In particular, Sλ is an irreducible
representation of Sn.

Proof Suppose that for all f ∈ W and for all s ∈ Tλ one has Asf = 0.
Then

0 = 〈Asf, e{s}〉 = 〈f, Ase{s}〉 = 〈f, es〉

so that W ≤ (Sλ)⊥.
On the other hand if there exist f ∈W and s ∈ Tλ such that Asf �= 0

then, as Asf clearly belongs to W , from the previous lemma we deduce
that also es ∈ W . As for every tableau t ∈ Tλ there exists π ∈ Sn such
that πs = t and thus, by Lemma 10.3.10, πes = et, one deduces that
et ∈W and therefore Sλ ≤ W .

Proposition 10.3.16 Let λ, μ + n be two partitions and F ∈
HomSn(Mλ, Mμ), F �= 0. If Sλ �⊂ ker F then λ � μ. Moreover if
λ = μ then F |Sλ = c1|Sλ .

Proof Noticing that kerF is Sn-invariant, the condition Sλ �⊂ ker F

infers, by previous lemma, that kerF ≤ (Sλ)⊥. It follows that for t ∈ Tλ

one has

AtFe{t} = FAte{t} = Fet �= 0. (10.7)

Now, Fe{t} is a linear combination of μ-tabloids and therefore there
exists s ∈ Tμ such that Ate{s} �= 0. In virtue of Corollary 10.3.13 we
deduce that λ � μ.

If λ = μ, then, by (10.7) and Lemma 10.3.14, we have Fet = cet with
c ∈ C so that, for π ∈ Sn

F (eπt) = F (πet) = πF (et) = πcet = ceπt

showing that F |Sλ = c1|Sλ .
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Corollary 10.3.17 If HomSn
(Sλ, Sμ) �= {0} then λ � μ.

Proof Let 0 �= F ′ ∈ HomSn
(Sλ, Sμ). We denote by F its extension

F : Mλ → Mμ obtained by setting F |(Sλ)⊥ = 0. Then 0 �= F ∈
HomSn(Mλ, Mμ) and the previous proposition yields the proof.

Exercise 10.3.18 Prove that dimHomSn(Sλ, Mλ) = 1.

Theorem 10.3.19 Let λ, μ + n be two partitions. If λ �= μ then Sλ �∼
Sμ.

Proof Suppose Sλ ∼ Sμ. Then HomSn(Sλ, Sμ) �= {0} and therefore,
by the previous corollary λ � μ. By symmetry we also have μ � λ and
therefore λ = μ.

We are now able to state the main result of this section.

Theorem 10.3.20 The set {Sλ : λ + n} is a complete list of all
irreducible representations of Sn.

Proof Observe that

|partitions of n| = |conjugacy classes of Sn| = |Ŝn|

and, since by the previous theorem the Sλ’s are pairwise nonequivalent,
the statement follows.

Remark 10.3.21 As the polytabloids are linear combinations of tabloids
with integer and therefore real coefficients, we have that Sλ is a real
representation (cf. Corollary 9.8.22).

Corollary 10.3.22 Let P(n) be the set of all partitions of n and Ŝn the
dual of Sn. Then the map

P(n) � λ �→ Sλ ∈ Ŝn (10.8)

has the following properties:

(i) Sλ ≤ Mλ;
(ii) if Sλ ≤ Mμ then λ � μ.

Moreover, (10.8) is uniquely determined by the above properties.
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Proof Clearly Sλ ≤ Mλ (with multiplicity one by Exercise 10.3.18). If
Sλ is isomorphic to a sub-representation of Mμ, then there exists F ∈
HomSn

(Mλ, Mμ) with Sλ �≤ ker F and, by Proposition 10.3.16, λ � μ.
If P(n) � λ �→ V λ ∈ Ŝn is another map satisfying (i) and (ii) then,

clearly, V (n) = M (n) = S(n). Suppose that there exists μ ∈ P(n) such
that Sμ �= V μ. We can suppose that μ is maximal with respect to �
so that Sλ = V λ for λ � μ. Decomposing Mμ and keeping in mind
property (ii) we get a contradiction.

Exercise 10.3.23 With the notation of Chapter 6, directly verify that
the polytabloids et ∈ S(n−k,k) are in the kernel of the operator d defined
in (6.2), namely det = 0.

10.4 Representations corresponding to transposed tableaux

Consider the partition (1, 1, . . . , 1) + n which we shall simply denote by
(1n). For each (1n)-tableau t one clearly has Rt = {1} and Ct = Sn.
Moreover, given any two tableaux t, s ∈ T(1n) there exists πt ∈ Sn such
that πts = t and therefore for the corresponding polytabloids we have

et =
∑

π∈Sn

sign(π)πe{t} =
∑

π∈Sn

sign(π)ππte{s} = sign(πt)es.

In other words the irreducible representation S(1n) is one-dimensional
and it is equivalent to the sign representation: πes = sign(π)es.

Theorem 10.4.1 Let λ + n and denote by λ′ its transposed partition.
Then

Sλ′
= Sλ ⊗ S(1n).

Proof Let t ∈ Tλ and denote by t′ ∈ Tλ′ the corresponding transposed
tableau.

3

6

2

8

1

5

4

7

547

36281

t ∈ T(2,2,2,1,1) t′ ∈ T(5,3)

Figure 10.10.



334 Basic representation theory of the symmetric group

Clearly Rt′ = Ct and Ct′ = Rt. Consider the operators

At′ =
∑

π∈Ct′

sign(π)π and Bt′ =
∑

π∈Rt′

π

and denote by u a vector spanning the one-dimensional space of the
representation S(1n). Consider the map θ : Mλ′ → Sλ ⊗ S(1n) given by

θ(πe{t′}) := πBt′(e{t} ⊗ u) = π

( ∑
σ∈Ct

σe{t} ⊗ σu

)

= π

( ∑
σ∈Ct

sign(σ)σe{t} ⊗ u

)
= π(et ⊗ u) = (πet ⊗ u)sign(π)

for all π ∈ Sn and extending by linearity. We observe that θ is well
defined. Indeed if π1e{t′} = π2e{t′} with π1, π2 ∈ Sn then on has π−1

2 π1 ∈
Rt′ and therefore π1Bt′ = π2Bt′ . Moreover θ is surjective and commutes
with the action of Sn. Indeed, for all π, σ ∈ Sn one has

θ(σπe{t′}) = (σπet ⊗ u)sign(σ)sign(π)

= σ((πet ⊗ u)sign(π)) = σ(θ(πe{t′})).

The image of et′ under θ is given by

θ(et′) = θ(
∑

π∈Ct′

sign(π)πe{t′})

=
∑

π∈Rt

sign(π)θ(πe{t′})

=
∑

π∈Rt

πet ⊗ u

= (Btet)⊗ u.

Since 〈Btet, e{t′}〉 = 〈et, Bte{t′}〉 = 〈et, |Rt|e{t′}〉 = |Rt| �= 0 one has
θ(et′) �= 0. Therefore Sλ′ �⊂ ker θ so that, in virtue of Theorem 10.3.15,
ker θ ≤ (Sλ′

)⊥. We then deduce the following relation

dimSλ = dim(Imθ) = dimMλ′ − dim(ker θ) ≥ dimMλ′ − dim(Sλ′
)⊥

= dimSλ′
. (10.9)

With analogous arguments we have dimSλ′ ≥ dim(S(λ′)′) = Sλ. Substi-
tuting this last inequality in (10.9) one obtains dim(ker θ) = dim(Sλ′

)⊥.
Thus ker θ = (Sλ′

)⊥ and θ is an isomorphism. This ends the proof.
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Corollary 10.4.2 Under the same hypotheses of the preceding theorem
one has χλ′(π) = sign(π)χλ(π) for all π ∈ Sn. In particular dλ = dλ′

and, for all transpositions τ ∈ Sn, χλ(τ) = −χλ′(τ).

Proof In virtue of Lemma 9.1.5 for all π ∈ Sn we have

χλ′(π) = χ(1n)(π)χλ(π) = sign(π)χλ(π).

In particular, for π = 1 one has dλ′ = dλ, while if τ is a transposition
χλ(τ) = −χλ′(τ).

10.5 Standard tableaux

Definition 10.5.1 Let λ + n be a partition. A tableau t ∈ Tλ is
standard if the numbers in each row and in each column are growing
from left to right and from the top to the bottom, respectively. The
polytabloid et corresponding to a standard tableau t is also called a
standard polytabloid.

Example 10.5.2 For n = 8 and λ = (5, 3) consider the following λ-
tabloids.

764

85321

t ∈ T(5,3) s ∈ T(5,3)

547

36281

Figure 10.11.

Then t is standard while s is not.

Theorem 10.5.3 The standard λ-polytabloids constitute a basis for
Sλ. Thus, the dimension of Sλ equals the number of all standard λ-
polytabloids.

The proof of the theorem is divided into two parts: in the first part we
show that λ-polytabloids are independent (Corollary 10.5.9) while in the
second one we show that they span Sλ (Theorem 10.5.12).

Definition 10.5.4 Let n be a positive integer. A composition of n is an
ordered sequence a = (a1, a2, . . . , ak) of nonnegative integers such that
a1 + a2 + · · ·+ ak = n. The numbers ai are called the parts of a.
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Note that a partition λ + n is therefore a composition (with the weakly
decreasing and positivity conditions on its parts) but, clearly, not vice
versa. For instance, (5, 4, 1) is a partition of 10, but (5, 2, 3) is simply a
composition of 10.

With a composition one associates, in analogy with the partitions, the
Young diagram and the tableaux and one defines the dominance order
of two compositions by comparing the first i parts, i = 1, 2, . . . In other
words, if a = (a1, a2, . . . , ak) and b = (b1, b2, . . . , bh) are compositions
of n, then a � b means that k ≤ h and

∑z
i=1 ai ≥

∑z
i=1 bi for all

z = 1, 2, . . . , k. One can also extend the notion of a tabloid: if a =
(a1, a2, . . . , ak) is a composition of n, then an a-tabloid or a tabloid of
shape a, is an arrangement of the numbers 1, 2, . . . , n into k rows, where
the ith row contains ai numbers and there is no order within each row.
For instance, given the composition a = (2, 3) of 5, then

2

1

4

5

3

Figure 10.12.

is an a-tabloid. We denote by Ta the Sn-homogeneous space of all a-
tabloids and by Ma the corresponding permutation module. It is clear
that if λ is the partition of n obtained by rearranging the parts of a in
a decreasing order, then Tλ

∼= Ta and Mλ ∼ Ma as Sn-homogeneous
space and as permutation module respectively. For instance M (1,7,5) ∼=
M (7,5,1) as S13-modules.

From now on, unless otherwise specified, we shall consider tabloids
associated with compositions, that is with a more general shape than
those associated with partition.

Given a partition λ + n and a λ-tabloid {t}, for each i ∈ {1, 2, . . . , n}
one denotes by {ti} the tabloid formed by all elements {1, 2, . . . , i} in
{t} and by λi the composition which corresponds to {ti}. For example,
for n = 5, λ = (3, 2) and the λ-tabloid

1

2

3

5 4
{t} =

Figure 10.13.
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one has

1{t1}

{t4} {t5}

{t2} {t3}=

λ1 = (0, 1),

λ4 = (2, 2), λ5 = (3, 2)

λ2 = (1, 1), λ3 = (1, 2),

1

2
=

1

2

3
=

1

2

3

4
=

1

2

3

5 4
=

Figure 10.14.

The dominance order on generalized tabloids is determined by the
dominance ordering on the corresponding compositions.

Definition 10.5.5 Let {s} and {t} be two tabloids with composition
sequences (λi)i and (μi)i, respectively. Then {s} dominates {t} (and we
write {s} � {t}) if λi � μi for all i’s.

Lemma 10.5.6 Let {t} be a tabloid and suppose that in {t} there exist
a < b with a in a lower row than b. Then {t} � (a, b){t}.

Proof Suppose that a appears in row r and b in row q with q < r. Let
λi = (λi

1, λ
i
2, . . .) and μi = (μi

1, μ
i
2, . . .) be the composition series of {t}

and (a, b){t}, respectively. Then we have:

λi = μi for i < a or i ≥ b

and

μi = (λi
1, λ

i
2, . . . , λ

i
q + 1, . . . , λi

r − 1, . . .) for a ≤ i < b.

Therefore we have μi � λi with strict inequality for a ≤ i < b.

Suppose that f ∈ Mμ and f =
∑

{t}∈Iμ
f({t})e{t}. We say that e{t}

(or {t}) appears in f if f({t}) �= 0.

Corollary 10.5.7 If t is standard and e{s} appears in et, then {t} � {s}.
In other words {t} is the maximum tabloid that appears in et.

Proof If e{s} appears in et =
∑

π∈Ct
sign(π)πe{t} then there exists

π ∈ Ct such that {s} = π{t}, and we may suppose that s = πt. A column
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inversion in s is a pair a, b in the same column such that a < b and a is
in a lower row than b. If no column inversion exists, then s is standard
and necessarily s = t. Otherwise, applying the previous lemma one has
(a, b){s}�{s}. This way, the number of column inversion decreases, and
after a finite number of steps we get {t} � {s}.

Lemma 10.5.8 Let v1, v2, . . . , vm be elements in Mμ. Suppose that for
each vi one can choose a tabloid {ti} appearing in vi such that {ti} is
maximum in vi and the {ti}’s are all distinct. Then v1, v2, . . . , vm are
independent.

Proof Up to a permutation of the indices we can assume that {t1} is
maximal among the {ti}’s. This ensures that {t1} appears only in v1.
Suppose now that c1v1 + c2v2 + · · ·+ cmvm = 0. Then necessarily c1 = 0
and c2v2 + · · ·+cmvm = 0. Recursively repeating the previous argument
one gets c2 = · · · = cm = 0 and the statement follows.

Corollary 10.5.9 Let λ + n be a partition. Then the standard λ-
polytabloids are linearly independent.

Proof The statement follows immediately from Corollary 10.5.7 and
Lemma 10.5.8 applied to the standard tabloids {t}’s and their associated
polytabloids et’s.

We now show that the standard polytabloids of shape λ span Sλ.
Suppose that A and B are disjoint subsets of {1, 2, . . . , n} and de-

note by SA, SB and SA∪B the corresponding symmetric groups. Then
SA × SB ≤ SA∪B . Moreover, if t is a λ-tableau, λ + n, and A and
B are contained in different columns of t, then we can always choose a
transversal Π for SA×SB in SA∪B (that is, SA∪B =

∐
π∈Π π(SA×SB))

in such a way that for any π ∈ Π the elements of A ∪ B are increas-
ing down the columns of πt. Indeed, if Π is any transversal, for any
π ∈ Π we can choose σπ ∈ SA × SB such that σππ ∈ π(SA × SB)
and the above property holds for σππt. Then we can replace Π with
Π′ = {σππ : π ∈ Π}.

Definition 10.5.10 Let t be a tableau and let A and B be subsets of two
consecutive columns, say the jth and the (j + 1)st, respectively. Let Π
be the set of transversals for SA×SB in SA∪B such that the elements of
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A∪B are increasing down the columns of πt. Then the Garnir element
associated with t and A, B is gA,B =

∑
π∈Π sign(π)π.

For example, for the tableau

8

5

9

7

1 3 42

6t =

Figure 10.15.

choose A = {7, 9} and B = {6, 3} in the second and third column,
respectively. In this case we can take

Π = {1, (6, 7), (6, 9, 7), (3, 6, 7), (3, 6, 9, 7), (3, 7)(6, 9)},

so that the Garnir element is

gA,B = 1− (6, 7) + (6, 9, 7) + (3, 6, 7)− (3, 6, 9, 7) + (3, 7)(6, 9),

as the following picture shows:

8

5

9

6

1 3 42

7

(6, 7)t (6, 9, 7)t (3, 6, 7)t (3, 6, 9, 7)t (3, 7)(6, 9)t

8

5

7

6

1 3 42

9

8

5

9

3

1 6 42

7

8

5

7

3

1 6 42

9

8

5

6

3

1 7 42

9

Figure 10.16.

Proposition 10.5.11 Let t be a λ-tableau and A and B as in the defini-
tion of a Garnir element. If |A∪B| is greater than λ′

j (i.e. the number
of elements in the jth column of t), then gA,Bet = 0.

Proof We first show that ∑
π∈SA∪B

sign(π)πet = 0. (10.10)
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Let σ ∈ Ct. As |A ∪ B| > λ′
j , there exist a ∈ A and b ∈ B such that

a and b belong to the same row of σt. Thus (a, b) ∈ SA∪B so that∑
π∈SA∪B

sign(π)πe{σt} =
∑

π′∈Π′

sign(π′)π′[1− (a, b)]e{σt}

=
∑

π′∈Π′

sign(π′)π′[e{σt} − e{σt}]

= 0

where Π′ is a set of transversals in SA∪B for the subgroup {1, (a, b)}.
Summing up over all elements in Ct (with the corresponding sign), we
obtain (10.10).

By definition of the Garnir element we clearly have∑
π∈SA∪B

sign(π)π = gA,B

∑
π′∈(SA×SB)

sign(π′)π′

so that (10.10) becomes

gA,B

∑
π′∈(SA×SB)

sign(π′)π′et = 0. (10.11)

As SA × SB ⊆ Ct, for σ ∈ SA × SB we have:

sign(σ)σet = sign(σ)σ[
∑

π∈Ct

sign(π)π]{t} =θ=σπ [
∑
θ∈Ct

sign(θ)θ]{t} = et]

and therefore (10.11) becomes

gA,B [|SA × SB |et] ≡ |SA × SB |[gA,Bet] = 0

and the statement follows.

Given a tableau t, the same way as the associated tabloid is defined
by {t} = {πt : π ∈ Rt}, we define the column-tabloid as [t] = {σt : σ ∈
Ct}. Replacing “row” with “column” everywhere in Definition 10.5.5 we
obtain a notion of dominance for column-tabloids. It will be denoted
with the same symbol � used before: it will be clear from the context
which ordering the symbol will refer to.

We are now in position to prove that the standard λ-polytabloids
span Sλ.

Theorem 10.5.12 The set of all standard λ-polytabloids spans Sλ.
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Proof Recalling that for σ ∈ Ct and s = σt one has

es = σet = sign(σ)et,

it suffices to prove that et is in the span of the standard λ-polytabloids
whenever t has increasing columns. We proceed by induction with re-
spect to the dominance order for column-tabloids. It is clear that the
maximum element is standard: indeed it is given by numbering the cells
of each column from the top to the bottom and from the leftmost to the
rightmost column.

For example, for λ = (4, 3, 2) + 9, the maximum element is

3

2

6

5

1 7 94

8

Figure 10.17.

Let t be a λ-tableau with increasing columns. By induction, we may
assume that all tableaux s with [s] � [t] are in the span of the stan-
dard λ-polytabloids. If t is standard there is nothing to prove. If it
is not standard, let j be the first column such that there is an entry
ti,j greater than ti,j+1. By assumption on t we have ti,j < ti+1,j <

· · · < tλ′
j ,j and t1,j+1 < t2,j+1 < · · · < ti−1,j+1 < ti,j+1. Setting

A = {ti,j , ti+1,j , . . . , tλ′
j ,j} and B = {t1,j+1, t2,j+1, . . . , ti−1,j+1, ti,j+1}

denote by gA,B =
∑

π∈Π sign(π)π the associated Garnir element. Ob-
serving that |A∪B| = λ′

j +1, by Proposition 10.5.11 we have gA,Bet = 0
which we rewrite as

et = −
∑

π∈Π\{1}
sign(π)eπt. (10.12)

Applying the column-analog of Lemma 10.5.6, one gets [πt] � [t].
Indeed, [πt] = σ[t] where σ = σ1σ2 · · ·σk with the σi’s (commuting)
transpositions of the form σi = (ai, bi) where ai ∈ A and bi ∈ B. This
ensures, in particular, that ai > bi and that bi belongs to the column at
the (immediate) right of that of ai.

By induction, all terms in the right side of (10.12), and hence et as well,
are in the span of the standard λ-tabloids, and the proof is complete.
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Corollary 10.5.13 The set {et : t standard λ-tableau} is a basis for
Sλ. In particular the dimension dλ of Sλ equals the number of standard
λ-tableaux.

Remark 10.5.14 If t is a standard λ-tabloid then its conjugate t′ ∈ Tλ′

is also standard. As a consequence dimSλ = dimSλ′
. We have already

proved this fact in Corollary 10.4.2.

Example 10.5.15 We have the following identities (see also Exercises
3.14.1, 3.14.2 and Theorem 6.1.6).

(1) dim S(n−k,k) =
(
n
k

)
−

(
n

k−1

)
, for k ≤ n/2;

(2) dim S(n−k,1,1,...,1) =
(
n−1

k

)
.

Proof (1) It is clear that an (n − k, k)-standard tableau is determined
by the elements in the second row. These form a k-subset of X =
{1, 2, . . . , n}. Note that, however, not every k-subset is admissible: for
instance, one cannot take a subset containing either 1 or {2, 3}. More
precisely, it is easy to see that a k-subset {i1, i2, . . . , ik}, with i1 < i2 <

· · · < ik, is admissible if and only if i1 ≥ 2, i2 ≥ 4, . . . , ik ≥ 2k. Then
the following is a bijection between the nonadmissible k-subsets and the
(k − 1)-subsets of X:

{i1, i2, . . . , ik} �→ [{1, 2, . . . , 2h− 1}\{i1, i2, . . . , ih}]∪{ih+1, ih+2, . . . , ik}
(10.13)

where, still supposing i1 < i2 < · · · < ik, h = min{j : ij ≤ 2j − 1} (and
therefore ih−1 = 2h − 2 and ih = 2h − 1). For instance, if k = 3, then
{1, i, j} �→ {i, j}, {2, 3, j} �→ {1, j} (for j > 3), {2, 4, 5} �→ {1, 3} and
{3, 4, 5} �→ {1, 2}. It follows that there are precisely

(
n−1

k

)
nonadmissible

subsets.
(2) This is easy: any standard (n−k, 1, 1, . . . , 1)-tableau is determined

by the elements in the first row: 1 is the first element, the other n−k−1
are arbitrary (in {2, 3, . . . , n}).

Exercise 10.5.16 Show that (10.13) is a bijection.

As regarding an estimate of the dimension dλ of each Sλ we have the
trivial upper bound dλ ≤

√
n!. Indeed as for any finite group G one

has
∑

π∈Ĝ d2
π = |G| (cf. Theorem 3.7.11) we have

∑
λ�n d2

λ = |Sn| = n!
and therefore for each fixed λ one has the asserted estimate. One can
improve this estimate as follows.
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Proposition 10.5.17 Let λ = (λ1, λ2, . . . , λk) + n be a partition and
set λ = (λ2, . . . , λk) + n− λ1. Then

dλ ≤
(

n

λ1

)
dλ ≤

(
n

λ1

)√
(n− λ1)!. (10.14)

Proof It follows immediately that there are
(

n
λ1

)
different ways to choose

the elements in the first row and than once the first row is settled one
has at most dλ independent ways to fill up the remaining boxes of the
Young diagram of λ (which indeed constitute the Young diagram of λ).

Combining the previous two estimates, we get that dλ≤
(

n
λ1

)√
(n− λ1)!.

Observe that it is not the case, in general, that a standard λ-tableau
extends to a standard λ-tableau.

10.6 Computation of a Fourier transform on the symmetric
group

Let T denote the set of all transpositions of Sn.
Consider the probability distribution P on Sn defined by

P (π) =

⎧⎪⎪⎨⎪⎪⎩
1
n if π = 1
2

n2 if π ∈ T

0 otherwise.

(10.15)

Observe that P is central, that is, it is constant on the conjugacy classes:
P = 1

nδ1 + 2
n2 1T , where δ1 is the Dirac function at the identity element

of Sn.
In virtue of Proposition 3.9.7, one easily computes its Fourier trans-

form with respect to any representation ρ of Sn, namely

P̂ (ρ) =

(
1
dρ

∑
π∈Sn

P (π)χρ(π)

)
I =

(
1
dρ

χρ(1)
1
n

+
∑
τ∈T

2
n2

χρ(τ)
dρ

)
I

=
(

1
n

+
n− 1

n
r(ρ)

)
I (10.16)

where r(ρ) = χρ(τ)
dρ

(which does not depend on τ ∈ T ) and we have used
the facts that χρ(1) = dρ and the number of transpositions in Sn equals
n(n− 1)/2.
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Moreover if U is the uniform distribution on Sn, that is U(π) = 1
n! for

all π ∈ Sn, we have

Û(ρ) =

{
I if ρ is trivial

0 otherwise.
(10.17)

As r(ρ) plays a prominent role in our further developments, we shall
establish an explicit formula for it. We first need an easy but useful
lemma.

Lemma 10.6.1 Let λ = (λ1, λ2, . . . , λk) + n be a partition and denote
by λ′ = (λ′

1, λ
′
2, . . . , λ

′
λ1

) its transpose. Then we have

k∑
i=1

(i− 1)λi =
λ1∑

j=1

(
λ′

j

2

)
. (10.18)

Proof In the Young diagram of λ fill up the first row with zeroes, the
second one with ones, and so on, so that in the last row is filled-up
with (k− 1)’s. Summing up these numbers by rows and by columns one
obtains the left hand side and the right hand side of (10.18), respectively.

From now on, given a partition λ + n, we denote by χλ and dλ,
the character and the dimension of Sλ, respectively. Moreover we set
r(λ) = χλ(τ)

dλ
where τ is any transposition in Sn.

The aim of the next theorem is to compute r(λ) for any partition
λ + n.

Theorem 10.6.2 Let λ = (λ1, λ2, . . . , λk) + n. Then

r(λ) =
1

n(n− 1)

k∑
i=1

[
λ2

i − (2i− 1)λi

]
. (10.19)

Proof Let t be a λ-tableau. Note that the characteristic function 1T

is a central element of the group algebra of Sn; in particular, it com-
mutes with At. In the notation of the present chapter, convolution
becomes a formal product: 1T At =

∑
τ∈T

∑
π∈Ct

τπsign(π) (see also
Remark 10.6.6).

We split T as follows: T = T1
∐

T2
∐

[T \ (T1 ∪ T2)] where T1 = T∩Ct

and T2 = T ∩Rt. For τ ∈ T1 one has

Atτ =
∑

π∈Ct

sign(π)πτ =
∑
γ∈Ct

−sign(γ)γ = −At.
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Thus

Atτe{t} = −Ate{t} = −et.

Obviously if τ ∈ T2 on has Atτe{t} = et. Finally, if τ ∈ T \ (T1 ∩ T2)
there exist two elements x, y ∈ {1, 2, . . . , n} that belong to the same row
of τt and to the same column of t. Indeed τ = (a, b) where, necessarily,
a, b ∈ {1, 2, . . . , n} belong to different rows and different columns of t;
therefore there exists an element c which belongs to the same row of a

and the same column of b (or vice versa): then take x = b and y = c (or
x = a and y = c, respectively). Therefore, by Lemma 10.3.12 we deduce
that Atτe{t} = 0.

We thus have

1T et = 1T Ate{t} = At1T e{t}

=
∑
τ∈T

Atτe{t}

=
∑
τ∈T1

Atτe{t} +
∑
τ∈T2

Atτe{t} +
∑

τ∈T\(T1∪T2)

Atτe{t}

= −|T1|et + |T2|et

=

⎡⎣ k∑
i=1

(
λi

2

)
−

λ1∑
j=1

(
λ′

j

2

)⎤⎦ et

=

⎡⎣ k∑
i=1

(
λi

2

)
−

k∑
j=1

(i− 1)λi

⎤⎦ et

=
1
2

k∑
i=1

[
λ2

i − (2i− 1)λi

]
et

where in the last but one identity we used the previous lemma.
We have already seen in (10.16) that

1̂T (ρλ) =

(
1
dλ

∑
π∈Sn

1T χλ(π)

)
I =

(
n

2

)
χλ(τ)

dλ
I.

But the Fourier transform 1̂T (ρλ) coincides with the eigenvalue of the
operator 1T =

∑
τ∈T τ restricted to Sλ and the formula of the theorem

holds.

Corollary 10.6.3 Let λ, μ + n be two partitions. If λ � μ then r(λ) >

r(μ).
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Proof In virtue of Lemma 10.2.2 it suffices to prove the statement in the
case where λ is obtained by μ by a single-box up-move. Thus suppose
that there exist a, b with b > a such that

λa = μa + 1, λb = μb − 1 and λc = μc

for all c �= a, b. Therefore one has

r(λ)− r(μ) =
1

n(n− 1)
[λ2

a − (2a− 1)λa + λ2
b − (2b− 1)λb − μ2

a

+ (2a− 1)μa − μ2
b + (2b− 1)μb]

=
2

n(n− 1)
[μa − μb + b− a + 1]

≥ 2
n(n− 1)

> 0

where the last but one inequality is due to the fact that μa ≥ μb. Note
that these facts continue to hold true even in the limit case λb = 0.

Lemma 10.6.4 For λ = (λ1, λ2, . . . , λk) + n one has

(i) r(λ) ≤ λ1−1
n−1 ;

(ii) r(λ) ≤ 1− 2(n−λ1)(λ1+1)
n(n−1) if λ1 ≥ n/2.

Proof (i) We have:

r(λ) =
1

n(n− 1)

k∑
i=1

[
λ2

i − (2i− 1)λi

]
≤ 1

n(n− 1)

k∑
i=1

[λi(λi − 1)]

≤ λ1 − 1
n(n− 1)

k∑
i=1

λi =
λ1 − 1
n− 1

.

(ii) We trivially have (λ1, n − λ1) � λ. Thus, from the previous
corollary we have

r(λ) ≤ r(λ1, n− λ1)

=
1

n(n− 1)
(
λ2

1 − λ1 + n2 − 2nλ1 + λ2
1 − 3n + 3λ1

)
=

n(n− 1) + 2(λ2
1 + λ1 − nλ1 − n)

n(n− 1)
= 1− 2(n− λ1)(λ1 + 1)

n(n− 1)
.

Corollary 10.6.5 Suppose that for λ + n one has r(λ) ≥ 0. Then

| 1
n

+
n− 1

n
r(λ)| ≤

{
λ1
n for all λ + n

1− 2(n−λ1)(λ1+1)
n2 if λ1 ≥ n

2 .
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Remark 10.6.6 In the following exercise, an element f of the group
algebra L(Sn) will be identified with the formal linear combination∑

π∈Sn
f(π)π; compare with the definition of At in Section 10.3. This

way, the convolution of two elements
∑

π∈Sn
aππ and

∑
σ∈Sn

bσσ is just

the formal product
∑

γ∈Sn

(∑
π,σ∈Sn:
πσ=γ

aπbσ

)
γ, and the right (resp. left)

regular representation of Sn on L(Sn) is simply: ρ(σ)[
∑

π∈Sn
aππ] =∑

π∈Sn
aππσ−1 (resp. λ(σ)[

∑
π∈Sn

aππ] =
∑

π∈Sn
aπσπ) for all σ ∈ Sn.

The exercise requires also the knowledge of Section 9.5.

Exercise 10.6.7 (1) Let λ + n and t be a λ-tableau. Set Bt =
∑

σ∈Rt
σ.

Show that the map Mλ � e{t} �→ πBt ∈ L(Sn) with π ∈ Sn, is a
homomorphism of group representations (L(Sn) with the left regular
representation).

(2) Prove the following formula for the character χλ of Sλ:

χλ =
dλ

n!

∑
π∈Sn

∑
γ∈Cπt

∑
σ∈Rπt

sign(γ)γσ

(a similar formula can be found in Section VI.6 of Simon’s book [198]).

(3) For λ, μ + n, set φλ(μ) = χλ(θ)
dλ

, where θ is any element in Cμ (the
set of all permutations of Sn of type μ). Thus φλ is a spherical function
of the Gelfand pair (Sn × Sn, S̃n). Show that, for any λ-tableau t,

φλ(μ) =
∑

σ∈Ct

|{γ ∈ Rt : σγ ∈ Cμ}|
|Cμ|

sign(σ).

(4) Use (3) to prove that for λ = (λ1, λ2, . . . , λk) one has

φλ(1n−2, 2) =
1

n(n− 1)

k∑
i=1

[λ2
i − (2i− 1)λi]

(cf. with Theorem 10.6.2) and

φλ(1n−3, 3)=
1

2n(n− 1)(n− 2)
·

k∑
i=1

[2λ3
i +3λ2

i (1−2i) + λi(6i2 − 6i + 1)]− 3
2(n− 2)

.
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(5) Using (3) prove the final formulæ (apart the formula dλ) in In-
gram’s paper [128].

10.7 Random transpositions

Now we are in a position to analyze the random transposition model
from Section 1.2. From the discussion at the end of Section 1.3 and
in Section 3.9 we know that this model is described by the repeated
convolution powers of the probability measure P in (10.15).

Lemma 10.7.1 For n > 2 and k > 0 one has∣∣∣∣1− 2
n

∣∣∣∣2k

+ (n− 1)2
∣∣∣∣1− 4

n

∣∣∣∣2k

≤ (n− 1)2
∣∣∣∣1− 2

n

∣∣∣∣2k

.

Proof Dividing by
∣∣1− 2

n

∣∣2k one obtains that the statement is equivalent

to the relation
∣∣∣n−4
n−2

∣∣∣2k

≤ n2−2n
(n−1)2 . The latter holds true as∣∣∣∣n− 4

n− 2

∣∣∣∣2k

≤ n− 4
n− 2

≤ n2 − 2n

(n− 1)2

where the last inequality can be checked directly for n > 2.

We now show that the random transposition model has a sharp cutoff
after 1

2n log n steps.

Theorem 10.7.2 (Diaconis and Shahshahani [69]) There exist
universal (that is independent of n) positive constants a and b such that

(i) if k = 1
2n log n + cn with c > 0, then ‖P ∗k − U‖ ≤ ae−2c;

(ii) if k = 1
2n log n − cn with 0 < c < 1

8 log n, then ‖P ∗k − U‖ ≥
1− be−2c.

Proof We keep the notation of the previous sections, namely, for a
partition λ + n the corresponding irreducible representation is (ρλ, Sλ)
with dimension dλ and character χλ. Also denote r(λ) = χλ(τ)

dλ
where

τ is any transposition of Sn. We recall the expression for the Fourier
transform of the distribution P in (10.16), namely

P̂ (ρλ) =
(

1
n

+
n− 1

n
r(λ)

)
I.
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In virtue of the upper bound lemma 9.9.5 we have

‖P ∗k − U‖2 ≤ 1
4

∑
λ�n

λ�=(n)

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

.

In virtue of Theorem 10.6.2 we have

r ((1n)) =
1

n(n− 1)

n∑
j=1

(1− (2j − 1)) =
1

n(n− 1)

⎛⎝2n− 2
n∑

j=1

j

⎞⎠ = −1

and

r ((n− 1, 1)) =
1

n(n− 1)
(
(n− 1)2 − (n− 1) + 1− 3

)
=

n− 3
n− 1

.

Moreover, observing that (2, 1n−2) is the transpose of (n−1, 1), in virtue
of Corollary 10.4.2 we have

r
(
(2, 1n−2)

)
= −r ((n− 1, 1)) = −n− 3

n− 1
.

From these relations one deduces

d2
(1n)

∣∣∣∣ 1n+
n− 1

n
r((1n))

∣∣∣∣2k

+ d2
(2,1n−2)

∣∣∣∣ 1n +
n− 1

n
r((2, 1n−2))

∣∣∣∣2k

=
∣∣∣∣ 1n − n− 1

n
r((1n))

∣∣∣∣2k

+ (n− 1)2
∣∣∣∣ 1n − n− 1

n

n− 3
n− 1

∣∣∣∣2k

=
∣∣∣∣1− 2

n

∣∣∣∣2k

+ (n− 1)2
∣∣∣∣1− 4

n

∣∣∣∣2k

(from Lemma 10.7.1)

≤ (n− 1)2
∣∣∣∣1− 2

n

∣∣∣∣2k

= d2
(n−1,1)

∣∣∣∣ 1n +
n− 1

n
r((n− 1, 1))

∣∣∣∣2k

. (10.20)

Note that d(1n) = d(n) = 1 and d(2,1n−2) = d(n−1,1) = n − 1 (Corol-
lary 10.4.2 and Example 10.5.15).
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Again, from Corollary 10.4.2 it follows that, for any permutation λ + n

one has either r(λ) ≥ 0 or r(λ′) > 0. Therefore

∑
λ:r(λ)<0

λ�=(1n),(2,1n−2)

d2
λ

∣∣∣∣ 1n +
n− 1

n
r(λ)

∣∣∣∣2k

=
∑

λ:r(λ)<0
λ�=(1n),(2,1n−2)

d2
λ

∣∣∣∣ 1n − n− 1
n

r(λ′)
∣∣∣∣2k

=
∑

λ′:r(λ′)>0
λ′ �=(n),(n−1,1)

d2
λ

∣∣∣∣ 1n − n− 1
n

r(λ′)
∣∣∣∣2k

≤
∑

λ:r(λ)>0
λ�=(n),(n−1,1)

d2
λ

∣∣∣∣ 1n +
n− 1

n
r(λ)

∣∣∣∣2k

.

Now

1
4

∑
λ�n

λ�=(n)

=
1
4

⎛⎜⎜⎜⎝ ∑
λ:r(λ)<0

λ�=(1n),(2,1n−2)

+
∑

λ=(1n),(2,1n−2)

+
∑

λ:r(λ)=0

+
∑

λ:r(λ)>0
λ�=(n)

⎞⎟⎟⎟⎠

≤ 1
4

⎛⎜⎜⎝ ∑
λ:r(λ)>0

λ�=(n),(n−1,1)

+
∑

λ=(n−1,1)

+
∑

λ:r(λ)=0

+
∑

λ:r(λ)>0
λ�=(n)

⎞⎟⎟⎠

=
1
4

⎛⎜⎜⎝2
∑

λ:r(λ)>0
λ�=(n)

+
∑

λ:r(λ)=0

⎞⎟⎟⎠
≤ 1

2

∑
λ:r(λ)≥0

λ�=(n)

and therefore, recalling (10.20),

1
4

∑
λ�n

λ�=(n)

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

≤ 1
2

∑
λ:r(λ)≥0

λ�=(n)

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

.
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The first term of the last sum, namely the one corresponding to λ =
(n−1, 1), equals (n−1)2(1− 2

n )2k which, in virtue of the basic inequality
1 − x ≤ e−x, is bounded above by n2 exp(− 4k

n ) ≡ exp(− 4k
n + 2 log n).

Thus, for k = 1
2n(log n + c), with c > 0, the latter equals e−2c which

tends to zero as c → ∞. As usual, the idea of the proof consists in
showing that the other terms are geometrically smaller than this first
term so that the same bound holds for the whole sum.

Fix α ∈ (0, 1
4 ) and split the above sum in two parts according to

whether λ1 is greater than (1− α)n or not. We then have

∑
λ:r(λ)≥0

λ�=(n)

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

=
n−1∑
j=1

∑
λ:r(λ)≥0
λ1=n−j

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

=
αn∑
j=1

∑
λ:r(λ)≥0
λ1=n−j

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

+
n−1∑

j>αn

∑
λ:r(λ)≥0
λ1=n−j

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

≤
αn∑
j=1

∑
λ:r(λ)≥0
λ1=n−j

d2
λ

(
1− 2j(n− j + 1)

n2

)2k

+
n−1∑

j>αn

∑
λ:r(λ)≥0
λ1=n−j

d2
λ

(
1− j

n

)2k

≤
αn∑
j=1

(
n

j

)
n!

(n− j)!

(
1− 2j(n− j + 1)

n2

)2k

(∗)

+
n−1∑

j>αn

(
n

j

)
n!

(n− j)!

(
1− j

n

)2k

. (∗∗)

Here, we have used Corollary 10.6.5 in the first inequality, while the
last one follows from∑
λ:λ1=n−j

d2
λ ≤

(
n

j

)2 ∑
λ:λ1=n−j

d2
(λ2,...,λk) =

(
n

j

)2 ∑
λ:�j

d2
λ

=
(

n

j

)
n!

(n− j)!

(here the inequality follows from equation (10.14), while the last equality
is a consequence of (iii) in Theorem 3.7.11).
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In order to bound the sum (∗), we choose k = 1
2n log n+cn with c > 0

as in the statement. Using the estimate 1− x ≤ ex we obtain

αn∑
j=1

(
n

j

)
n!

(n− j)!

(
1− 2j(n− j + 1)

n2

)2k

≤
αn∑
j=1

(n!)2

j!((n− j)!)2
exp

(
−4kj(n− j + 1)

n2

)

≤ n2 exp
(
−4k

n

) αn∑
j=1

((n− 1)!)2

j!((n− j)!)2
exp

(
−4k(j − 1)(n− j)

n2

)
= n2 exp (−2 log n− 4c) ·

·
αn∑
j=1

((n− 1)!)2

j!((n− j)!)2
exp

(
−4

(j − 1)(n− j)
n2 (

1
2
n log n + cn)

)

≤ e−4c
αn∑
j=1

((n− 1)!)2

j!((n− j)!)2
exp

(
−2

(j − 1)(n− j)
n

log n

)

= e−c
αn∑
j=1

((n− 1)!)2

j!((n− j)!)2
n−2 (j−1)(n−j)

n

≤ e−4c
αn∑
j=1

n2(j−1)n−2(j−1)(1−j/n)

j!

= e−4c
αn∑
j=1

n(2/n)j(j−1)

j!
.

In the lust sum the ratio between the (j + 1)st and the jth term is
1

j+1n
4j
n . In order to study this quotient consider the function h(x) =

1
x+1n

4x
n whose derivative is h′(x) = n4x/n

x+1

(
4 log n

n − 1
x+1

)
. Thus h(x) is

decreasing for x ≤ 4 n
log n − 1, increasing for x ≥ 4 n

log n − 1 and attains
the minimum at x = n

4 log n − 1. Therefore the absolute maximum of the
sequence {h(j)}j=1,...,αn−1 is attained at either j = 1 or j = αn − 1.
The values at these extrema are less than a constant q < 1: indeed
h(1) = 1

2n4/n which is decreasing with respect to n and it is less than 1

as soon as n > 17; the second quantity h(αn− 1) = 1
αnn

4(αn−1)
n ≤ n4α−1

αn

is also decreasing with respect to n and (because α < 1/4) we have
1
αn4α−1 < 1 as soon as n > (1/α)1/(1−4α). Setting

q = max
{

1
2
n4/n,

1
α

n4α−1 : n ≥ max{17, (1/α)1/(1−4α)}
}
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we obtain

e−4c
αn∑
j=1

n(2/n)j(j−1)

j!
≤ e−4c

αn−1∑
j=0

qj = e−4c 1− qαn

1− q
≤ e−4c

1− q
.

As far the sum in (∗∗) is concerned, for k = 1
2n log n+cn (with c > 0),

we have
n−1∑

j>αn

(
n

j

)
n!

(n− j)!

(
1− j

n

)2k

=
n−1∑

j>αn

(
n

j

)
n!

(n− j)!

(
1− j

n

)n log n+2cn

≤ e−4c
n−1∑

j>αn

(
n

j

)
n!

(n− j)!

(
1− j

n

)n log n

(10.21)

as, for n ≥ −2
log(1−α) (in fact if α is sufficiently close to 1/4 one can

take n ≥ 7), one has 2cn log(1 − α) ≤ −4c which infers (1 − j
n )2cn ≤

(1− α)2cn ≤ e−4c.
In order to bound the last sum in (10.21) we consider the ratio between

the (j + 1)st and the jth term. This is

(n− j)2

j + 1

(
n− j − 1

n− j

)n log n

=
(n− j)2

j + 1

(
1− 1

n− j

)n log n

and it is decreasing in j. The first ratio equals:

(n−αn)2

αn + 1

(
1− 1

n−αn

)n log n

≤ n(1−α)2

α
exp

[
n log n log(1− 1

n−αn
)
]

≤ n(1− α)2

α
exp

(
−n log n

n− αn

)
=

(1− α)2

α
n− α

1−α

where the last inequality follows from the trivial estimate log(1−x) ≤ −x

and it holds for n > 2 > 1
1−α .

For n >
(

(1−α)2

α

) 1−α
α

the above first ratio is smaller than 1. There-
fore the sum (10.21) is dominated by the first summand times n, that
is, it is bounded by e−4cn

(
n

αn

)
n!

(n−αn)! (1 − α)n log n. We recall (see also
Exercise 10.7.4) that we can deduce Stirling’s formula from

nne−n
√

2πn ≤ n! ≤ nne−n
√

2πn

(
1 +

1
12n− 1

)
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which also implies that

nne−n
√

2πn ≤ n! ≤ 2nne−n
√

2πn.

In virtue of this inequality we conclude that (10.21) is smaller than

e−4cn

(
n

αn

)
n!

(n− αn)!
(1− α)n log n

= ne−4c (n!)2

(αn)![(n− αn)!]2
(1− α)n log n

≤ 4e−4c

√
n√
2π

nαne−αn (1− α)n log n−2n+2αn

(1− α)ααn
√

α

= 4e−4c

√
n√
2π

(1− α)−2n+2αnnn(α+log(1−α))

(1− α)eαnααn
√

α
.

In the last term the fraction tends to 0 as n tends to +∞ (since the
dominant term is nn(α+log(1−α)) and we have that α + log(1− α) < 0).
Therefore there exists a constant a2 such that the last term and thus
(10.21) is bounded by a2e−4c. This completes the proof of the upper
estimate.

We now start proving the lower bound. First of all, we look at the
summand in

1
4

∑
λ�n

λ�=(n)

d2
λ

(
1
n

+
n− 1

n
r(λ)

)2k

which tends to zero the most slowly, that is the one that corresponds
to the partition (n− 1, 1). We recall that if ρ is a representation of the
symmetric group and χρ the corresponding character we have for every
probability distribution Q

EQ(χρ) =
∑

g∈Sn

Q(g)tr(ρ(g)) = tr

⎛⎝ ∑
g∈Sn

Q(g)ρ(g)

⎞⎠ = tr
(
Q̂(ρ)

)
.

In particular, from (10.16) and Theorem 10.6.2, we have:

EP∗k(χλ) = tr
(
P̂ ∗k(ρλ)

)
= dλ

(
1
n

+
n− 1

n
r(λ)

)k

which for λ = (n− 1, 1) becomes

EP∗k(χ(n−1,1)) = (n− 1)
(

1− 2
n

)k

.
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By definition of the total variation distance it follows that ‖P ∗k −
U‖TV ≥ |P ∗k(A)−U(A)| for every subset A ⊆ Sn. To obtain the lower
estimate we consider the family of subsets

Aα = {g ∈ Sn : |χ(n−1,1)(g)| ≤ α} with 0 < α ≤ EP∗k(χ(n−1,1))

which is well defined since EP∗k(χ(n−1,1)) > 0.
Observe that for g ∈ Aα we have

|EP∗k(χ(n−1,1))− χ(n−1,1)(g)| ≥ EP∗k(χ(n−1,1))− α ≥ 0.

It follows that

P ∗k(Aα) ≤
V arP∗k(χ(n−1,1))

(EP∗k − α)2
. (10.22)

Indeed, the left hand side of (10.22) is majorized by

P ∗k
(
{g ∈ Sn : |EP∗k(χ(n−1,1))− χ(n−1,1)(g)| ≥ EP∗k(χ(n−1,1))− α}

)
which, in turn is majorized, by an immediate consequence of Cheby-
shev’s inequality (Corollary 1.9.6), by the right hand side of 10.22.

To compute V arP∗k(χ(n−1,1)) = EP∗k(χ2
(n−1,1))−EP∗k(χ(n−1,1))2, we

observe that χ2
(n−1,1) is the character of the representation of Sn given

by the tensor product S(n−1,1) ⊗ S(n−1,1) (see Lemma 9.1.5). By (9.5)
this decomposes as

S(n−1,1) ⊗ S(n−1,1) = S(n) ⊕ S(n−1,1) ⊕ S(n−2,2) ⊕ S(n−2,1,1)

and therefore χ2
(n−1,1) = χ(n) + χ(n−1,1) + χ(n−2,2) + χ(n−2,1,1) which in

turn implies

EP∗k(χ2
(n−1,1)) = EP∗k(χ(n)) + EP∗k(χ(n−1,1))

+ EP∗k(χ(n−2,2)) + EP∗k(χ(n−2,1,1)).

Clearly EP∗k(χ(n)) =
∑

g∈Sn
P ∗k(g) = 1, because ρ(n) is the trivial

representation.
Moreover by Theorem 10.6.2 we have

r((n− 2, 2)) =
n− 4

n
and r((n− 2, 1, 1)) =

n− 5
n− 1

which coupled with Example 10.5.15 give

EP∗k(χ(n−2,2)) =
n(n− 3)

2

(
n2 − 4n + 4

n2

)k
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and

EP∗k(χ(n−2,1,1)) =
(n− 1)(n− 2)

2

(
n− 4

n

)k

.

Simple computations show that

EP∗k(χ(n−2,2)) + EP∗k(χ(n−2,1,1))− EP∗k(χ(n−1,1))2 ≤ 0

and therefore

V arP∗k(χ(n−1,1)) = EP∗k(χ2
(n−1,1))− EP∗k(χ(n−1,1))2

≤ 1 + EP∗k(χ(n−1,1)),
(10.23)

so that, to bound V arP∗k(χ(n−1,1)) we are left to estimate EP∗k(χ(n−1,1)).
To this end observe that

log(1− x) = −x− x2

2
ω(x)

where ω(x) ≥ 0 and limx→0 ω(x) = 1
Set k = 1

2n log n− cn with 0 ≤ c ≤ 1
8 log n. Then we have

EP∗k(χ(n−1,1)) = (n− 1) exp
[
k log

(
1− 2

n

)]
= (n− 1) exp

[(
1
2
n log n− cn

)(
− 2

n
− 2

n2 ω

(
2
n

))]
=

n− 1
n

e2c exp
[
− log n + 2c

n
ω

(
2
n

)]
which, for n sufficiently large, gives the two sided inequality

3
4
e2c ≤ EP∗k(χ(n−1,1)) ≤ e2c. (10.24)

From (10.23) and (10.24) we get

V arP∗k(χ(n−1,1)) ≤ 1 + EP∗k(χ(n−1,1)) ≤ 1 + e2c

Choose α = e2c

2 : the first inequality in (10.24) ensures that α ≤
EP∗k(χ(n−1,1)). In particular (for n large),

(EP∗k(χ(n−1,1))− α)2 =
(

EP∗k(χ(n−1,1))−
e2c

2

)2

≥ 1
16

e4c.

From these estimates and (10.22) we obtain

P ∗k(Aα) ≤
V arP∗k(χ(n−1,1))

(EP∗k − α)2
≤ 1 + e2c

1
16e4c

= 16e−2c + 16e−4c. (10.25)
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On the other hand it is easy to prove (cf. (10.17)) that

EU (χ(n−1,1)) = 0 and V arU (χ(n−1,1)) =
1
|Sn|

∑
g∈SN

χ2
(n−1,1)(g) = 1

which, in virtue of Markov’s inequality (Proposition 1.9.5), gives

U(Aα) = 1− U(Ac
α) = 1− U

(
{g ∈ Sn : χ(n−1,1)(g)2 > α2}

)
≥ 1−

V arU (χ(n−1,1))
α2 = 1− 1

α2 .

The latter, coupled with (10.25), gives

‖P ∗k − U‖TV ≥ U(Aα)− P ∗k(Aα) ≥ 1− 4e−4c − 16e−2c − 16e−4c

≥ 1− 36e−2c.

In the following exercises we sketch a proof of Wallis’ formula and of
Stirling’s formula. We set (2n)!! = 2n(2n − 2)(2n − 4) · · · 2 and (2n +
1)!! = (2n + 1)(2n− 1)(2n− 3) · · · 3 · 1.

Exercise 10.7.3 (Wallis formula) (1) Prove that

∫ π/2

0
sinn xdx =

{
(n−1)!!

n!! · π
2 if n is even

(n−1)!!
n!! if n is odd.

(2) Integrating the inequalities sin2n+1(x) < sin2n(x) < sin2n−1(x) for
0 < x < π

2 and using (1), prove Wallis’ formula:

π

2
= lim

n→∞

(2n− 2)!!(2n)!!
[(2n− 1)!!]2

.

Exercise 10.7.4 (Stirling formula) (1) Prove that

e <

(
1 +

1
n

)n+1/2

< e1+1/[12n(n+1)].

(2) Set an = n!
nne−n

√
2πn

and bn = ane−1/12n. Prove that there exists
� ∈ R such that bn < � < an and limn→∞ an = � = limn→∞ bn.

(3) From Wallis’ formula deduce that � = 1.



358 Basic representation theory of the symmetric group

(4) Use (2) and (3) to prove that

nne−n
√

2πn < n! < nne−n
√

2πn

(
1 +

1
12n− 1

)
and therefore n! ∼ nne−n

√
2πn for n →∞.

An elementary proof of Stirling’s formula for the Gamma function can
be found in [61].

10.8 Differential posets

We know (see Section 10.5) that for λ + n the dimension dλ of the
irreducible representation Sλ of the symmetric group Sn is equal to the
number of standard tableaux of shape λ. Therefore, from the general
theory, we get the following identity:∑

λ�n

d2
λ = n! (10.26)

which has a purely combinatorial meaning: the sets⋃
λ�n

{(s, t) : s, t are standard tableaux of shape λ}

and Sn have the same cardinality. From this point of view, (10.26) is the
starting point of a very deep and interesting field of moderm combina-
torics, the so-called Robinson–Schensted–Knuth correspondence; beau-
tiful accounts may be found in [94], [182] and [205].

On the other hand, in [201] R. Stanley published a combinatorial
proof of (10.26) that made use of ideas similar to those developed in
Chapter 8. In particular, in that paper Stanley formalized a remarkable
class of posets where the operators d and d∗ satisfy a simple commutation
relation. The present section requires knowledge of Sections 8.1 and 8.3
(just the definition of d and d∗). Let P be a (possibly infinite) poset.
We say that P is locally finite if for any choice of x, y ∈ P with x  y

one has |{z ∈ P : x  z  y}| < ∞. We use the following notation: if
x ∈ P we set C+(x) = {z ∈ P : z � x} and C−(x) = {y ∈ P : x � y}.
Note that C+(x) ∩ C+(y) is just the set of all z ∈ P that cover both x

and y; there is a similar interpretation for C−(x) ∩ C−(y).
We are now in a position to give the definition of differential poset.
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Definition 10.8.1 Let P be a poset and r a positive integer. We say
that P is r-differential when

(i) P has a 0-element, it is graded and locally finite;
(ii) if x, y ∈ P with x �= y then |C+(x) ∩ C+(y)| = |C−(x) ∩ C−(y)|;
(iii) for any x ∈ P we have |C+(x)| = |C−(x)|+ r.

Note that if P has a 0-element and it is locally finite, then |C−(x)|
is finite for any x ∈ P . More is true if also (iii) is satisfied. To avoid
misunderstanding, in this section we denote the rank of an element x ∈ P

by rk(x).

Lemma 10.8.2 If a poset P satisfies (i) and (iii) of the previous defi-
nition and Pn = {x ∈ P : rk(x) = n} then |Pn| is finite for any n ∈ N.

Proof By induction. Clearly |P0| = 1. Suppose that |Pn| and |Pn−1|
are finite. If x ∈ Pn then |C−(x)| ≤ |Pn−1| and therefore, by (iii),
|C+(x)| ≤ |Pn−1|+ r. But then

|Pn+1| ≤ |Pn|(|Pn−1|+ r).

Now we show that if (ii) is satisfied then the sets C+(x)∩C+(y) and
C−(x) ∩ C−(y) have cardinality ≤ 1.

Lemma 10.8.3 If P satisfies (i) and (ii) then |C−(x) ∩ C−(y)| ≤ 1.

Proof Suppose that this is not true. Then there exists a counterexample,
that is a couple x, y ∈ P , x �= y with |C−(x) ∩C−(y)| > 1, and we may
suppose that this counterexample is chosen in such a way that rk(x) =
rk(y) is minimum (it is clear that if rk(x) �= rk(y) then C−(x)∩C−(y) =
∅). But then there exist u, v ∈ P , u �= v, with u, v ∈ C−(x) ∩ C−(y).
Therefore |C+(u) ∩C+(v)| ≥ 2 and by (ii), |C−(u) ∩C−(v)| ≥ 2. Since
rk(u) = rk(v) = rk(x) − 1, this is a contradiction with the minimality
assumption.

Lemma 10.8.4 Suppose that P is a lattice and satisfies (i) and (iii).
Then P satisfies (ii) (and therefore it is r-differential) if and only if it
is modular.

Proof A locally finite lattice is modular if and only if for any x, y ∈ P ,
x �= y we have:

x ∧ y ∈ C−(x) ∩ C−(y) is equivalent to x ∨ y ∈ C+(x) ∩ C+(y).
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Consider the vector space L(P ) = {f : P → C}. Since P may be
infinite, the dimension of L(P ) may be infinite. Indeed L(P ) may be
endowed with a topology (see [201]) but we prefer to restrict our at-
tention to subspaces of the form ⊕n

k=0L(Pk) (for a suitable n) that are
finite dimensional by Lemma 10.8.2. On L(P ) we may introduce the
operators d and d∗ of Section 8.3:

dδx =
∑

y∈C−(x)

δy and d∗δx =
∑

z∈C+(x)

δz, ∀x ∈ P.

Clearly, for any n ∈ N we may think of d as a linear operator d :
⊕n

k=0L(Pk) → ⊕n−1
k=0L(Pk) and of d∗ as a linear operator d∗ : ⊕n−1

k=0L(Pk)
→ ⊕n

k=0L(Pk).
Now we prove the commutation rule satisfied by d and d∗ in a differ-

ential poset.

Theorem 10.8.5 Suppose that the poset P has 0-element, is graded, and
|Pn| < ∞,∀n ∈ N. Then P is r-differential if and only if dd∗−d∗d = rI

(I is the identity operator on L(P )).

Proof If x ∈ Pn then

dd∗δx =
∑

y∈Pn

|C+(x) ∩ C+(y)|δy

and

d∗dδx =
∑

y∈Pn

|C−(x) ∩ C−(y)|δy

and therefore

(dd∗ − d∗d)δx =
∑

y∈Pn
y �=x

[
|C+(x) ∩ C+(y)| − |C−(x) ∩ C−(y)|

]
δy

+
[
|C+(x)| − |C−(x)|

]
δx.

Thus we deduce that (dd∗− d∗d)δx = rδx, ∀x ∈ P is equivalent to (ii)
and (iii) in the Definition 10.8.1.

Corollary 10.8.6 In an r-differential poset, the operators d and d∗

satisafies the following general commutation rule:

d(d∗)n = rn(d∗)n−1 + (d∗)nd. (10.27)

Proof Straightforward by induction.
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More generally, from the above corollary, immediately one has that if
p is a polynomial in one variable and p′ is its derivative then

dp(d∗) = rp′(d∗) + p(d)d.

The commutation relation (10.27) is similar to that satisfied in the
Boolean lattice (see Section 6.1) but it is simpler: there is no depen-
dence on the level of the poset. In [203] Stanley has considered several
modifications of the axioms of a differential poset and in one case he
covers the Boolean lattice (and also the lattice of subspaces of a vector
space over a finite field). Some of the results in [203] should be com-
pared to those in Chapters 6 and 8 (see, for instance, Proposition 2.10
and Corollary 2.11 in [203]).

Now we are in a position to state and prove the main result of this
section, from which (10.26) will follow as an application. For x ∈ P ,
SC(0, x) will denote the set of all saturated chain from 0 to x; in symbols

SC(0, x) = {x0, x1, . . . , xn : 0 = x0 � x1 � · · ·� xn = x}.

Theorem 10.8.7 If P is an r-differential poset, then for all n ∈ N and
x ∈ P , we have ∑

x∈Pn

|SC(0, x)|2 = n!rn.

Proof First, we will prove that

dn(d∗)nδ0 =

[ ∑
x∈Pn

|SC(0, x)|2
]

δ0. (10.28)

Indeed, arguing as in (8.15) we can say that the value of dn(d∗)nδ0 at 0
itself is equal to the number of chains of the form

0 = x0 � x1 � · · ·� xn � yn−1 � yn−2 � · · ·� y0 = 0

with xn ∈ Pn, that is to
∑

x∈Pn
|SC(0, x)|2. On the other hand, we

can compute dn(d∗)nδ0 by repeatedly using Corollary 10.8.6: we have
dδ0 = 0 and therefore

dn(d∗)nδ0 = dn−1[d(d∗)nδ0]
= rndn−1(d∗)n−1δ0

= · · · = (10.29)
= rn−1n(n− 1) · · · 2(dd∗δ0)
= rnn!δ0.

From (10.28) and (10.29) the theorem follows.
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In order to get (10.26) from Theorem 10.8.7, we must study more
closely the Young lattice Y introduced in Exercise 8.1.13. First of all,
there is a nice pictorial way to describe Y: we may think of it as the
set of all Young diagrams ordered by inclusion: λ  μ if and only if the
Young diagram of λ is contained in the Young diagram of μ.

For instance, to say that λ = (4, 3, 3, 1) ≺ μ = (5, 3, 3, 2) is the same
thing as to say that the Young diagram of λ is contained in the Young
diagram of μ (see Figure 10.18).

λ = (4, 3, 3, 1)     11 μ = (5, 3, 3, 2)     13

Figure 10.18. λ � μ.

The following illustrates the bottom of the Young lattice.

Figure 10.19. The Young lattice
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Definition 10.8.8 Let (λ1, λ2, . . . , λk) be a partition. We say that the
box (i, λi) is an inner corner of the Young diagram of λ if λi > λi+1

or it coincides with the box (k, λk). We say that in position (j, λj + 1)
the Young diagram of λ has an outer corner if λj−1 > λj ; moreover we
always assume that in position (1, λ1 + 1) or (k + 1, 1) there is an outer
corner.

In other words, an inner corner is a box that can be removed: (i, λi) is
an inner corner if and only if (λ1, λ2, . . . , λi−1, . . . , λk) is still a partition.
An outer corner is a box that can be added: (j, λj) is an outer corner if
and only if (λ1, λ2, . . . , λj + 1, . . . , λk) is still a partition.

+

–

+–

+
–
+

Figure 10.20. The symbols + and − indicate the outer and inner corners.

Lemma 10.8.9

(i) μ � λ if and only if λ may be obtained from μ by removing one
box (equivalently, μ may be obtained from λ by adding one box);

(ii) if λ = (λ1, λ2, . . . , λk) covers h elements in Y then it is covered
by h + 1 elements.

Proof (i) is trivial.
(ii) Observe that (i, λi) is an inner corner if and only if (i+1, λi+1 +1)

is an outer corner. Therefore, recalling that (1, λ1 + 1) and (k + 1, 1)
are outer corners and (k, λk) is an inner corner, we have that if λ has
an inner corner exactly in the rows i1 < i2 < · · · < ih = k it has an
outer corner exactly in the rows j0 = 1 < j1 = i1 + 1 < · · · < jh−1 =
ih−1 + 1 < jh = k + 1.

Corollary 10.8.10 Y is a 1-differential poset.

Proof We have already seen that Y is a locally finite modular lattice
with 0-element (see Exercise 8.1.13). Moreover it is graded: if λ + n

then rk(λ) = n. Then, applying Lemma 10.8.4 and ii) in Lemma 10.8.9,
we conclude immediately that Y is 1-differential.
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In order to apply Theorem 10.8.7 to the Young lattice, we need a
description of the saturated chain SC(∅, λ) (in this setting, the zero
element is the trivial partition (0) and it is denoted by ∅). Let t be
a standard λ-tableau, with λ a partition of n. We can consider the
following chain of partitions:

λn = λ;
λn−1 is the partition whose Young diagram is obtained by the Young

diagram of λ by removing the box containing n;
λn−2 is obtained by λn−1 by removing the box containing n− 1;
· · · · · · · · · · · ·
λ1 = (1);
λ0 = (0).

Clearly, each λj is a partition: n is always in a removable box in a stan-
dard tableau of shape λ and the same holds for n−k in λn−k. Moreover,
λ�λn−1�λn−2� · · ·�λ1�λ0 (this construction has a close resemblance
with that used in Section 10.5 immediately after Definition 10.5.4).

The following lemma is obvious.

Lemma 10.8.11 Let ST (λ) the set of all standard tableaux of shape λ.
The map

ST (λ) � t �→ (λ0, λ1, . . . , λn) ∈ SC(∅, λ)

is a bijection.

Example 10.8.12 If

7

3

9

5

21 4 8

6t =

Figure 10.21.

then the corresponding saturated chain is

Figure 10.22.
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Finally we can use Theorem 10.8.7 to prove (10.26).

Theorem 10.8.13 For a partition λ of n, let dλ denote the number of
standard tableaux of shape λ. Then∑

λ�n

d2
λ = n!.

Proof Y is a 1-differential poset and dλ = |SC(∅, λ)|.

The theory of differetial posets has been generalized by S. Fomin to
a class of graded graphs; see the papers by Fomin [92] and [93]. See
also Sagan’s book [182], Section 5.2. In recent years, several papers on
differential posets and related subjects have been written by J.D. Farley
(see for instance [83, 84, 85]).

10.9 James’ intersection kernels theorem

In this section we present a short elementary proof of a theorem of
G.D. James that generalizes, to all the irreducible representations of
Sn, the characterization of the irreducible representations Sn−k,k =
Mn−k,k+∩ker d. Actually, James used a characteristic–free approach to
the representation theory of Sn, namely he considered representations
of Sn on vector spaces over arbitrary fields (for instance, the representa-
tions of finite groups over fields of positive characteristic, the so-called
modular representations, are well studied: see Huppert’s book on char-
acter theory [125] and the monograph by Curtis and Reiner [48]). We
are interested only in unitary representations on vector spaces over the
complex numbers (these are also called ordinary representations). We
follow the proof in [187] which is based on a generalization of Theo-
rem 10.6.2; see also [186, 189]. The original sources are James’ paper
[131] and monograph [132]. See also the exposition in Appendix C of
Sternberg’s book [212].

Let a = (a1, a2, . . . , ak) be a composition of n (see Definition 10.5.4).
For i, j ∈ {1, 2, . . . , k}, i �= j, set

b = (a1, a2, . . . , ai−1, ai + 1, ai+1, . . . aj−1, aj − 1, aj+1, . . . , ak)

and define a linear map

di,j : Ma → M b
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by setting, for each a-tabloid {t},

di,je{t} =
∑
{s}

e{s}

where the sum runs over all b-tabloids {s} such that: the jth row of {s}
is contained in the jth row of {t}, the ith row of {t} is contained in the
ith row of {s}, and, for k �= i, j, the kth row of {s} coincides with the
kth row of {t}. In other words, di,je{t} is the characterisitic function of
the set of all b-tabloids {s} that can be obtained from {t} by moving a
single number from the jth to the ith row.

The operator di,j commutes with the action of Sn on Ma and M b.
The goal of this section is to present a characterization of the irreducible
representations of Sn as intersections of the kernels of the operators
di,i+1.

We first prove the easy (assuming the results from Section 10.3):

Lemma 10.9.1 Let λ = (λ1, λ2, . . . , λk) be a partition of n and Sλ

be the corresponding irreducible representation (see Definition 10.3.11).
Then,

Sλ ⊆ Mλ
⋂(

∩k−1
i=1 ker di,i+1

)
.

Proof Let t be a λ-tableau and et = Ate{t} as in Definition 10.3.8.
Then di,i+1et = Atdi,i+1e{t}. But di,i+1e{t} =

∑
{s} e{s}, where the sum

runs over all tabloids {s} obtained by moving a single number from the
(i + 1)st to the ith row. Therefore, there exist two numbers on the
same row of s and on the same column of t, so that, by Lemma 10.3.12,
Ate{s} = 0. Note that

(λ1, λ2, . . . , λi−1, λi + 1, λi+1 − 1, λi+2, . . . , λk)

is not necessarily a partition; but this is not a problem in the proof of
Lemma 10.3.12.

For a = (a1, a2, . . . , an) a composition of n we now introduce a Laplace
operator Δa ∈ HomSn

(Ma, Ma) that generalizes, in the present setting,
the operator Δ in Section 6.1 and the operator Δn in Section 8.3.

If {t} is an a-tabloid, we put

Δe{t} =
∑
{u}

e{u}

where the sum runs over all a-tabloids {u} that can be obtained from {t}
by picking two numbers x, y that belong to different rows and switching
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them. Clearly, Δ is Sn-invariant and it may be represented in the fol-
lowing way: if T is the set of all transpositions in Sn and T{t} := T ∩Rt

is the set of all transpositions that move two elements belonging to the
same row of t (Rt is as in Definition 10.3.5) then

Δe{t} =
∑

σ∈T\T{t}

σe{t}.

Before presenting the spectral analysis of Δ, we need the following
lemma which is just a reformulation of the computation of the Fourier
transform in Section 10.6.

Lemma 10.9.2 Let μ + n be a partition of n and V be an irreducible
representation of Sn isomorphic to Sμ. Then, for any f ∈ V we have(∑

σ∈T

σ

)
f =

n(n− 1)
2

r(μ)f

where r(μ) is as in Theorem 10.6.2 (with λ replaced by μ).

Proof The element
∑

σ∈T σ belongs to the center of Sn and therefore
its restriction to V is a multiple of the identity:

(∑
σ∈T σ

)
|V = cIV .

Taking the traces from both sides of the last identity we get

|T |χμ(σ) = cdμ

from which the lemma follows.

Lemma 10.9.3 Let μ = (μ1, μ2, . . . , μk) and a = (a1, a2, . . . , ak) be
a partition and a composition of n, respectively. Then the Sμ-isotypic
component (see Definition 9.3.5) of Ma is an eigenspace of Δa and the
corresponding eigenvalue is

n(n− 1)
2

r(μ)−
k∑

i=1

ai(ai − 1)
2

.

Proof Suppose that V is an irreducible sub-representation of Ma iso-
morphic to Sμ and that

f =
∑

{t}∈Ta

f({t})e{t} ∈ V

where Ta is the set of all a-tabloids (as in Section 10.5).
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Then

Δf =
∑

{t}∈T{t}

f({t})Δe{t}

=
∑

{t}∈T{t}

f({t})
∑

σ∈T\T{t}

σe{t}

=
∑

{t}∈T{t}

f({t})

⎡⎣∑
σ∈T

σe{t} −
∑

σ∈T{t}

σe{t}

⎤⎦
=(∗)

∑
σ∈T

σf −
(

k∑
i=1

ai(ai − 1)
2

)
f

=(∗∗)

[
n(n− 1)

2
r(μ)−

k∑
i=1

ai(ai − 1)
2

]
f

where =(∗) follows from the fact that σe{t} = e{t} for any σ ∈ T{t} and
=(∗∗) follows from Lemma 10.9.2.

We now prove some formulæ for the operators di,j and Δa. Note that
dj,i is the adjoint of di,j and the formula below for Δa is a generalization
of the analogous formula for the Johnson scheme given in Lemma 6.1.3.

Lemma 10.9.4 Let a = (a1, a2, . . . , ah) be a composition of n.

(i) If i, j, k ∈ {1, 2, . . . , h} are distinct, then, for all f ∈Ma,

di,kdk,jf = di,jf + dk,jdi,kf

(ii)

Ma
⋂⎛⎝ ⋂

1≤i<j≤h

ker di,j

⎞⎠ = Ma
⋂(

h−1⋂
i=1

ker di,i+1

)

(iii)

Δaf =
∑

1≤i<j≤h

dj,idi,jf −
k∑

j=1

(j − 1)ajf.

Proof (i) If {t} is an a-tabloid, then di,kdk,je{t} =
∑

{s} e{s} where
the sum runs over all a-tabloids {s} that can be obtained from {t} by
moving a number x from row j to row k and then a number y from row
k to row i. Summing up the cases x �= y we get exactly di,kdk,je{t};
summing up the cases x = y we obtain exactly di,je{t}.
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(ii) If f ∈ Ma
⋂(⋂h−1

i=1 ker di,i+1

)
then using (i) one has, for all i ∈

{1, 2, . . . , h− 1} and 1 ≤ t ≤ h− i,

di,i+tf = (di,i+1di+1,i+t − di+1,i+tdi,i+1)f

= di,i+1di+1,i+tf.

In particular, if di,jf = 0 holds for 1 ≤ i < j ≤ i + t − 1 then
it also holds for 1 ≤ i < j ≤ i + t and, by iterating, we get f ∈
Ma

⋂(⋂
1≤i≤j≤h ker di,j

)
.

(iii) If {t} is an a-tabloid, then di,kdk,je{t} =
∑

{s} e{s} where the sum
runs over all a-tabloids {s} that can be obtained from {t} by choosing
two different rows i, j, with i < j, moving a number x from row j to
row i and then moving a number y from row i to row j. Summing up
the cases x �= y we get exactly Δae{t}; summing up the cases x = y we
obtain exactly

∑
1≤i<j≤h aj =

∑k
j=1(j − 1)aj times e{t}.

We now prove that Mλ
⋂(⋂h−1

i=1 ker di,i+1

)
is an eigenspace of Δλ.

Lemma 10.9.5 If λ = (λ1, λ2, . . . , λk) + n then Mλ
⋂(⋂h−1

i=1 ker di,i+1

)
is an eigenspace of Δλ and the corresponding eigenvalue is −

∑k
j=1(j −

1)λj.

Proof Using (ii) and (iii) in the preceding lemma, if f ∈ Mλ and
di,i+1f = 0 for all i = 1, 2, . . . , k − 1, then also di,jf = 0 for i < j.
Thus, Δλf = −

∑k
j=1(j − 1)λjf .

From Lemma 10.9.1, Lemma 10.9.3 and Lemma 10.9.5 we get another
proof of (10.19) in Theorem 10.6.2.

Corollary 10.9.6

r(λ) =
1

n(n− 1)

k∑
i=1

[
λ2

i − (2i− 1)λi

]
.

Proof Sλ is an eigenspace of Δλ. From Lemma 10.9.3 the correspond-
ing eigenvalue is n(n−1)

2 r(λ) −
∑k

i=1
λi(λi−1)

2 ; from Lemma 10.9.1 and
Lemma 10.9.5 it is equal to −

∑k
j=1(j − 1)λj . Equating these two

expressions we get the result.
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We are now in a position to prove James’ intersection kernel theorem
for the ordinary irreducible representations of Sn.

Theorem 10.9.7 For any partition λ = (λ1, λ2, . . . , λk) + n we have

Sλ = Mλ
⋂(

h−1⋂
i=1

ker di,i+1

)
.

Proof We show that Sλ is the eigenspace of Δλ with smallest eigen-
value. Indeed, from Lemma 10.9.3 (with a = λ) and Corollary 10.6.3 we
have that if μ � λ, then the eigenvalue corresponding to the Sμ-isotypic
component is strictly greater than the eigenvalue corresponding to Sλ.
Moreover from Proposition 10.3.16 and Corollary 10.3.22 we have that

Mλ = Sλ
⊕⎡⎣⊕

μ�λ

mμSμ

⎤⎦ .

Finally, Lemmas 10.9.1 and 10.9.5 force Mλ
⋂(⋂h−1

i=1 ker di,i+1

)
to be

equal to Sλ.

James’ intersection kernel theorem may also be proved for a class of
irreducible representations of GL(n, q). See James’ book on the repre-
sentation theory of linear groups [133] and, for a proof similar to the one
in this section, [175].



11

The Gelfand pair (S2n, S2 � Sn) and
random matchings

11.1 The Gelfand pair (S2n, S2 � Sn)

Let X denote the set of all partitions of {1, 2, . . . , 2n} consisting of two-
elements subsets: such partitions are thus of the form

{{i1, i2}, {i3, i4}, . . . , {i2n−1, i2n}} ,

where {i1, i2, . . . , i2n} = {1, 2, . . . , 2n}. The subsets {i1, i2}, {i3, i4}, . . .,
{i2n−1, i2n} are the parts of the partition; note that there is no order
between or within the parts. The symmetric group S2n acts on X in a
natural way: if π ∈ S2n and x = {{i1, i2}, {i3, i4}, . . . , {i2n−1, i2n}} ∈ X,
then

πx = {{πi1, πi2}, {πi3, πi4}, . . . , {πi2n−1, πi2n}} .

The permutation representation L(X) associated with this action will
be the subject of the present section.

Fix an element x0 = {{i1, i2}, {i3, i4}, . . . , {i2n−1, i2n}} ∈ X and de-
note by K = {g ∈ S2n : gx0 = x0} its stabilizer. If k ∈ K and 1 ≤ h ≤ n,
then k{i2h−1, i2h} is again one of the subsets {i1, i2}, . . . , {i2n−1, i2n},
that is K permutes among themselves these n two-elements subsets. We
thus have a homomorphism φ : K → Sn, where Sn is viewed as the group
of all permutations of the above n two-elements subsets, and whose ker-
nel is ker(φ) = S2×· · ·×S2 (n-times); it is easy to see (exercise) that K

is indeed the wreath product of S2 with Sn: K = S2 �Sn; see Section 5.3.
In particular,

|X| = (2n)!
n!2n

. (11.1)

Let now x, y ∈ X, say x = {{i1, i2}, {i3, i4}, . . . , {i2n−1, i2n}} , and,
respectively, y = {{j1, j2}, {j3, j4}, . . . , {j2n−1, j2n}}. With the pair x, y

371
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we associate the graph C(x, y) whose vertex set is {1, 2, . . . , 2n} and
whose edges are {i1, i2}, {i3, i4}, . . . , {i2n−1, i2n} and {j1, j2}, {j3, j4},
. . . , {j2n−1, j2n}.

For instance, if 2n = 10 and x = {{1, 3}, {2, 4}, {5, 7}, {8, 6}, {9, 10}}
and y = {{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}}, then C(x, y) is the follow-
ing graph

86

75

42

31

10

9

Figure 11.1.

It is immediate that C(x, y) is a disjoint union of cycles of even length:
any vertex has degree two as it is incident to exactly one edge in x

and one edge in y. If 2λ1, 2λ2, . . . , 2λk, with λ1 ≥ λ2 ≥ · · · ≥ λk

are the lengths of the cycles of C(x, y), then
∑k

i=1 λi = n so that
λ = (λ1, λ2, . . . , λk) is a partition of n. Following [130, 64] we define
a function from X × X to the set of all partitions of n by setting, for
x, y ∈ X, d(x, y) = λ, where λ is as above. The following facts are easy:

(i) d(x, y) = (1, 1, . . . , 1) if and only if x = y;
(ii) d(x, y) = d(y, x) for all x, y ∈ X;
(iii) d(x, y) = d(x′, y′) if and only if there exists π ∈ S2n such that

π(x) = x′ and π(y) = y′.

Indeed, if d(x, y) = d(x′, y′) then the graphs C(x, y) and C(x′, y′) are
isomorphic and an explicit isomorphism (that sends edges of C(x, y) to
edges of C(x′, y′)) yields the desired π ∈ S2n.

Theorem 11.1.1 (S2n, S2 � Sn) is a symmetric Gelfand pair and the
number of its spherical representations equals the number of partitions
of n.

Proof (x, y) and (y, x) belong to the same orbit of S2n on X ×X and
therefore, by Lemma 4.3.4, (S2n, S2 � Sn) is a symmetric Gelfand pair.
In addition, (iii) implies that the orbits of S2 � Sn on X may be indexed
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by the partitions of n: such orbits correspond to the “spheres” Aλ =
{x ∈ X : d(x0, x) = λ}. Thus, the number of irreducible representations
that appear in the decomposition of L(X) is the same as the number of
partitions of n.

11.2 The decomposition of L(X) into irreducible components

Here we use the notation and terminology for the representation theory
of the symmetric group from Chapter 10.

For λ + n, λ = (λ1, λ2, . . . , λs) we denote by 2λ the partition of 2n
given by 2λ = (2λ1, 2λ2, . . . , 2λs). If t is a 2λ-tableau, {t} its associated
2λ-tabloid and

x = {{i1, i2}, {i3, i4}, . . . , {i2n−1, i2n}}

is an element of X, we say that {t} covers x if i2h−1 and i2h belong to
the same row of {t}, for all h = 1, 2 . . . , n.

For a 2λ-tabloid {t}, let Ct denote the set of all x ∈ X covered by {t}
and 1Ct be the characteristic function of Ct.

Then, for every λ + n we may define a map Dλ from the set {e{t} :
{t} is a 2λ-tabloid} into L(X) by setting Dλ(e{t}) = 1Ct . It is clear that
Dλ extends to a linear map (still denoted by Dλ) from M2λ to L(X).
Moreover as x is covered by {t} if and only if πx is covered by π{t},
x ∈ X, {t} a 2λ-tabloid and π ∈ S2n, one has Dλ(πe{t}) = πDλ(e{t}),
that is, Dλ intertwines the representations of S2n on M2λ and L(X).

Now we are in a position to obtain the decomposition of L(X) into
irreducible representations:

Theorem 11.2.1

L(X) = ⊕λ�nS2λ. (11.2)

Proof First we show that, for λ + n, S2λ is contained as a sub-
representation in L(X). Since Dλ intertwines the representations of
S2n on M2λ and L(X), and S2λ is an irreducible subspace of M2λ, we
only have to show that there exists v ∈ S2λ such that Dλv �= 0. For this
purpose we introduce the following definition.

If t is a 2λ-tableau and x0 = {{i1, i2}, {i3, i4}, . . . , {i2n−1, i2n}} is a
fixed element of X, we say that t is good with respect to x0, or simply,
x0-good, if, for h = 1, 2, . . . , n, i2h−1 and i2h are on the same row in
t, one on an odd column and the other on the successive (from left
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to right) column of the diagram of 2λ (in the diagram of 2λ every odd
column is followed by a column of the same length). For instance, if
x0 = {{1, 3}, {2, 5}, {4, 6}, {7, 9}, {8, 10}} then the tableau is x0-good.

2

9

4

5

7 1

10 8

3

6

Figure 11.2.

We now show that if t is x0-good, then Dλet takes the value λ′
1!λ

′
2! · · ·

λ′
r! on x0, where λ′ = (λ′

1, λ
′
2, . . . , λ

′
r) + n is the conjugate partition of λ.

We have Dλet =
∑

σ∈Ct
sign(σ)Dλe{σt}. But if t is x0-good and

σ ∈ Ct, then {σt} covers x0 if and only if σt is x0-good. Indeed these
are the cases if and only if, for each odd column of t, the restriction of
σ to the numbers on the column has the same action of its restriction
to the even column immediately on the right: since this happens if and
only if σ ∈ Ct∩K, where K is the stabilizer of x0, then Dλe{σt}(x0) �= 0
if and only if σ ∈ Ct ∩K. Since |Ct ∩K| = λ′

1!λ
′
2! · · ·λ′

r! and for every
σ ∈ K ∩ Ct one has sign(σ) = 1, the assertion follows.

So Dλet �= 0 and this proves that L(X) contains an invariant sub-
space S2n-isomorphic to S2λ. Since the number of irreducible sub-
representations of L(X) is the same as the number of partitions of n

we have proved the decomposition (11.2).

Other proofs of this decomposition may be found in [134, 138, 165,
183, 221, 222] and the recent paper [103]. See also [24]. q-analogs of this
Gelfand pair are considered in [13, 14, 101, 119, 126, 127, 140, 145, 158].

11.3 Computing the spherical functions

Let x0 be a fixed element of X and K its stabilizer. The spherical
function in DλS2λ is its (unique) K-invariant element φλ ∈ DλS2λ such
that φλ(x0) = 1.

If t is an x0-good 2λ-tableau, from the previous section we immediately
have that

φλ =
1

λ′
1!λ

′
2! · · ·λ′

r!
PDλet (11.3)
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where P = 1/|K|
∑

k∈K k is the projection to the subspace of K-invariant
functions. But

PDλet =
1
|K|

∑
k∈K

∑
σ∈Ct

sign(σ)Dλe{kσt};

setting Kt := K∩Ct, a system of representatives for the cosets of Ct/Kt

is given by the subgroup C ′
t of Ct consisting of those elements that fix

every number belonging to an even column of t (in other words, C ′
t is

the group of all permutations of the numbers on the odd columns of t

that fix such columns setwise, multiplied by the identity permutation of
the set of numbers on the even columns of t). Since |Kt| = λ′

1! · · ·λ′
r!

and sign(k′) = 1 for all k ∈ Kt, we have:

PDλet =
1
|K|

∑
k∈K

∑
k′∈Kt

∑
σ∈C′

t

Dλe{kk′σt}sign(k′σ)

= λ′
1! · · ·λ′

r!
1
|K|

∑
k∈K

∑
σ∈C′

t

Dλe{kσt}sign(σ).
(11.4)

(Here is another proof of the decomposition of L(X): (11.4) when writ-
ten without Dλ shows that Pet is a nonzero K-invariant vector in S2λ.)
If μ + n and, as in the previous section, Aμ = {x ∈ X : d(x, x0) = μ},
1Aμ is the characteristic function of Aμ and f complex valued function
on Aμ, then

Pf =
1
|Aμ|

⎛⎝ ∑
x∈Aμ

f(x)

⎞⎠1Aμ
.

Moreover, if x ∈ X then the value of
∑

σ∈C′
t
sign(σ)Dλe{σt} on x is equal

to
∑

σ sign(σ) where the sum runs over all σ ∈ C ′
t such that {σt} covers

x. Thus, defining aλ
μ = Σσ∈C′

t
sign(σ)|{x ∈ Aμ : {σt} covers x}|, which

does not depend on t, we get

φλ =
∑
μ�n

aλ
μ

|Aμ|
1Aμ

. (11.5)

11.4 The first nontrivial value of a spherical function

In this section we want to use the above results to give an explicit formula
for the first nontrivial value of the spherical functions φλ, that is, for
λ + n, μ = (1n−1, 2) and x ∈ Aμ, we want to compute φλ(x). Since the
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values of φλ depend only on d(x, x0), such a quantity will be denoted by
φλ(μ).

From the preceding section, we have to compute the constants |Aμ|
and aλ

μ. If t is an x0-good tableau, a moment of reflection shows that
if σ ∈ C ′

t, {σt} covers some x ∈ Aμ if and only if σ is the identity or a
transposition. In fact, the elements of Aμ are exactly those of the form
πx0, with π a transposition of two numbers in two different parts of the
partition x0 (following [55], such a transposition will be called a switch),
and then an x ∈ Aμ may be covered by a tabloid {σt} with σ ∈ C ′

t, iff
x = πx0, where π switches two numbers on the same row in t (but in
different parts of x0 so that {t} covers x and we may take σ = identity),
or two numbers on the same odd column in t (and so {πt} covers x and
we may take σ = π).

The number of x ∈ Aμ covered by {t} is
∑k

i=1 λi(λi−1). In fact there
are exactly 2

(
λi

2

)
= λi(λi−1) transpositions that switch two numbers on

the ith row that belong to differents parts of x0. For every transposition
σ ∈ C ′

t, there exists exactly one x ∈ Aμ covered by {σt} (such an x

is given by σx0) and the number of transpositions in C ′
t is

∑s
j=1

(λ′
j

2

)
,

where λ′ is the partition conjugate to λ. By Lemma 10.6.1, this quantity
equals

∑k
i=1 λi(i− 1). Since |Aμ| = n(n− 1), applying (11.5) we obtain

φλ(μ) =
1

n(n− 1)

[
n∑

i=1

λi(λi − 1)−
n∑

i=1

λi(i− 1)

]

=
1

n(n− 1)

n∑
i=1

λi(λi − i).

(11.6)

This formula has already been obtained using the theory of zonal
polynomials (see [59, 202]) or the character theory of the symmetric
group [64].

11.5 The first nontrivial spherical function

In this section we compute φλ(μ) for μ + n and λ = (n − 1, 1). First
some notation. If j1, . . . , j2m, m ≤ n, are 2m distinct numbers in
{1, . . . , 2n}, we denote by P({j1, j2}, . . . , {j2m−1, j2m}) the set of all
partitions x ∈ X such that {j1, j2}, . . . , {j2m−1, j2m} are parts of x, and
by 1({j1, j2}, . . . , {j2m−1, j2m}) the characteristic function of such a set.

We observe that if x0 = {{j1, j2}, . . . , {j2m−1, j2m}}, μ + n and the
multiplicity of 1 in μ is denoted by a1(μ), then any x ∈ Aμ is contained
in exactly a1(μ) sets of the family {P({i2r−1, i2r}) : r = 1, 2, . . . , n}.
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We then have, for h = 1, 2, . . . , n,

P1({i2h−1, i2h}) =
1
|K|

∑
k∈K

1(k{i2h−1, i2h})

= P

[
1
n

n∑
r=1

1({i2r−1, i2r})
]

= P

⎡⎣ 1
n

∑
μ�n

a1(μ)1Aμ

⎤⎦
=

∑
μ�n

a1(μ)
n

1Aμ
.

In a similar way, if {i, j} is not one of the parts of x0, then

P1({i, j}) =
1
|K|

∑
k∈K

1(k{i, j})

= P

⎡⎣ 1(2n
2

)
− n

∑
{s,t}�∈x0

1({s, t})

⎤⎦
= P

⎡⎣∑
μ�n

n− a1(μ)
2n(n− 1)

1Aμ

⎤⎦
=

∑
μ�n

n− a1(μ)
2n(n− 1)

1Aμ
.

If t is an x0-good 2λ-tableau then, Dλe{t} = 1({i2h−1, i2h}), where
i2h−1 and i2h are the numbers on the second row of t. Moreover C ′

t is
formed by two elements: the identity and the transposition (i2h−1, i2m−1),
if i2m−1 and i2m are the numbers on the first two cells of the first row of
t, while Ct = C ′

t × {id, (i2h, i2m)}. Since t is x0-good, {i2h−1, i2h} and
{i2m−1, i2m} are two of the parts of x0 and so we have

Dλet =1({i2h−1, i2h})− 1({i2m−1, i2h−1})
+ 1({i2m−1, i2m})− 1({i2h−1, i2m}).

But then

φλ(μ) =
1
2!

PDλet =
∑
μ�n

[
a1(μ)

n
− 1

2n(n− 1)
(n− a1(μ))

]
1Aμ

=
∑
μ�n

[
1− (2n− 1)(n− a1(μ))

2n(n− 1)

]
1Aμ . (11.7)

This formula has already been obtained with a similar but more
particular argument in [59].
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11.6 Phylogenetic trees and matchings

A rooted binary tree is a tree T (that is a finite connected simple graph
without loops or circuits) with a unique vertex R (the root) of degree 2
and all the remaining vertices of degree 3 (internal vertices) or 1 (the
leaves: in the pictures below these are indicated with •).

R

Figure 11.3.

A labeling of the set L of the leaves of T is a function σ : L →
{1, 2, . . . , |L|}. A phylogenetic tree is a rooted binary tree where the
leaves carry different labels (in other words σ is a bijection). We identify
two phylogenetic trees if there exists a graph isomorphism (necessarily
carrying root to root and leaves to leaves) which preserves the labeling.
For example, there is only one phylogenetic tree with two leaves, namely:

1 2

Figure 11.4.

and there are exactly three distinct phylogenetic trees with three leaves:

1

2 3

2

1 3

3

1 2

Figure 11.5.
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Schröder [194] showed that there are (2n)!/2nn! distinct phylogenetic
trees with n+1 leaves. The goal of this section is to give a combinatorial
proof of this formula by explicitily giving a bijection between phyloge-
netic tree and matchings. Note that T is not necessarily homogeneous
in the sense of Chapter 7 (see example below). Note that a tree with �

leaves has necessarily 2� − 1 vertices (including the root): this can be
easily proved by induction (exercise).

Notation: given two adjacent vertices x and y in a rooted binary tree,
their distances d′(x, R), d′(y, R) from the root R differ by one. Suppose
d′(x, R) < d′(y, R): the vertex x minimizing this distance is called the
father of y and, reciprocally, y is the child of x. This way all vertices
distinct form the root R have exactly one father, and all vertices which
are not leaves have exactly two children. Two children of the same father
are called siblings. Note that a phylogenetic tree is uniquely determined
once the root and the parental relations are given.

A perfect matching (or simply a matching) on 2n points is a partition
of {1, 2, . . . , 2n} into n two-element subsets, that is an element of the
homogeneous space S2n/(S2 � Sn) studied in the previous section. From
a graph theoretical point of view, given 2n vertices, a matching is a set
of edges which is incident to all vertices and minimal, or, equivalently,
such that each vertex has degree one. In this setting, although from the
graph theoretical point of view all matching are graph-isomorphic, no
identification occurs.

We have already seen (see (11.1)) that there are (2n)!/2nn! distinct
matchings on 2n elements. For example, there is only one matching on
two (n = 1) points and there are exactly three distinct matchings on
four (n = 2) points:

{{1, 2}{3, 4}} , {{1, 3}{2, 4}} and {{1, 4}{2, 3}} .

We now present a proof, due to Diaconis and Holmes [63],[64], the set
of phylogenetic trees on n+1 leaves and the set of perfect matchings on
2n points are equipotent.
Algorithm. Start with a phylogenetical tree T with � leaves which are
labeled with the symbols 1, 2, . . . , �. Extend the labeling to all internal
vertices (root excluded) with the symbols �+1, �+2, . . . , 2(�−1), giving,
at each step, the minimal (not yet used) label to the father (not yet
labeled) which has both children already labeled and one of these two
labels is the minimal possible available (among the children whose father
is not yet labeled).
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R R R R

234 234
6 6 6

234 234

1 5 1 5 1 5 1 5

7 78

Figure 11.6.

When all vertices (except the root) are labeled, create a matching
on 2n = 2(� − 1) points by grouping siblings. For instance, from the
example above we get the matching

{1, 5}, {6, 4}, {8, 7}, {3, 2}.

Conversely, suppose we are given a perfect matching on 2n points.
We now construct a phylogenetic tree that corresponds to the matching,
that is we invert the correspondence described above.

The vertex set of the tree is {1, 2, . . . , 2n, R}, R is the root, the set
of leaves is L = {1, 2, . . . , n + 1} and the pairs of siblings are exactly
the matched pairs. We only have to assign a father with each matched
pair. Consider those matched pairs in {1, 2, . . . , n + 1}: by the pigeon-
hole principle at least one such a pair exists. Take the pair with the
smallest integer and choose n + 2 as their father. Next among the pairs
in {1, 2, . . . , n + 2} with no father assigned choose the pair with the
smallest integer and let n + 3 be its father. Continuing this way, this
procedure ends when assigning to the last pair the root R as a father.

This way one obtains the desired phylogenetic tree (note that the
number of fathers is n and equals the number of pairs in the matching).

11.7 Random matchings

We now study a natural invariant random walk on X = S2n/(S2 � Sn).
First we give an informal description due to Diaconis.

Consider n couples at a party each talking only to the person they
arrived with. The host, seeking to let the people know each other, picks
two of the couples at random and switches a random person between
them. Identifying each person with a number from 1 to 2n we can
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model the above mixing procedure with a Markov chain on the set X

of all partitions in two elements subsets of {1, 2, . . . , 2n} and transition
matrix P

p(x, y) =

{
1

n(n−1) if d(x, y) = (1n−1, 2)

0 otherwise

where d is the function defined in Section 11.1. Indeed given an element
x the number of distinct couples of pairs in x is

(
n
2

)
and for each of this

couple we have two different element y with d(x, y) = (1n−1, 2).

Exercise 11.7.1 Translate this random walk into the setting of phylo-
genetic trees.

As usual our main goal is to study the rate of convergence to the
stationary distibution. This random walk is clearly a procedure that
generates a random matching.

Theorem 11.7.2 (Diaconis and Holmes [64]) Let π be the uniform
distribution on X and ν

(k)
0 the distribution probability after k steps if the

initial distribution is the Dirac function centered at {{1, 2}, {3, 4}, . . .,
{2n − 1, 2n}}. There exists a positive constant a such that if k =
1
2n(log n + c) then

‖ν(k)
0 − π‖TV ≤ ae−2c.

Proof In virtue of the upper bound lemma (4.22) we must estimate from
above the quantity ∑

λ�n
λ�=(n)

d2λβ2k
λ (11.8)

where λ = (λ1, λ2, . . . , λr) + n, d2λ = dim(S2λ) and (recall (11.6))
βλ = 1

n(n−1)

∑r
i=1 λi(λi − i). The bound will be achieved in several

steps. Step 1 and Step 3 are the analogs of Lemma 10.6.4, while Step 2
is an analog of Corollary 10.6.3. The rest of the proof is similar to the
proof of Theorem 10.7.2 (upper bound for random transpositions) but
with some more technicalities.

Step 1 βλ ≤ λ1/n.

Proof βλ ≤ λ1−1
n(n−1)

∑r
i=1 λi = λ1−1

n−1 ≤ λ1/n, where the first inequality
follows immediately from the condition that λ1 ≥ λ2 ≥ · · · ≥ λr.
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Step 2 If λ � μ then βλ ≥ βμ.

Proof It clearly suffices to show the inequality in the special case:

λa = μa + 1
λb = μb − 1
λc = μc

for some a < b and all c �= a, b. Then

βλ−βμ =
1

n(n− 1)
[λa(λa− a) + λb(λb− b)−μa(μa− a)−μb(μb− b)]

=
1

n(n− 1)
[2(μa−μb) + b− a + 2] > 0.

Step 3 If λ1 ≥ n
2 then βλ ≤ 1− (n−λ1)(2λ1+1)

n(n−1) .

Proof Using the previous step we get, for λ1 ≥ n
2 :

βλ ≤ β(λ1,n−λ1) =
1

n(n− 1)
[λ1(λ1 − 1) + (n− λ1)(n− λ1 − 2)]

= 1− (n− λ1)(2λ1 + 1)
n(n− 1)

.

Step 4 ∑
λ�n

λ1=n−j

d2λ ≤
(2n)!

(2n− 2j)!j!2j
≤ n2j2j

j!
.

Proof Recall that, by Proposition 10.5.17 for the dimension dλ of the
representation Sλ, we have the estimate

dλ ≤
(

n

λ1

)
dλ

where λ = (λ2, λ3, . . . , λk) + (n − λ1). We also recall that as L(X) =
⊕λ�nS2λ, one has (2n)!

2nn! =
∑

λ�n d2λ. Combining these two facts we
deduce ∑

λ�n
λ1=n−j

d2λ ≤
(

2n

2λ1

)∑
λ�j

d2λ

=
(

2n

2λ1

)
(2j)!
2jj!

=
(2n)!

(2n− 2j)!j!2j
≤ n2j2j

j!
.
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Step 5 If λ1 ≥ n/2 ≥ 4 then the eigenvalue βλ is nonnegative.

Proof For any partition λ = (λ1, λ2, . . . , λk) we have λ � (λ1, 1, 1, . . . , 1).
Using Step 2 we get:

2n(n− 1)βλ ≥ 2n(n− 1)β(λ1,1,1,...,1)

= 2λ1(λ1 − 1) + 2
n−λ1∑
i=2

(1− i)

= λ2
1 − n2 + 2λ1n + (n− 3λ1)

≥ n2

4
− 2n ≥ 0.

Set Rj = {λ + n : λ1 = n− j, βλ ≥ 0}.

Step 6 For every α ∈ (0, 1
4 ) there exists a positive constant a1 (not

depending on n) such that if k = 1
2n(log n + c) with c > 0 then

αn∑
j=1

∑
λ∈Rj

d2λβ2k
λ ≤ a1e

−2c.

Proof Using Step 3 and Step 4 we can estimate the term corresponding
to j = 1 in the sum of the statement. Indeed for k = 1

2n(log n + c) and
λ = (n− 1, 1), we have that

d2λβ2k
λ ≤ 2n2

[
1− 2n− 1

n(n− 1)

]2k

≤ 2n2 exp(−2k
2n− 1

n(n− 1)
)

= 2n2 exp
[
−(log n + c)

2n− 1
n− 1

]
≤ 2e−2c.

To bound the remaing part in the sum we notice that, for j ≤ αn ≤ n
4 ,

j(2n− 2j + 1)
n(n− 1)

≥ 2
n

+
2(j − 1)

n
− 2j2

n2 .
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This, coupled with Step 3 and Step 4, gives
αn∑
j=2

∑
λ∈Rj

d2λβ2k
λ ≤

αn∑
j=2

n2j2j

j!

[
1− j(2n− 2j + 1)

n(n− 1)

]2k

≤
αn∑
j=2

n2j2j

j!
exp

[
−2k

j(2n− 2j + 1)
n(n− 1)

]

≤ exp
(
−4k

n

) αn∑
j=2

n2j2j

j!
exp

{
−2k

n

[
2(j − 1)− 2j2

n

]}

= e−2c
αn∑
j=2

n2j2j

n2j!
exp

{
−(log n + c)

[
2(j − 1)− 2j2

n

]}

≤ e−2c
αn∑
j=2

n
2j2

n 2j

j!
.

The remaining part of the proof consists in bounding the last sum. Set-

ting tj = n
2j2
n 2j

j! we observe that the ratio between two consecutive tj ’s
is

tj+1

tj
=

2
j + 1

n(4j+2)/n =: h(j + 1).

The function h(x) = 2
xn

4x−2
n , x ∈ [3, αn] is decreasing for x ≤ x = n

4 log n

and increasing for x ≥ x and thus attains its maximum value at the
extremes. We have

h(3) = 2
3n10/n → 2

3 as n →∞

h(αn) = 2
αnn(4αn−2)/n → 0 as n →∞

where in the second estimate we have used the fact that α < 1
4 . We

deduce that, for n sufficiently large, the ratio tj+1
tj

is smaller than q < 1
and thus

αn∑
j=2

tj ≤ t2

αn∑
j=2

qj−2 ≤ t2
1

1− q
.

Since t2 = 2n8/n → 2 as n →∞ the proof is complete.

Step 7 For every α ∈ (0, 1
4 ) there exists a positive constant a2 (not

depending on n) such that if k = 1
2n(log n + c) with c > 0 then

n∑
j=αn

∑
λ∈Rj

d2λβ2k
λ ≤ a2e

−2c.
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Proof By Steps 1 and 4 we have
n∑

j=αn

∑
λ∈Rj

d2λβ2k
λ ≤

n∑
j=αn

(
1− j

n

)2k (2n)!
(2n− 2j)!2jj!

.

If k = 1
2n(log n + c), c > 0 the term which depends on k becomes(

1− j

n

)2k

=
(

1− j

n

)nc (
1− j

n

)n log n

;

as j ≥ αn if n is sufficiently large we have(
1− j

n

)nc

≤ (1− α)nc ≤ e−2c.

It remains to bound uniformly
n∑

j=αn

(
1− j

n

)n log n (2n)!
(2n− 2j)!2jj!

. (11.9)

The ratio between two consecutive terms of the above sum is given by

1
(j + 1)

[
1− 1

n− j

]n log n

(n− j)(2n− 2j − 1)

which is a decreasing function of j. For j = αn it equals[
1− 1

n(1− α)

]n log n 1
αn + 1

(n− j)(2n− 2j − 1) ≤ 2n2

αn + 1
n− 1

1−α ,

which goes to zero as n goes to +∞ because 0 < α < 1/4. Thus we can
estimate from above the sum (11.9) by n times the first term i.e. by

n
(2n)!

(2n− 2αn)!2αn(αn)!
(1− α)n log n;

that, by Stirling’s formula, is bounded by

γnnαn+ 1
2 nn log(1−α) (11.10)

where γ is a suitable constant. Since α + log(1 − α) < 0, the quantity
(11.10) goes to zero as n goes to +∞ and this ends the proof.

We consider now the contribution in the upper bound lemma given
by the negative eigenvalues. We recall that if λ = (λ1, λ2,. . . , λr) + n,
then λ′ = (λ′

1, λ
′
2, . . . , λ

′
s) + n denotes the conjugate partition of λ. We

denote by Qh the set of all partitions λ of n such that λ′
1 = h and the

corresponding eigenvalue βλ is negative.
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Step 8 If λ ∈ ∪h≤ 2
3 nQh and n is large, then |βλ| ≤ 1

3 .

Proof The smallest element in ∪h≤ 2
3 nQh with respect to �, is the

partition θ =
(
2

n
3 , 1

n
3
)
. We compute the corresponding eigenvalue:

βθ =
1

n(n− 1)

⎡⎣ n
3∑

i=1

2(2− i) +

2n
3∑

i= n
3 +1

1(1− i)

⎤⎦
=

1
n(n− 1)

[
4n

3
+

4n

3
− n− n(n + 3)

18
− 2n(2n + 3)

18

]
=
−5n + 21
18(n− 1)

.

For n sufficiently large we deduce that |βθ2/3n
| ≤ 1

3 .

Step 9 There exists a positive constant a3 (not depending on n) such
that if k = 1

2n(log n + c) with c > 0 then

2n
3∑

h=1

∑
λ∈Qh

d2λβ2k
λ ≤ a3e

−2c.

Proof Using the previous step we have

2n
3∑

h=1

∑
λ∈Qh

d2λβ2k
λ ≤

(
1
3

)2k ∑
λ�n

d2λ

=
(

1
3

)2k (2n)!
n!2n

by Stirling formula

≤ A

(
1
3

)2k (
2n

e

)n

for k = 1
2n(log n + c)

≤ B
nn

nn log 3

(
2
e

)n

e−2c

≤ a3e
−2c.

To establish the upper bound we are left to consider the remaining
terms with negative eigenvalues.
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Step 10 There exists a positive constant a4 (not depending on n) such
that if k = 1

2n(log n + c) with c > 0 then

n∑
h= 2n

3

∑
λ∈Qh

d2λβ2k
λ ≤ a4e

−2c.

Proof With respect to � the smallest partition is (1n). The correspond-
ing eigenvalue is

β(1n) =
1

n(n− 1)

n∑
i=1

(1− i) = −1
2

which, by Step 2, implies

|βλ| ≤ 1/2, ∀λ ∈ Qh. (11.11)

On the other hand we have, always for λ ∈ Qh, that

d2λ ≤
(

2n

2h

)(
2h

h

)
d2λ (11.12)

where λ + (n−h) is obtaining by deleting the first column of the diagram
of λ. Indeed forming a 2λ standard tableau, we have

(2n
2h

)
ways to choose

the elements in the first two columns and when we have selected these
2h elements we have

(2h
h

)
ways to choose among them the elements in

the first column. Note that we do not guarantee that all the remaining
h elements respect the tableau order and this explains the inequality.
From (11.12) we deduce∑

λ∈Qh

d2λ ≤
(2n)!

(2n− 2h)!(h!)2
∑

λ�n−h

d2λ

=
(2n)!

(2n− 2h)!(h!)2
· (2n− 2h)!
2n−h(n− h)!

=
(2n)!

2n−h(n− h)!(h!)2
.

Using Stirling’s formula we have that, if h ≥ 2/3n, the latter term is
bounded above by γnn

2
3 n, for a suitable constant γ. Thus, taking into

account (11.11) we deduce that for k = 1
2n(log n + c)

n∑
h=2/3n

∑
λ∈Qh

β2k
λ d2λ ≤

n

3
·
(

1
2

)2k ∑
λ∈Qh

d2λ ≤ a4e
−2c.
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It is clear that Step 6, Step 7, Step 9 and Step 10 give the proof of
the theorem.

Now we proceed by giving the lower bound. The techniques we use
are different from those used in the previous lower bounds. We adapt
to this case the original method developed by Diaconis and Shahsha-
hani [69]; see also the treatment of the random transposition model in
Diaconis’ book [55]. Our treatment follows quite closely Chapter 4 of
Feller’s monograph [87]. A variation of this method can be found in
[64]. First we need the so-called principle of inclusion–exclusion. We
have already given a proof of it in Section 8.4; in order to make this
section selfcontained, we sketch another (less conceptual) proof.

Proposition 11.7.3 Suppose that A1, A2, . . . , An are finite subsets of a
finite set Ω. Then

|A1 ∪A2 ∪ · · · ∪An| =
n∑

r=1

(−1)r−1
∑

1≤i1<i2<···<ir≤n

|Ai1 ∩Ai2 ∩ · · · ∩Air |.

(11.13)

Proof We prove the result by induction. For n = 2 it is just the trivial
equality |A1 ∪A2| = |A1|+ |A2| − |A1 ∩A2|. Suppose that (11.13) holds
and let us prove it for n + 1. We have

|A1 ∪A2 ∪ · · · ∪An ∪An+1| = |A1 ∪A2 ∪ · · · ∪An|+ |An+1|
− |(A1 ∩An+1) ∪ (A2 ∩An+1) ∪ · · · ∪ (An ∩An+1)|

=
n∑

r=1

(−1)r−1
∑

1≤i1<i2<···<ir≤n

|Ai1 ∩Ai2 ∩ · · · ∩Air |+ |An+1|

+
n∑

r=1

(−1)r
∑

1≤i1<i2<···<ir≤n

|Ai1 ∩Ai2 ∩ · · · ∩Air ∩An+1|

=
n+1∑
r=1

(−1)r−1
∑

1≤i1<i2<···<ir≤n+1

|Ai1 ∩Ai2 ∩ · · · ∩Air
|.

We now apply the principle of inclusion–exclusion in our setting.

Lemma 11.7.4 Fix the element x0 = {{1, 2}, . . . {2n−1, 2n}} ∈ X and
let

A = {x ∈ X : ∃k ∈ {1, 2, . . . , n} s.t. {2k − 1, 2k} ∈ x}.
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Then

|A| =
n∑

r=1

(−1)r−1 [2(n− r)]!
2n−r(n− r)!

(
n

r

)
.

Proof For each i ∈ {1, 2, . . . , n} define Ai = {x ∈ X : {2i − 1, 2i} ∈ x}
and for 1 ≤ i1 < i2 < · · · < ir ≤ n define

Ai1,i2,...,ir = {x ∈ X : {2i1−1, 2i1}, {2i2−1, 2i2}, . . . , {2ir−1, 2ir} ∈ x}.

It is immediate to check that the cardinality of Ai1,i2,...,ir
depends only

on the number r and equals the number of partitions of a (2n − 2r)-
set consisting of two-elements subsets, namely [2(n−r)]!

2n−r(n−r)! . Since Ai1 ∩
. . . ∩ Air

= Ai1,i2,...,ir and A = A1 ∪ A2 ∪ . . . ∪ An by the method of
inclusion–exclusion we have

|A| =
n∑

r=1

(−1)r−1
∑

i1<i2<···<ir

|Ai1,i2,...,ir
| =

n∑
r=1

(−1)r−1 [2(n− r)]!
2n−r(n− r)!

(
n

r

)
.

Lemma 11.7.5 Let π be the uniform distribution on X and A as in the
previous lemma. Then

lim
n→∞

π(A) = 1− 1√
e
.

Proof By the previous lemma we have

1− π(A) = 1− |A|
|X| =

n∑
r=0

(−1)r [2(n− r)]!2r(n!)2

[(n− r)!]2(2n)!r!
.

By the Stirling formula, for r fixed and n →∞ the term [2(n−r)]!(n!)2

[(n−r)!]2(2n)! is
asymptotical to 1

22r . On the other hand

[2(n− r)]!(n!)2

[(n− r)!]2(2n)!
≤ 1 (11.14)

thus, if we want to compute the following limit

lim
n→∞

n∑
r=0

(−1)r [2(n− r)]!2r(n!)2

[(n− r)!]2(2n)!r!

it suffices to choose N sufficiently large such that
∑∞

r=N+1
2r

r! is small

and then take n > N in such a manner that
∑N

r=0(−1)r [2(n−r)]!2r(n!)2

[(n−r)!]2(2n)!r!

is close to
∑N

r=0
(−1)r

2r
1
r! which, for N →∞, tends to 1√

e
.
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Theorem 11.7.6 Let π and ν
(k)
0 be as in Theorem 11.7.2. If k =

1
2n(log n− 2c) and c > 0 we have

‖ν(k)
0 − π‖TV ≥ e− 1

2 − exp(−e2c) + o(1) as n →∞.

Proof First of all, if A is as in the previous lemmas, then ν
(k)
0 (A) is

larger than the probability that after k random switching there is a
pair that has not been exchanged and this probability is equal to the
probability pk that, after having chosen k pairs of elements in {1, . . . , n}
there exists an element that is not contained in any of the pairs chosen.
Such a probability pk can be computed using the inclusion–exclusion
method: fixed r numbers between 1 and n the number of couples that
one can form from the remaining n − r numbers is (n−r)(n−r−1)

2 . This
implies that

pk =
1(

n
2

)k

n∑
r=1

(−1)r

(
n

r

)[
(n− r)(n− r − 1)

2

]k

=
n∑

r=1

(−1)r−1
(

n

r

)(
1− r

n

)k
(

1− r

n− 1

)k

.

To estimate from below this quantity we follow quite closely Chapter 4
in [87]. Set [n]r = n(n − 1) · · · (n − r + 1). Clearly, [n]r ≤ nr and
therefore, using 1− x ≤ e−x, we get

[n]r

(
1− r

n− 1

)k (
1− r

n

)k

≤
(
ne− 2k

n

)r

.

Moreover, using x exp(1− x) ≤ 1, one obtains that (for x = n−1
n−r−1 )

[n]r

(
1− r

n− 1

)k (
1− r

n

)k

≥ (n− 1− r)r

(
n− 1− r

n− 1

)2k

= (n− 1)r

(
1− r

n− 1

)2k+r

≥
[
(n− 1)e− 2k+r

n−1−r

]r

.

The ratio between the extremes of these inequalities is equal to(
ne

−2k
n

)r

(
(n− 1)e− 2k+r

n−1−r

)r =
{

n

n− 1
exp

[
2kr + rn + 2k

n(n− 1− r)

]}r
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which, for k = 1
2n log n− cn with c > 0, becomes{
n

n− 1
exp

[
r + log n− 2c + r log n− 2cr

(n− 1− r)

]}r

.

This quantity, for r fixed, tends to 1 as n → ∞. Moreover, always for
k = 1

2n log n− cn

[n]r

(
1− r

n− 1

)k (
1− r

n

)k

≤
(
ne− 2k

n

)r

= e2rc.

Thus, if n is sufficiently large we have
n∑

r=0

(−1)r

(
n

r

)(
1− r

n

)k
(

1− r

n− 1

)k

≈
n∑

r=0

(−1)r e2rc

r!
≈ exp(−e2c).

More generally, setting λ = ne− 2k
n if k, n →∞ in such a manner that λ

remains bounded, then pk → e−λ. Thus ν
(k)
0 (A) ≥ 1− exp(−e2c) + o(1)

where o(1) tends to zero as n →∞. Finally, we have

|π(A)− ν
(k)
0 (A)| = ν

(k)
0 (A))− π(A) ≥ e− 1

2 − exp(−e2c) + o(1)

which ends the proof.

Exercise 11.7.7 Use the same techniques to derive the lower bound for
the random transposition model (Theorem 10.7.2).



Appendix 1
The discrete trigonometric transforms

Let (X, π) be a finite probability space. Suppose that there is an invo-
lution on X, that is a bijection σ : X → X such that σ2 = id. Define
an action of σ on L(X) by setting

(σf)(x) = f(σx)

for all x ∈ X and f ∈ L(X). Suppose that the probability measure π is
σ-invariant, that is π(σx) = π(x) for all x ∈ X.

We can decompose the set X in the following way: set X0 = {x ∈
X : σ(x) = x}, then choose X1 ⊂ X \ X0 in such a way that X =
X−1

∐
X0

∐
X1 and X−1 is the image of X1 under σ. Clearly X1 and

X−1 are not uniquely determined.
We can define

V = {f ∈ L(X) : σf = f} ≡ {f ∈ L(X) : f(σx) = f(x), ∀x ∈ X}

the space of σ-even functions and

W = {f ∈ L(X) : σf = −f} ≡ {f ∈ L(X) : f(σx) = −f(x), ∀x ∈ X}

the space of σ-odd functions. Clearly, for any f ∈ L(X) we have

f =
f + σf

2
+

f − σf

2
∈ V + W.

It is easy to show that the decomposition L(X) = V ⊕W is orthogonal
with respect to 〈·, ·〉π (recall that we have assumed the σ-invariance of
π).

Moreover the maps

V → L(X0
∐

X1)
f �→ f|X0

∐
X1

392
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and
W → L(X1)
f �→ f|X1 ,

where the symbol | denotes the restriction, are natural isomorphisms of
vector spaces (a σ-even (resp. -odd) function is determined by its values
on X0

∐
X1 (resp. X1)). If π̃ is defined on X0

∐
X1 by setting

π̃(x) =

{
π(x) if x ∈ X0

2π(x) if x ∈ X1

and π is defined on X1 by setting π(x) = 2π(x) for x ∈ X1, then we
have

〈f1, f2〉π = 〈f1|X0
∐

X1
, f2|X0

∐
X1
〉π̃ ∀f1, f2 ∈ V

and

〈f1, f2〉π = 〈f1|X1
, f2|X1

〉π ∀f1, f2 ∈W.

Proposition A1.0.8 Let T be a linear operator on L(X) represented
by the matrix (t(x, y))x,y∈X . Then

(i) T is selfadjoint with respect to 〈·, ·〉π if and only if π(x)t(x, y) =
π(y)t(y, x) for all x, y ∈ X;

(ii) T is σ-invariant, that is Tσ = σT , if and only if t(σx, σy) =
t(x, y) for all x, y ∈ X; moreover this condition is equivalent to
the T -invariance of the space V and W .

Proof (i) is an easy exercise (compare also with the proof of Proposi-
tion 1.5.3).

(ii) Assume that V and W are T -invariant. Then, for f ∈ L(X), we
have T (f + σf) ∈ V and T (f − σf) ∈W , that is{

T (f + σf) = σT (f + σf)

T (f − σf) = −σT (f − σf).

Subtracting the second equation from the first, one gets that σTf =
Tσf .

In the following proposition, under the assumption of the symmetry
with respect to σ, the spectral analysis of T is reduced to the spectral
analysis of two operators on L(X0

∐
X1) and L(X1). The easy proof is

left as an exercise.
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Proposition A1.0.9 Let T be a linear operator on L(X). Suppose that
T is selfadjoint and σ-invariant. Then we have

(i) A function f ∈ V satisfies Tf = λf if and only if T̃ f(x) =
λf(x) for all x ∈ X0

∐
X1, where T̃ is the linear operator on

L(X0
∐

X1) associated with the matrix

t̃(x, y) =

{
t(x, y) if y ∈ X0

t(x, y) + t(x, σy) if y ∈ X1;

moreover T̃ is selfadjoint with respect to π̃.
(ii) A function f ∈W satisfies Tf = λf if and only if Tf(x) = λf(x)

for all x ∈ X1, where T is the linear operator on L(X1) associated
with the matrix

t(x, y) = t(x, y)− t(x, σy), x, y ∈ X1;

moreover T is selfadjoint with respect to π.

We want to apply Proposition A1.0.9 to get the so-called discrete
trigonometric transforms (DTT). These transforms are defined on the
space L(Pn) where Pn is the path {0, 1, . . . , n − 1}. For each trans-
form we have a positive function π defined on Pn and a set of functions
S0, S1, . . . , Sn−1 that are orthogonal with respect to 〈·, ·〉π. Therefore
each of these transforms has the form, for f ∈ L(Pn),

f̂(h) =
n−1∑
k=0

f(k)Sh(k)π(k)

associated with an inversion formula

f =
n−1∑
h=0

1
‖Sh‖2π

f̂(h)Sh.

The set S0, S1, . . . , Sn−1 has the remarkable property to be a set of
eigenvectors of the linear operator on L(Pn) represented by the matrix

1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

β0 β1

1 0 1
1 0 1

. . . . . . . . .

1 0 1
β2 β3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(1.1)
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where β0, β1, β2 and β3 are coefficients that depend on the particular
transform.

Altogether there are 16 matrices (and the corresponding transforms)
and in the following table we name them and we specify the correspond-
ing choice of the parameters β’s (DCT means discrete cosine transform;
DST discrete sine transform).

Table A1.1.

(β2, β3) (2,0) (1,0) (1,1) (1, −1)

(β0, β1)

(0, 2) DCT-1 DCT-3 DCT-5 DCT-7
(0, 1) DST-3 DST-1 DST-7 DST-5
(1, 1) DCT-6 DCT-8 DCT-2 DCT-4
(−1, 1) DST-8 DST-6 DST-4 DST-2

For instance, the DCT-1 is obtained by considering an orthonormal
basis for the matrix

1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 2
1 0 1

1 0 1
. . . . . . . . .

1 0 1
2 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The eigenvalue problem for the matrix (1.1) may be also written in
the form⎧⎨⎩

1
2 (β0f(0) + β1f(1)) = λf(0)
1
2 (f(k − 1) + f(k + 1)) = λf(k) for k = 1, 2, . . . , n− 2
1
2 (β0f(0) + β1f(1)) = λf(n− 1).

(1.2)

In the system (1.2) the central row represents the eigenvalue problem
for the discrete Laplace operator (Δf)(k) = f(k−1)+f(k+1)

2 while the first
and the last row are boundary conditions.

In the following tables we give the value of Sk(h) for each trigonometric
transform, together with the corresponding eigenvalue λh.

The fact that the functions Sh, shown in the above tables, solve the
eigenvalue problem (1.2) may be proved directly by means of elementary
trigonometry (see Exercise A1.0.10). In what follows, we will show how
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Table A1.2.

Sh(k) λh

DCT-1 cos hk
π

n − 1
cos

hπ

n − 1

DCT-2 cos h

(
k +

1
2

)
π

n
cos

hπ

n

DCT-3 cos
(

h +
1
2

)
k

π

n
cos

(
h + 1

2

)
π

n

DCT-4 cos
(

h +
1
2

) (
k +

1
2

)
π

n
cos

(
h + 1

2

)
π

n

DCT-5 cos hk
π

n − 1
2

cos
hπ

n − 1
2

DCT-6 cos h

(
k +

1
2

)
π

n − 1
2

cos
hπ

n − 1
2

DCT-7 cos
(

h +
1
2

)
k

π

n − 1
2

cos

(
h + 1

2

)
π

n − 1
2

DCT-8 cos
(

h +
1
2

) (
k +

1
2

)
π

n + 1
2

cos

(
h + 1

2

)
π

n + 1
2

to obtain the formulæ for the Sh’s by a repeated application of Proposi-
tion A1.0.9. We start by applying it to the simple random walk on Cn,
that will be seen as the set of integers mod n.

DST-1 Consider the involution

σ : C2n+2 → C2n+2

k �→ 2n− k,

which fixes n and 2n+1 and switches n−k with n+k, for k = 1, 2, . . . , n

(that is, it is the reflection of C2n through the axis from n and 2n + 1).
Therefore X0 = {n, 2n + 1} and we can take X1 = {0, 1, . . . , n − 1}. If
we apply (ii) in Proposition A1.0.9 to the simple random walk on C2n+2

we get the following eigenvalue problem on X1:⎧⎨⎩
1
2f(1) = λf(0)
1
2 (f(k − 1) + f(k + 1)) = λf(k) for k = 1, 2, . . . , n− 2
1
2f(n− 2) = λf(n− 1).

(1.3)
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Table A1.3.

Sh(k) λh

DST-1 sin(h + 1)(k + 1)
π

n + 1
cos

(h + 1)π
n + 1

DST-2 sin(h + 1)
(

k +
1
2

)
π

n
cos

(h + 1)π
n

DST-3 sin
(

h +
1
2

)
(k + 1)

π

n
cos

(
h + 1

2

)
π

n

DST-4 sin
(

h +
1
2

)
(k +

1
2
)
π

n
cos

(
h + 1

2

)
π

n

DST-5 sin(h + 1)(k + 1)
π

n + 1
2

cos
(h + 1) π

n + 1
2

DST-6 sin(h + 1)
(

k +
1
2

)
π

n + 1
2

cos
(h + 1) π

n + 1
2

DST-7 sin
(

h +
1
2

)
(k + 1)

π

n + 1
2

cos

(
h + 1

2

)
π

n + 1
2

DST-8 sin
(

h +
1
2

) (
k +

1
2

)
π

n − 1
2

cos

(
h + 1

2

)
π

n − 1
2

Indeed the matrix t(x, y) in (ii) Proposition A1.0.9 now reduces simply
to t(x, y) with x, y ∈ X1, because in this case t(x, σy) = 0 if x, y ∈ X1.
Note that Tf(0) = 1

2f(1) because 2n + 1 /∈ X1.
Observe that (1.3) is nothing but the eigenvalue problem for DST-1.

To solve it, write the eigenfunctions of the simple random walk Q on
C2n+2 in the form eh(k) = ω(h+1)(k+1) with ω = exp

(
πi

n+1

)
. Then

L(C2n+2) = 〈e−1〉 ⊕ 〈e0, e2n〉 ⊕ · · · ⊕ 〈en−1, en+1〉 ⊕ 〈en〉.

where 〈v0, v1, . . . , vk〉 denotes the linear span of the vectors v0, v1, . . . , vk

and should not be confused with the scalar product 〈·, ·〉.
The functions e−1 and en are even with respect to σ; moreover 〈eh,

e2n−h〉 for h = 0, 1, . . . , n − 1, is the eigenspace of Q corresponding to
the eigenvalue λh = cos (h+1)π

n+1 and contains the σ-odd function

eh(k)−eh(2n−k) = ω(h+1)(k+1)−ω−(h+1)(k+1) = 2i sin
(h + 1)(k + 1)π

n + 1
.
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Omitting the factor 2i, we obtain the formula for the DST-1 in
Table A1.3 that is, the coefficients of DST-1 is just the imaginary part
of eh.

DCT-1 Consider the involution

σ : C2n−2 → C2n−2

k �→ −k.

Then applying (i) in Proposition A1.0.9 to the simple random walk on
C2n−2 one gets the DCT-1, by taking X1 = {1, 2, . . . , n−2} and therefore
X0

∐
X1 = {0, 1, . . . , n− 1}. This has already been done in Section 2.6

(but on {0, 1, . . . , n}).
In other words the formulæ for the DCT-1 and DST-1 are obtained

from the DFT by restriction to the space of odd and even functions,
respectively (recall that even and odd refer to a symmetry of Cn that
fixes two opposite points).

DCT-2 Consider the involution

σ : C2n → C2n

k �→ 2n− 1− k,

which does not have fixed points (but it fixes the edges {2n− 1, 0} and
{n− 1, n}).

Taking X1 = {0, 1, . . . , n−1} and applying (i) in Proposition A1.0.9 to
the simple random walk on C2n, we get the following eigenvalue problem
on X1:⎧⎨⎩

1
2 (f(0) + f(1)) = λf(0)
1
2 (f(k − 1) + f(k + 1)) = λf(k) for k = 1, 2, . . . , n− 2
1
2 (f(n− 2) + f(n− 1)) = λf(n− 1)

which is the problem corresponding to DCT-2. The problem may be
solved by considering the eigenfunction of the simple random walk on
C2n that are even with respect to σ. But if ω = exp

(
πi
n

)
then

ωhk + ωh(2n−1−k) = 2ω− h
2 cos

[(
k +

1
2

)
h

π

n

]
and one gets the formula for DCT-2 in Table 2.

DST-2 It may be obtained by mean of the same involution σ on C2n

used for DCT-2, but now invoking (ii) in Proposition A1.0.9. In other
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words, DCT-2 and DST-2 are obtained by restricting the DFT to the
space of even and odd functions, respectively (odd and even with respect
to a symmetry of Cn that fixes two edges).

The remaining discrete transforms may be obtained from DCT-1,
DCT-2, DST-1, and DST-2 by applying Proposition A1.0.9 to the fol-
lowing involution on the path Pn = {0, 1, . . . , n− 1}

σ : Pn → Pn

k �→ n− 1− k.

0 1 n − 2 n − 1

Clearly σ is the reflection with respect to the central point when n is
odd; with respect to the central edge when n is even. In any case, we
can take X1 =

{
0, 1, . . . ,

[
n−2

2

]}
and we have

X0 =

{
∅ if n is even{
n−1

2

}
if n is odd.

For instance if we apply (i) of Proposition A1.0.9 to DCT-2 on P2n−1,
we get DCT-6, while if we apply (ii) of Proposition A1.0.9 to DCT-2 on
P2n+1 we get DCT-8.

In other words, if we want to get a transform corresponding to β0, β1,

β2, β3 in Table 1, we can take the transform corresponding to β0, β1,

β1, β0 in the same table and then

• if (β2, β3) = (2, 0) we can use the symmetry σ on P2n−1 and restrict
to the even functions;

• if (β2, β3) = (1, 0) we can use the symmetry σ on P2n+1 and restrict
to the odd functions;

• if (β2, β3) = (1, 1) we can use the symmetry σ on P2n and restrict to
the even functions;

• if (β2, β3) = (1,−1) we can use the symmetry σ on P2n and restrict
to the odd functions.

Exercise A1.0.10 Use the well-known trigonometric formulæ cos α cos β

= 2 cos α−β
2 cos α+β

2 and sinα sin β = 2 cos α−β
2 sin α+β

2 to derive the
eigenvalues in Table 2 and Table 3 (but verify the boundary conditions!).

Exercise A1.0.11 Verify all the details of the derivation of the DTT’s
by means of Proposition A1.0.9. Show that no other transforms may
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be obtained following this procedure (if we continue to apply Proposi-
tion A1.0.9 to the DTT’s no system (1.2) different from those in Table 1
can appear).

In the following table we report the value of π(0), π(1), . . . , π(n − 1)
for all the DTT’s. We have used the formulæ for π̃ and π in, but in
many cases we have divided the value by 2 or 4.

Table A1.4.
π(0) π(k) π(n − 1)

k = 1, . . . , n − 2
DCT-1 1 2 1
DCT-2 DST-1
DCT-4 DST-2
DCT-8 DST-4 1 1 1
DST-5 DST-6
DST-7
DCT-3 DCT-5 1 2 2
DCT-7
DCT-6 DST-3 2 2 1
DST-8

Now we give a table with the value of ‖Sh‖2π for each DTT.

Exercise A1.0.12 Prove the following trigonometric identities
n−1∑
k=0

cos2[(k + ε)α] =
n

2
+

sin(nα) cos[(n + 2ε− 1)α]
2 sinα

and
n−1∑
k=0

sin2[(k + ε)α] =
n

2
− sin(nα) cos[(n + 2ε− 1)α]

2 sinα

for any ε ∈ R and α �= hπ.
Use (1) to prove the formulae in Table 5.

Exercise A1.0.13 Study the effect of transposition in Table 1 (for
instance, if S̃h(k) are the coefficients of DCT-3 and Sh(k) are the coef-
ficients of DST-3 then S̃h(n− 1− k) = (−1)h+1Sh(k)).

If X is the graph with edge set E, its adjacency operator is

[Af ](x) =
∑
y∼x

f(y)
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Table A1.5.
‖S0‖2

π ‖Sh‖2
π ‖Sn−1‖2

π

h = 1, . . . , n − 2
DCT-1 2n − 2 n − 1 2n − 2

DCT-2 n
n

2
n

2

DCT-3 n n n
DST-3

n

2
n

2
n

2
DCT-4
DST-4

2n − 1
2n − 1

2
2n − 1

2
DCT-5
DCT-6

2n − 1
2

2n − 1
2

2n − 1DCT-7
DST-8
DST-6

2n + 1
4

2n + 1
4

2n + 1
4

DCT-8
DST-7
DST-5

DST-1
n + 1

2
n + 1

2
n + 1

2

DST-2
n

2
n

2
n

for all f ∈ L(X) and x ∈ X.
We recall that its Markov operator is

[Mf ](x) =
1

deg(x)

∑
y∼x

f(y)

for all f ∈ L(X) and x ∈ X. Clearly, if X is regular of degree d, we
simply have M = 1

dA. If X is not regular, then A and M give rise
to two different notions of spectrum: the adjacency spectrum and the
Markov spectrum respectively (the latter coincides with the spectrum
of the simple random walk on X; see Section 1.8).

Exercise A1.0.14 Use DST-1 to show that the adjacency spectrum of
the path Pn:

0 n − 2 n − 121

Figure A1.1.
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is {cos (h+1)π
n+1 : h = 0, 1, . . . , n− 1}.

Compare with the Markov spectrum of Pn+1 that was computed in
Theorem 2.6.1.

Exercise A1.0.15
(1) Use DCT-2 to show that the spectrum of the simple random walk

on the graph constituted by the path Pn−1 with a loop in 0 and in n−1
is {cos kπ

n : h = 0, 1, . . . , n− 1}.

0 1 2 n − 2 n − 1

Figure A1.2.

(2) Use DCT-6 to show that the spectrum of the simple random walk
on the graph constituted by the path Pn−1with a loop in 0 is {cos hπ

n− 1
2

:
h = 0, 1, . . . , n− 1}.

0 1 2 n − 2 n − 1

Figure A1.3.

(3) Show that the random walks in (1) and (2) can be obtained by
lumping the simple random walk on the discrete circle.

For the solutions of these exercises see the books by Feller [87] and by
Karlin and Taylor [136]. There is also a huge literature on the DFT’s,
the DTT’s and other transforms and their algebraic theory and their
numerical applications; see for instance [226], [31] and [72]. For the
DTT’s see also [121], [178] and [214]

In the last part of this appendix we use the DTT’s to analyze a random
walk on the homogeneous rooted tree Tq,n (of depth n and degree q).
It is taken from [191]. See also [190]. Besides the basic notation and
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definitions introduced in Chapter 7, this part is essentially selfcontained.
Indeed, although some results can be deduced from the theory developed
in Chapters 7 and 8, the presentation below is independent and requires
only elementary linear algebra.

Let Σj be the j-th level of the tree Tq,n and L(Σj) be the corre-
sponding space of complex valued functions on Σj . We define, for
j = 1, 2, . . . , n, an operator d : L(Σj) → L(Σj−1) by setting, for f ∈
L(Σj) and x1x2 · · ·xj−1 ∈ Σj−1,

df(x1, x2, . . . , xj−1) =
q−1∑
xj=0

f(x1, x2, . . . , xj−1, xj).

Moreover we set df ≡ 0 if f ∈ L(Σ0) ≡ L(∅).
The adjoint of the operator d is the operator d∗ : L(Σj−1) → L(Σj)

defined by setting, for f ∈ L(Σj−1) and x1x2 · · ·xj ∈ Σj ,

d∗f(x1, x2, . . . , xj) = f(x1, x2, . . . , xj−1) for j = 1, . . . , n

and d∗f = 0 if f ∈ L(Σn). Indeed, for j = 1, 2, . . . , n, f ∈ L(Σj) and
g ∈ L(Σj−1) we have

〈df, g〉 =
q−1∑

x1=0

q−1∑
x2=0

· · ·
q−1∑

xj−1=0

df(x1, x2, . . . , xj−1)g(x1, x2, . . . , xj−1)

=
q−1∑

x1=0

q−1∑
x2=0

· · ·
q−1∑

xj−1=0

⎛⎝ q−1∑
xj=0

f(x1, x2, . . . , xj)g(x1, x2, . . . , xj−1)

⎞⎠
=

q−1∑
x1=0

q−1∑
x2=0

· · ·
q−1∑

xj−1=0

⎛⎝ q−1∑
xj=0

f(x1, x2, . . . , xj)d∗g(x1, x2, . . . , xj−1, xj)

⎞⎠
=〈f, d∗g〉.

Moreover we have the obvious relation

dd∗ = qI, (1.4)

where I is the identity operator.
If we define Wj = L(Σj) ∩ ker d (and W0 ≡ C), by the standard

orthogonal decomposition V = kerT ⊕ Im(T ∗), where T : V → W is a
linear map, we have

L(Σj) = Wj ⊕ d∗(L(Σj−1)) = Wj ⊕ d∗(Wj−1)⊕ (d∗)2(L(Σj−2)) = · · · =
= Wj ⊕ d∗(Wj−1)⊕ · · · ⊕ (d∗)n−jW0.
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Exercise A1.0.16 Prove that the above decomposition is orthogonal.

We now describe the random walk on the tree. The transition rule
is the following: one passes from an internal vertex to its father with
probability 1

2 and with equal probability (i.e. 1
2q ) to one of its children;

one passes from the root to one of its children with probability equal to
1
q and from a leaf to its father with probability 1. Looking only at the
levels of the tree we have that one bounces back at the root and at the
leaves while for the internal levels one goes up with probability 1

2 and
one goes down with the same probability.

1

1
2 1

2

1
2 1

2

1

Figure A1.4.

The transition operator M , associated with the above Markov chain,
can be expressed in terms of the operators d and d∗. More precisely,
if, for f ∈ L(Tq,n), we denote by fj its restriction to L(Σj), we have
that

(Mf)j =
1
2q

dfj+1 +
1
2
d∗fj−1 for j = 1, 2, . . . , n− 1,

(Mf)0 =
1
q
df1

and finally

(Mf)n = d∗fn−1.
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In virtue of (1.4) the space Uk = Wk⊕d∗Wk⊕· · ·⊕(d∗)n−kWk is clearly
M -invariant. Set f = αk

0g + αk
1d∗g + · · ·+ αk

n−k(d∗)n−kg, with g ∈ Wk

and αk
0 , αk

1 , . . . αk
n−k undetermined coefficients. Note that αk

j (d∗)jg is
the restriction of f to L(Σj+k). Then, for k ≥ 1,

Mf =
αk

0

2q
dg +

αk
1

2q
dd∗g +

(
αk

1

2q
d(d∗)2g +

αk
0

2
d∗g

)
+ · · ·+

+

(
αk

n−k

2q
d(d∗)n−kg +

αk
n−k−2

2
d∗(d∗)n−k−2g

)
+ αk

n−k−1d
∗(d∗)n−k−1g.

The jth term of this sum belongs to L(Σj+k) for j = −1, 0, 1, . . . , n− k;
moreover, for k = 1, the coefficient of dg in the first line is αk

0
q (but this

is irrelevant, as dg = 0). Thus, by (1.4), the above sum becomes

αk
1

2
g +

[
αk

0

2
+

αk
2

2

]
d∗g + · · ·

+

[
αk

n−k

2
+

αk
n−k−2

2

]
(d∗)n−k−1g + αk

n−k−1(d
∗)n−kg.

Therefore f is an eigenvector for M if and only if (αk
0 , αk

1 , . . . , αk
n−k)

is an eigenvector of the (n− k + 1)× (n− k + 1) matrix⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1
2 0

1
2 0 1

2
0 1

2 0 1
2

. . . . . . . . . . . .

1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

This is DST-3. Therefore the eigenvectors are given by

f = sin
(

(h + 1
2 )

n− k + 1
π

)
g + sin

(
2

(h + 1
2 )

n− k + 1
π

)
(d∗)g + · · ·+

+ · · ·+ sin
(

(n− k)
(n− k + 1

2 )
n− k + 1

π

)
(d∗)n−kg

and the corresponding eigenvalues are λk
h = cos

(
h+ 1

2
n−k+1π

)
, where g ∈

Wk and h = 0, 1, . . . , n − k. Each eigenvalue has multiplicity equal to
dimWk = qk − qk−1.
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Similarly, if k = 0, f = α0
0g +α0

1d
∗g + · · ·+α0

n(d∗)ng is an eigenvector
for M if and only if (α0

0, α
0
1, . . . , α

0
n) is an eigenvector of the (n + 1) ×

(n + 1) matrix ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0
1
2 0 1

2
0 1

2 0 1
2

. . . . . . . . . . . .

1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

This is DCT-1. Therefore the eigenvectors are given by

f = 1Σ0 + cos
(

h

n
π

)
1Σ1 + cos

(
2h

n
π

)
1Σ2 + · · ·+ cos(hπ)1Σn

and the corresponding eigenvalues are λ0
h = cos

(
h
nπ

)
, where h = 0, 1, . . . ,

n. Each eigenvalue has multiplicity equal to 1.



Appendix 2
Solutions of the exercises

1.4.3. We have p(2m)(x, y) ≥ 1
22m for all x, y ∈ C2m+1. In fact, there

always exists a path (x0 = x, x1, . . . , x2�−1, x2� = y) of even length
2� ≤ 2m from x to y; if � < m then the extended path

(x0 = x, x1, . . . , x2�−1, x2�, x2�−1, x2�, . . . , x2�−1, x2� = y)

(where the edge (x2�−1, x2�) appears m − � times) fulfills our require-
ments. Therefore in the corollary we can take n0 = 2m and ε = 1

22m ,

obtaining A =
(

22m

22m−1

)2
≤ 2 and 1− c =

(
1− 1

22m

) 1
2m ≤ e− 1

m22m+1 .

2.5.4. Hint. One has ‖p(0) − π‖TV = n−1
n and ‖p(2) − π‖TV = 1

n(n−1) .

3.1.9. Hint. The stabilizer of any point (g, x) is trivial.

3.3.5. (1) Suppose that P is positive and take α ∈ C, v, w ∈ V . Then
the quantity

〈P (v + αw), v + αw〉 = 〈Pv, v〉+ α〈Pv, w〉+ α〈Pw, v〉+ |α|2〈Pw, w〉

is positive. Therefore, in particular, α〈Pv, w〉 + α〈Pw, v〉 must be real
and thus equal to its conjugate α〈P ∗w, v〉+α〈P ∗v, w〉. As α is arbitrary,
we obtain 〈Pv, w〉 = 〈P ∗v, w〉, and therefore P ∗ = P .

(2) Let v ∈ V and λ ∈ C. If Av = λv, then A(Bv) = BAv = λBv.
In other words, any eigensapce W of A is B-invariant. Then one may
diagonalize the restriction B|W the restriction of B to W .

(3) If P =
∑m

i=1 λiEi is the spectral decomposition of P (Ei is the
orthogonal projection onto the eigenspace corresponding to the eigen-
value λi), then the positivity yields λi > 0 for all i = 1, 2, . . . , m. Then
take Q =

∑m
i=1

√
λiEi. As far uniqueness is concerned, suppose that Q

407
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is positive and Q2 = P . Then QP = PQ and, by (2), there exists a
common basis of eigenvectors.

(4) Let P be the square root of A∗A, that is P 2 = A∗A. Set U =
AP−1. Then the linear operator U is unitary: U∗U = AP−2A∗ =
AA−1(A∗)−1A∗ = I. As for uniqueness we have that if A = UP and A =
U1P1 are two polar decompositions of A, then U2 := PP−1

1 = U−1U1

is unitary and U∗
2 U2 = I yields P−1

1 P 2P−1
1 = I, that is P 2 = P 2

1 . But
then the uniqueness of the square root in (3) applies forcing P = P1 and
U = U1.

3.5.3. ρ(g1)ρ(g2) = ρ(g2)ρ(g1),∀g1, g2 ∈ G ⇒ ρ(g2) = λI, ∀g2 ∈ G ⇒
every subspace is ρ-invariant.

3.7.3. (1) Let n = |G| be the order of the group G. Then for any
element s ∈ G one has sn = 1G and therefore

ρ(s)n = ρ(sn) = ρ(1G) = I. (2.1)

This implies that all the eigenvalues λ1, . . . , λd of ρ(s) are nth roots of
unity.

(2) The eigenvalues λ1, . . . , λd of ρ(s) are complex numbers of modulus
one. Therefore, (λj)−1 = λj for all j’s.

3.7.10. (3) One has

∑
g∈Sn

(χW (g))2 =
n∑

a=0

(a− 1)2
(

n

a

)
p(n− a)

=
n∑

a=0

a(a− 1)
(

n

a

)
p(n− a)− a

n∑
a=0

(
n

a

)
p(n− a) + n!

= n(n− 1)
n∑

a=2

(
n− 2
a− 2

)
p(n− a)− n

n∑
a=1

(
n− 1
a− 1

)
p(n− a) + n!

= n(n− 1)
n−2∑
a=0

(
n− 2

a

)
p(n− 2− a)

− n

n−1∑
a=0

(
n− 1

a

)
p(n− 1− a) + n!

= n!− n! + n! = n!.

3.8.3. (2) ρn−t(g) = ρt(a)ρt(g)ρt(a) for all g ∈ Dn.
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3.8.4. Hint. We have χ1, χ2 and ρt with 1 ≤ t ≤
[

n
2

]
.

3.9.11. (2) Suppose that (ρ, V ) is irreducible. Consider (ρ|A, V ) (the
restriction of ρ to A) and let W ≤ V be a nontrivial irreducible ρ|A-
invariant subspace. By part (1) we have that W is one-dimensional.
Set H = {g ∈ G : ρ(g)W ⊆ W}. Then A ≤ H and, if � denotes the
number of distinct subspaces among the ρ(g)W ’s, with g varying in G,
then clearly � = |G/H|. But dρ ≤ � as 〈tW 〉t∈T = V where T is a set of
representatives for the right cosets of H in G, that is G =

∐
t∈T tH. As

|G/H| ≤ |G/A| we conclude.

3.9.13. Formula (3.21) may be rewritten in the form∑
t∈T

|C(t)|
|G| χρ1(t)χρ2(t) = δρ1,ρ2

showing that the matrix U = (Uρ,t)ρ∈Ĝ,t∈T with Uρ,t =
√

|C(t)|
|G| χρ(t) is

unitary (recall that |T | = |Ĝ|). Therefore

∑
ρ∈Ĝ

√
|C(t1)|
|G| χρ(t1) ·

√
|C(t2)|
|G| χρ(t2) = δt1,t2

and we are done.

3.12.5. Hint. Show that �(1S5) = 10, �(1, 2) = 7, �(1, 2)(3, 4) = 6,
�(1, 2, 3) = 4, �(1, 2, 3)(4, 5) = 3, �(1, 2, 3, 4) = 3 and, finally, �(1, 2, 3, 4, 5)
= 2. The computation yields 34 nonisomorphic graphs on five vertices.

3.13.8. (3) Suppose, by contradiction, that there exists an intermediate
subgroup H such that K < H < G and let h ∈ H \K and g ∈ G\H. By
double transitivity applied to (K, hK), (K, gK) ∈ X × X, there exists
r ∈ G such that rK = K and rhK = gK. But then r ∈ K, rh ∈ H and
g ∈ H, a contradiction.

3.14.1. Hint. (1) Use the fixed point character formula (3.22) to com-
pute the characters of Mn−1,1, Mn−2,2 and Mn−2,1,1 and then use the
decompositions (3.28), (3.29) and (3.32).

4.2.4. (1) Let T ∈ HomG(L(X), L(X)) be the G-invariant operator
represented by the G-invariant matrix r(x, y). As r(x, y) is constant on
the G-orbits on X ×X there exist α0, α1, . . . , αN ∈ C such that

r(x, y) = α0r0(x, y) + α1r1(x, y) + · · ·+ αNrN (x, y) (2.2)
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where

ri(x, y) =

{
1 if (x, y) ∈ Θi

0 otherwise.

But ri(x, y) is the matrix that represents the operator Δi and this
proves 1.

(2) It is immediate to check that, for g ∈ G and (x, y) ∈ Θs, Ξi,j(gx, gy)
= gΞi,j(x, y) and thus, in particular, |Ξi,j(gx, gy)| = |Ξi,j(x, y)| = ξi,j(s)
depends only on the G-orbit Θs.

(3) Denote by r = ri ·rj the matrix that represents the operator ΔiΔj .
For (x, y) ∈ Θs we have

r(x, y) =
∑
z∈X

ri(x, z)rj(z, y) = |{z : ri(x, z) = 1, rj(z, y) = 1}|

= |{z : (x, z) ∈ Θi, (z, y) ∈ Θj}| = ξi,j(s),

showing that the coefficient αs in (2.2) equals ξi,j(s).
(4) It is clear that the set {(y, x) : (x, y) ∈ Θi} is a G-orbit, say Θi′ .

Then, for f, g ∈ L(X), we have

〈Δif, g〉 =
∑
x∈X

Δif(x)g(x)

=
∑
x∈X

∑
y∈X:(x,y)∈Θi

f(y)g(x)

=
∑
y∈X

f(y)
∑

x∈X:(y,x)∈Θi′

g(x)

= 〈f,Δi′g〉.

4.8.4. The automorphism τ : A4 → A4 given by τ(123) = (132)
and τ(124) = (142) satisfies the condition of Gelfand’s lemma (Exer-
cise 4.3.3).

4.9.3. Hint. If P is in detailed balance with a probability measure π, it
is also in detailed balance with π̃(x) = 1

|G|
∑

g∈G π(gx). Note that this
does not require the transitivity of the G-action on X.

4.9.5. (1) The function Kf(x) = 1
|K|

∑
k∈K f(kx) is the projection of

f on the space of K-invariant functions on X; therefore Kf ≡ 0. But
f(x0) = Kf(x0).

(2) In each Vi use an orthonormal basis fi,1, fi,2, . . . , fi,di with fi,1 =√
diφi.
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5.1.17. Hint. Show that any simple, connected graph X with no loops
and |X| ≤ 5 has a nontrivial automorphism. See Examples 3.12.3, 3.12.4
and Exercise 3.12.5.

7.2.1. Hint. (2) The isomorphism is given by

Aut(Tq,2) � g �→ (gg−1
∅ (1), gg−1

∅ (2), . . . , gg−1
∅ (q); g∅).

8.2.9. Hint. Any automorphism of Θn,m+1 is also an isometry of the
tree in Example 8.1.11 and an isometry of {φ ∈ Θn,m+1 : |dom(φ)| = n}
which coincides with the Hamming scheme.

8.2.10. Solution: Ω3,2, Ω3,1 and Ω2,1 are empty.

8.3.7. Hint. See Exercise 8.8.14.

8.3.8. Hint. We have an,0 = 1, an,j = 0 for j ≥ 1, bn,0 = q− 1, bn,j = q

for j = 1, 2, . . . , n and

Cn
i,k =

⎧⎪⎪⎨⎪⎪⎩
1 if n > N − k, i = n−N + k

1 if n ≤ N − k, i = 0

0 otherwise.

8.6.7. For 0 ≤ h, m ≤ n, the orbits of GL(n, q) on Gh ×Gm are the sets

Ωr = {(V, W ) ∈ Gh × Gm : dim(V ∩W ) = r},

for max{0, h + m − n} ≤ r ≤ min{h.m}. Then we can apply Exer-
cise 3.13.5.

8.7.2. Hint. Use the map
(

A 0
C B

)
�→ (A, B, CA−1).

8.7.12. Clearly δ(φ, φ0) = k if and only if dim(kerφ) = n − k if and
only if dim(Imφ) = k. We have

(
n
k

)
q

choices for ker φ. Once we
have chosen ker φ, we can take a basis v1, v2, . . . , vn for Fn

q such that
vk+1, vk+2, . . . , vn ∈ ker φ. Then φ is an arbitrary linear map sending
v1, v2, . . . , vk onto a set w1, w2, . . . , wk of linear independent vectors in
Fm

q ; this can be done in (qm − 1)(qm − q) · · · (qm − qk−1) different ways.

8.7.14. It is clear that χψ is a character of X q
n,m. Moreover χψ1+ψ2 =

χψ1 · χψ2 and therefore ψ �→ χψ is a group homomorphism. Since χψ

is trivial if and only if ψ ≡ 0, the homomorphism is injective. Since
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|X̂ q
n,m| = |X q

n,m|, it is also surjective. Note that we have only used the

existence of χ and the fact that X̂ q
n,m

∼= X q
n,m. For more on character

theory of Fn
q we refer to [155].

8.7.15. It suffices to show that Vk is Gq
n,m-invariant: if (α, β, γ) ∈ Gq

n,m,
ψ ∈ X q

m,n and φ ∈ X q
n,m, then

[(α, β, γ)χψ](φ) = χψ[(α, β, γ)−1φ]

= χψ(β−1φα− β−1γα)

= χψ(β−1γα) · χ[Tr(ψβ−1φα)]

= χψ(β−1γα) · χαψβ−1(φ)

and clearly rk(αψβ−1) = rk(ψ).

8.7.16. We denote by (V, v, w) a triple with V ⊆ Fn
q a subspace with

dim(V ) = n − 1, v ∈ Fn
q \ V and w ∈ Fn

q \ {0}. Also denote by φV,v,w

the linear map in X q
n,m such that ker φV,v,w = V and φV,v,w(v) = w. For

F ∈ L(X q
n,m) and φ ∈ X q

n,m we have

(ΔF )(φ) =
1

qn − qn−1

∑
(V,v,w)

F (φ + φV,v,w). (2.3)

Indeed, for a fixed φV,v,w one has |{(V, v′, w′) : φV,v′,w′ = φV,v,w}| =
qn − qn−1. Moreover, if ψ ∈ X q

n,m and ψ(w) = av + v1 with a ∈ Fq and
v1 ∈ V , then

χψ(φV,v,w) = χ[Tr(ψφV,v,w)] = χ(a). (2.4)

Note also that

χ(
∑

a∈Fq\{0}
a) = −1 (2.5)

since χ is orthogonal to the trivial character.
We need a few more formulae. If Imψ ⊆ V then∑

v,w

χψ(φV,v,w) = (qm − 1)(qn − qn−1) (2.6)

(this is the number of (v, w)’s for a fixed V : for, if Imψ ⊆ V then
Tr[ψφV,v,w] = 0 and χψ(φV,v,w) = χ(0) = 1).

If Imψ � V then∑
v,w:

ψ(w)∈V

χψ(φV,v,w) = (qm−1 − 1)(qn − qn−1) (2.7)
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(the proof is the same as for (2.6)) and∑
v,w:

ψ(w)/∈V

χψ(φV,v,w) = −qm−1(qn − qn−1) (2.8)

(if ψ(w) /∈ V , then we can apply (2.4) and (2.5); the right hand side of
(2.8) is just −|{(v, w) : ψ(w) /∈ V }| · 1

q−1 ).
Finally, if rk(ψ) = k then

Δχψ = χψ ·
1

qn − qn−1

∑
(V,v,w)

χψ(φV,v,w)

(by (2.3)) = χψ ·
1

qn − qn−1

⎡⎣ ∑
V :Imψ⊆V

∑
v,w

χψ(φV,v,w)

+
∑

V :Imψ�V

∑
v,w

ψ(w)∈V

χψ(φV,v,w)

+
∑

V :Imψ�V

∑
v,w

ψ(w)/∈V

χψ(φV,v,w)

⎤⎥⎦
= χψ ·

1
qn − qn−1

[(
n− k

1

)
q

(qm − 1)(qn − qn−1)

+
(

k

1

)
q

qn−k(qn − qn−1)(qm−1 − 1)

−
(

k

1

)
q

qn−k(qn − qn−1)qm−1

]

=
(qm − 1)(qn−k − 1)− qn−k(qk − 1)

q − 1
· χψ

(we have used (2.6), (2.7) and (2.8) and Corollaries 8.5.5 and 8.5.6 to
count the number of V ’s satisfying Imψ � V and Imψ ⊆ V , respec-
tively).

8.8.12. Hint. The inverse map T−1 is given by

T−1(k, �) =

{
(k − n + 2h, �) if n− h < h− �

(k + �, �) if n− h ≥ h− �.

8.8.16. Hint. The ψ(h, �, u; s)’s are essentially the spherical functions
of the Hamming scheme (see Theorem 5.3.2).
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9.1.1. (1)θ may be defined on the elements of a basis {ei⊗fj} of V
⊗

W

by setting θ(ei ⊗ fj) = ψ(ei, fj).
(2) Applying (1) with U in place of Z we get the existence of a linear

map ε : V
⊗

W → U such that (∗) ψ = ε ◦ φ. In virtue of property (b)
of ψ with V

⊗
W in place of Z, we have a linear map ξ : U → V

⊗
W

such that (∗∗) φ = ξ ◦ ψ.
Then, from (∗) and (∗∗) it follows that φ = ξ ◦ ε ◦ φ and since φ is

surjective, ξ ◦ ε = idV
⊗

W ; in particular ε is injective.
From (a) we know that ψ(V ×W ) generates U and therefore, from

(∗) we get that ε is also surjective and therefore it is the desired isomor-
phism.

9.4.7. (1) The diagonal matrices form a maximal abelian subalgebra in
the full matrix algebra Mn,n(C).

(2) Extend each basis of V K
ρ to an orthonormal basis {vρ

1 , vρ
2 , . . . , vρ

dρ
}

for Vρ for all ρ ∈ I. Then, any function f ∈ T σ
vk

Vσ is of the form

f(hx0) =

√
dσ

|X|

dσ∑
j=1

ajφ
σ
j,k(h)

(f is the Tvk
-image of

∑dσ

j=1 ajv
σ
j ) and therefore

(Eρ
i )(gx0) =

dρ

|G|
∑
h∈G

f(hx0)φ
ρ
i,i(g−1h)

=
dρ

|G|

√
dσ

|X|

dσ∑
j=1

aj [φσ
j,k ∗ φρ

i,i](g)

=

√
dσ

|X|

dσ∑
j=1

ajδσ,ρδk,iφ
σ
j,i(g)

=

{
f(gx0) if ρ = σ and i = k

0 otherwise.

9.4.9. Hint. Use Wielandt’s lemma to prove that the multiplicity of
Sn−1,1 in L(Sa+b+c/(Sa × Sb × Sc)) is 2 when max{a, b, c} > 0.

9.5.8. Take an orthonormal basis v1, v2, . . . , vd in V such that v1 is
K-invariant. Use the fact that 1

|K|
∑

k∈K ρ(k) is the projection from
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V onto the space V K = spanC〈v1〉 of K-invariant vectors. Note also
that

1
|K|

∑
k∈K

χ(gk) =
1
|K|2

∑
k,k2∈K

χ(k−1
2 gkk2) =

1
|K|2

∑
k1,k2∈K

χ(k−1
2 gk1).

9.5.13. Fix ρ ∈ Ĝ and let {v1, v2, . . . , vdρ
} be an orthonormal basis in

Vρ. Then, for v ∈ Vρ and f ∈ V ′
ρ one has

〈F, T (v ⊗ f)〉L(G) =
dρ

|G|
∑
g∈G

F (g)f [ρ(g−1)v]

=
dρ

|G|
∑
g∈G

F (g)f [
dρ∑
i=1

〈ρ(g−1)v, vi〉Vρ
vi]

=
dρ

|G|

dρ∑
i=1

f(vi)
∑
g∈G

F (g)〈ρ(g)vi, v〉Vρ

=
dρ

|G|

dρ∑
i=1

f(vi)〈F̂ (ρ)vi, v〉Vρ

=
dρ

|G|

dρ∑
i=1

〈F̂ (ρ)vi, [v ⊗ f ](vi)〉Vρ

= 〈F̂ , v ⊗ f〉HS,G.

9.5.14. (1) Suppose that θ : W ′ → W is the Riesz map. If S : U →
W⊗V is a linear map, u ∈ U, w ∈W and v ∈ V , denote by [Su](w, v) the
value of the bi-antilinear map Su on the pair (w, v). Then the explicit
isomorphism is given by:

HomG(π′ ⊗ η, σ) −→ HomG(η, π ⊗ σ)
T �−→ T̃

where T̃ is defined by setting:

[T̃ u](w, v) = 〈T [θ−1(w)⊗ u], v〉V

Indeed, the expression 〈T [θ−1(w) ⊗ u], v〉V is linear in T and in u,
bi-antilinear in (w, v). Moreover, T̃ commutes with the action of G: for
any g ∈ G we have
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[T̃ η(g)u](w, v) =〈T [θ−1(w)⊗ η(g)u], v〉V
=〈T{(π′(g)⊗ η(g))[π′(g)∗θ−1(w)⊗ u]}, v〉V
=〈σ(g)T [θ−1(π(g)∗w)⊗ u], v〉V
=〈T [θ−1(π(g)∗w)⊗ u], σ(g)∗v〉V
=[T̃ u](π(g)∗w, σ(g)∗v)

=[(π(g)⊗ σ(g))T̃ u](w, v).

Finally, the inverse of T �→ T̃ is the map T �→ T̂ given by the following
rule: if T ∈ HomG(η, π ⊗ σ) and ω ⊗ u ∈ W ′ ⊗ U then T̂ (ω ⊗ u) = v0,
where v0 is the unique vector in V such that

[Tu](θ(ω), v) = 〈v0, v〉V

for all v ∈ V .
(2) This is simple:

〈χπ′⊗η, χσ〉L(G) = 〈χπ · χη, χσ〉L(G) = 〈χη, χπ · χσ〉L(G)〉L(G)

= 〈χη, χπ⊗σ〉L(G).

9.7.4. C2 × C2 is an homomorphic image of Q: if C2 × C2 = 〈a〉 ×
〈b〉 then q(−1) = 1, q(±i) = a, q(±j) = b and q(±k) = ab gives such
an epimorphism. If χ1, χ2, χ3 and χ4 are the characters (=irreducible
representations) of C2 × C2, then the compositions χi ◦ q yields four
one-dimensional (irreducible) representations of Q. By the Peter–Weyl
theorem there is only left one of dimension two: this is ρ from (9.22).

9.7.5. (i) Introduce a (complex) scalar product ((·, ·)) in V by setting
((vi, vj)) = δi,j . Then, by Proposition 3.3.1, the scalar product (·, ·)
defined by (v, w) =

∑
g∈G((ρ(g)v, ρ(g)w)) for all v, w ∈ V is ρ-invariant.

Using the Gram–Schmidt orthonormalization process transform the vi’s
into a (·, ·)-orthonormal basis {w1, w2, . . . , wd}. Note that the coeffi-
cients of the vi’s in the expression of the wj ’s are all real. Indeed for all
i, j = 1, 2, . . . , d we have

(vi, vj) =
∑
g∈G

((ρ(g)vi, ρ(g)vj)) =
∑
g∈G

d∑
k=1

((ρ(g)vi, vk))((ρ(g)vj , vk))

is real as each summand in the right hand side is real by hypothesis.
(ii) Denote by ρ(g) the matrix representing ρ(g) with respect to the

basis {w1, w2, . . . , wd}. Then ρ̃ and ρ are equivalent and therefore, by
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Proposition 3.3.2, unitarily equivalent. Therefore there exist a unitary
matrix U such that Uρ̃U∗ = ρ is real.

9.7.11. (1) We have gug−1 = u−1 ⇔ g2 = (gu−1)2 and the number of
u for which the right hand side identity holds true equals the number of
v(≡ gu−1) for which v2 = g2.

(2)
∑

g∈G p(g) =
∑

g∈G ρ(g2) =
∑

g∈G ρ(t)|{g ∈ G : g2 = t}| =∑
t∈G ρ(t)2.
(3) Denote by A the ambivalence classes of G so that |A| = h. Then∑

g∈G

p(g) = |{(g, u) ∈ G×G : gug−1 = u−1}|

=
∑
u∈G

|{g ∈ G : gug−1 = u−1}|

=
∑
C∈A

∑
u∈C

|{g ∈ G : gug−1 = u−1}|

=
∑
C∈A

∑
u∈C

|G|
|C|

= h|G|.

9.7.15. (1) Take an orthonormal basis v1, v2, . . . , vdi in Vi such that v1

is K-invariant (see also the Solution of Exercise 9.5.8). Then proceed as
in the proof of Theorem 9.7.7.

(2) Proceed as in the proof of Corollary 9.7.8, but using the spherical
Fourier transform.

(3) Proceed as in (i) of Theorem 9.7.10.
(4) Denote by φi(j) the value of φi on Ωj . First prove that φi(j) =

φi(θ(j)). Then proceed as in (ii) of Theorem 9.7.10 using the dual
orthogonality relations for the spherical functions (see, for instance,
Exercise 5.1.11).

(5) Use the projection formula (4.21).

9.8.14. Hint. Use Exercises 9.8.6, 9.5.8 and the orthogonality relations
for the spherical functions.

9.8.15. Hint. Define an equivalence relation on G by setting g1 ∼ g2

when there exist h ∈ H and k ∈ K such that g2 = hkg1h
−1.

9.9.3. Let G = S3 be the symmetric group of degree three and set Δ =
{(1, 2), (1, 3, 2)}. Then ΔΔ−1 = {1G, (2, 3)} is a subgroup and coincides
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with G(ΔΔ−1). However the latter does not contain the element (1, 3) =
(1, 2)(1, 3, 2) = (1, 2)−1(1, 3, 2) ∈ GΔ. This shows the statement for the
first inclusion.

Taking Δ any subgroup of G which is not normal yields and example
where the second inclusion fails to be an equality.

9.9.4. We show it by recurrence on k. For k = 1 the statement is
obvious. Suppose the statement is true for k − 1. We first show that
Δk ⊆ suppμ∗k. If g = δδ1 with δ ∈ Δk−1 and δ1 ∈ Δ, then

μ∗k(g) =
∑
h∈G

μ∗(k−1)(δδ1h)μ(h−1) ≥ μ∗(k−1)(δ)μ(δ1) > 0

where in the first inequality follows by taking h = (δ1)−1 and the last one
follows by the inductive step. Conversely, take g ∈ suppμ∗k, then there
exists t ∈ G such that μ∗(k−1)(gt) > 0 and μ(t−1) > 0. This implies
that gt ∈ Δk−1 (by the inductive step) and that t−1 ∈ Δ. Therefore
g = (gt)t−1 ∈ Δk.

10.1.1 The strategy is as follows. Denote by σ(i) the number inside box
i, i = 1, 2, . . . , 2n. Then, prisoner with registration number i opens box
i. If he finds his own number he stops. Otherwise he opens box σ(i). If
he finds his own number he stops. Otherwise he opens box σ(σ(i)). And
so on. The prisoners are (all) safe if and only if the cyclic decomposition
of the permutation σ ∈ S2n has no cycle of length k with k ≥ n + 1.

Now, a permutation σ ∈ S2n may contain at most one single k-cycle
with n + 1 ≤ k ≤ 2n. Moreover, there are exactly (2n)!

k distinct per-
mutations containing a cycle of length k ≥ n + 1. Indeed, there are(2n

k

)
distinct ways to choose the k numbers for the cycle, (k − 1)! ways

to order them and (2n − k)! ways for permuting the remaining 2n − k

numbers. Thus, the number of permutations in S2n that contain a cy-
cle of length ≥ n + 1 is exactly (2n)!

n+1 + (2n)!
n+2 + · · · + (2n)!

2n . Thus, the
probability that a random permutation σ ∈ S2n contains such a long
cycle is 1

n+1 + 1
n+2 + · · ·+ 1

2n ; equivalently, the probability that σ does
not contain a cycle of length exceeding n (so that the strategy applies
succesfully) is

1− 1
n + 1

− 1
n + 2

− · · · − 1
2n
≈ 1− ln 2n + lnn = 1− ln 2 ≈ 0.3.

10.1.7. Hint. (1) Use (i1, i2, . . . , ik) = (i1, ik)(i1, ik−1) · · · (i1, i2).
(2) Use (i + 1, i + 2)(i, i + 1)(i + 1, i + 2) = (i, i + 2).



Solutions of the exercises 419

10.3.18. Hint. From the proof of Proposition 10.3.16, for all F ∈
HomSn(Sλ, Mλ) one has F = c1Sλ .

10.5.16. Hint. If {i1, i2, . . . , ik} �→ {j1, j2, . . . , jk−1} and h is as above,
then jh ≡ ih+1 ≥ 2h and h = min{t : jt ≥ 2t}.

10.6.7. (1) The map is well defined because if πe{t} = ηe{t}, then
π{t} = η{t} and πη−1 ∈ Rπt ≡ Rηt and therefore

ηBt = Bηtη = Bπt(πη−1)η = Bπtπ = πBt.

(2) From (1) we get that AtBt =
∑

σ∈Ct

∑
γ∈Rt

sign(σ)σγ belongs
to the two-sided ideal of L(Sn) generated by the matrix coefficients of
Sλ. Then we can apply the operator P : L(Sn) → L(Sn) defined by
Pf = 1

n!

∑
π∈Sn

πfπ−1, f ∈ L(Sn), that projects onto the subalgebra of
central functions of Sn. Note that the value of AtBt at the identity of
Sn is equal to 1.

(3) Apply (2) and note that, for σ ∈ Ct and θ ∈ Cμ, one has

|Cμ| · |{(γ, π) ∈ Rt × Sn : πσγπ−1 = θ}| = n!|{γ ∈ Rt : σγ ∈ Cμ}|.

(4) Use the following facts: if σ ∈ Ct, γ ∈ Rt and σ(γ(j)) = j,
then γ(j) = j and σ(j) = j. Also recall that

∑m
j=1 j2 = m(m+1)(2m+1)

6
and analyze the pairs (i, j) of numbers belonging to different rows and
columns in t.

10.7.3. Hint. For (1) use integration by parts and an inductive argu-
ment.

10.7.4. Hints. (1) From log 1+x
1−x = 2

(
x + x3

3 + x5

5 + · · ·+
)
, and setting

x = 1
2n+1 deduce that

2
2n + 1

< log
n + 1

n

<
2

2n + 1

{
1 +

1
3

[
1

(2n + 1)2
+

1
(2n + 1)4

+ · · ·
]}

=
2

2n + 1

[
1 +

1
12n(n + 1)

]
.

(2) Use (1) to prove that an+1
an

< 1 and that bn+1
bn

> 1.
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(3) Write Wallis’s formula in the form
√

π = limn→∞
22n(n!)2√

n(2n)! and
express n! and (2n)! in terms of an.

(4) Use e1/12n < 1 + 1
12n−1 .

A1.0.12. (1) Using cos θ = eiθ+e−iθ

2 and sin θ = eiθ−e−iθ

2i we have

n−1∑
k=0

cos2[(k + ε)α] =
1
4
· 1− e2nαi

1− e2αi
e2εαi

+
1
4
· 1− e2nαi

1− e2αi
e2εαi +

n

2

=
n

2
+

1
4
· sin(2n− 1 + 2ε)α]− sin[(2ε− 1)α]

sin α

=
n

2
+

sin(nα) cos[(n + 2ε− 1)α]
2 sinα

.
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An example of a graph which has no transitive group of automorphisms.
(Russian) Dokl. Akad. Nauk SSSR 185 (1969), 975–976.

[2] D. Aldous and J. Fill, Reversible Markov Chains and Random Walks
on Graphs, in preparation (http://stat-www.berkeley.edu/users/aldous/
RWG/book.html).

[3] M. Aigner, Combinatorial Theory. Reprint of the 1979 original. Classics
in Mathematics. Springer-Verlag, Berlin, 1997.

[4] J.L. Alperin and R.B. Bell, Groups and Representations, Graduate Texts
in Mathematics, 162. Springer-Verlag, New York, 1995.

[5] H. Akazawa and H. Mizukawa, Orthogonal polynomials arising from the
wreath products of a dihedral group with a symmetric group, J. Combin.
Theory Ser. A 104 (2003), 371–380.

[6] M. Artin, Algebra. Prentice Hall, Englewood Cliffs, NJ, 1991.
[7] R.A. Bailey, Association Schemes, Designed Experiments, Algebra and

Combinatorics. Cambridge Studies in Advanced Mathematics 84, Cam-
bridge University Press, 2004.

[8] R.A. Bailey, Association Schemes: A Short Course, note del seminario
di Geometria Combinatoria, Roma (2005).
http://www.mat.uniroma1.it/∼combinat/quaderni/quad18E/
18E bailey.html.

[9] R.A. Bailey, Ch.E. Praeger, C.A. Rowley and T.P Speed, Generalized
wreath products of permutation groups. Proc. London Math. Soc. 47
(1983), 69–82.

[10] E. Bannai, Orthogonal polynomials in coding theory and algebraic com-
binatorics, in Orthogonal Polynomials (P. Nevai Ed.), 25–53, Kluwer
Academic, Dordrecht 1990.

[11] E. Bannai, An introduction to association schemes. Methods of discrete
mathematics (Braunschweig, 1999), 1–70, Quad. Mat., 5, Dept. Math.,
Seconda Univ. Napoli, Caserta, 1999.

[12] E. Bannai and T. Ito, Algebraic Combinatorics Benjamin, Menlo Park,
CA, 1984.

[13] E. Bannai, N. Kawanaka and S.-Y. Song, The character table of the
Hecke algebra H(GL2n(Fq), Sp2n(Fq)).J. Algebra 129 (1990), 320–366.

[14] E. Bannai and H. Tanaka, The decomposition of the permutation
character 1GL(2n,q)

GL(n,q2). J. Algebra 265 (2003), 496–512.

421



422 Bibliography

[15] L. Bartholdi and R.I. Grigorchuk. On parabolic subgroups and Hecke
algebras of some fractal groups. Serdica Math. J. 28 (2002), 47–90.

[16] H. Bass, M.V. Otero-Espinar, D. Rockmore and Ch. Tresser, Cyclic
Renormalization and Automorphism Groups of Rooted Trees. Lecture
Notes in Mathematics, 1621. Springer-Verlag, Berlin, 1996.

[17] R. Beaumont and R. Peterson, Set transitive permutation groups,
Canad. J. Math. 7 (1955), 35–42.

[18] E. Behrends, Introduction to Markov Chains. With Special Emphasis
on Rapid Mixing. Advanced Lectures in Mathematics. Friedr. Vieweg &
Sohn, Braunschweig, 2000.

[19] M.B. Bekka, P. de la Harpe, Irreducibility of unitary group representa-
tions and reproducing kernels Hilbert spaces. Appendix by the authors
in collaboration with Rostislav Grigorchuk. Expo. Math. 21 (2003),
115–149.

[20] M.B. Bekka, P. de la Harpe and A. Valette, Kazhdan’s Property (T ).
Preprint (2006).
http://www.unige.ch/math/biblio/preprint/2006/
KazhdansPropertyT.pdf

[21] R. Bellman, Introduction to Matrix Analysis. Reprint of the second
(1970) edition. With a foreword by Gene Golub. Classics in Ap-
plied Mathematics, 19. Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 1997.

[22] E.R. Belsley, Rates of convergence of random walk on distance regular
graphs. Probab. Theory Related Fields 112 (1998), 493–533.

[23] F.A.Berezin and I.M. Gelfand, Some remarks on the theory of spherical
functions on symmetric Riemannian manifolds, Tr. Mosk. Math. O.-va
5 (1956) 311–351; [Gelfand’s collected papers, Vol. II, Springer (1988)
275–320].

[24] N. Bergeron and A. Garsia; Zonal polynomials and domino tableaux,
Discrete Math. 88 (1992) 3–15.

[25] N. Biggs, Algebraic Graph Theory. Second edition. Cambridge Mathe-
matical Library. Cambridge University Press, Cambridge, 1993.

[26] L.J. Billera, S.P. Holmes and K. Vogtmann, Geometry of the space of
phylogenetic trees. Adv. in Appl. Math. 27 (2001), 733–767 [Erratum
Adv. in Appl. Math. 29 (2002), no. 1, 136].

[27] P. Billingsley, Probability and Measure. Third edition. Wiley Series in
Probability and Mathematical Statistics. John Wiley, New York, 1995.

[28] K.P. Bogart, An obvious proof of Burnside’s lemma, Amer. Math.
Monthly 98 (1991), no. 10, 927–928.

[29] E. Bolker, The finite Radon transform, Contemporary Math. 63 (1987),
27–50.
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Grimmett and L. Saloff-Coste, Lectures on probability theory and statis-
tics. Lectures from the 26th Summer School on Probability Theory held
in Saint-Flour, August 19–September 4, 1996. Edited by P. Bernard.
Lecture Notes in Mathematics, 1665. Springer-Verlag, Berlin,
1997.

[185] L. Saloff-Coste, Total variation lower bounds for finite Markov chains:
Wilson’s lemma. Random walks and geometry, 515–532, Walter de
Gruyter, Berlin, 2004.

[186] F. Scarabotti, Time to reach stationarity in the Bernoulli–Laplace
diffusion model with many urns, Adv. in Appl. Math. 18 (1997),
351–371.

[187] F. Scarabotti, Radon transforms on the symmetric group and harmonic
analysis of a class of invariant Laplacians. Forum Math. 10 (1998),
407–411.

[188] F. Scarabotti, Fourier analysis of a class of finite Radon transforms,
Siam J. Discrete Math. 16 (2003), 545–554.

[189] F. Scarabotti, Harmonic analysis of the space of Sa × Sb × Sc-invariant
vectors in the irreducible representations of the symmetric group. Adv.
in Appl. Math. 35 (2005), 71–96.

[190] F. Scarabotti, The discrete sine transform and the spectrum of the finite
q-ary tree, SIAM J. Discrete Math. 19 (2005), 1004–1010.

[191] F. Scarabotti and F. Tolli, Spectral analysis of finite Markov chains with
spherical symmetries, Adv. in Appl. Math., 38 (2007), no. 4, 445–481.

[192] F. Scarabotti and F. Tolli, Harmonic analysis of finite lamplighter
random walks, J. Dynam.Control. Syst., to appear.

[193] F. Scarabotti and F. Tolli, Harmonic analysis on a finite homogeneous
space, preprint 2007.
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