Cambridge studies in advanced mathematics 108

Harmonic Analysis
on Finite Groups

||
CAMBRIDGE


http://www.cambridge.org/9780521883368

This page intentionally left blank



Harmonic Analysis on Finite Groups

CAMBRIDGE STUDIES IN ADVANCED MATHEMATICS 108

EDITORIAL BOARD
B. BOLLOBAS, W. FULTON, A. KATOK, F. KIRWAN, P. SARNAK,
B. SIMON, B. TOTARO

HARMONIC ANALYSIS ON FINITE GROUPS

Line up a deck of 52 cards on a table. Randomly choose two cards and switch
them. How many switches are needed in order to mix up the deck?

Starting from a few concrete problems, such as the random walk on the dis-
crete circle and the Ehrenfest diffusion model, this book develops the necessary
tools for the asymptotic analysis of these processes. This detailed study cul-
minates with the case-by-case analysis of the cut-off phenomenon discovered
by Persi Diaconis.

This self-contained text is ideal for students and researchers working in the
areas of representation theory, group theory, harmonic analysis and Markov
chains. Its topics range from the basic theory needed for students new to
this area, to advanced topics such as Gelfand pairs, harmonics on posets and
g-analogs, the complete analysis of the random matchings, and the represen-

tation theory of the symmetric group.



CAMBRIDGE STUDIES IN ADVANCED MATHEMATICS

Editorial Board:
B. Bollobas, W. Fulton, A. Katok, F. Kirwan, P. Sarnak, B. Simon, B. Totaro

All the titles listed below can be obtained from good booksellers or from Cambridge
University Press. For a complete series listing visit: http://www.cambridge.org/series/
sSeries.asp?code=CSAM

Already published

60 M.P. Brodmann & R.Y. Sharp Local cohomology

61 J.D. Dixon et al. Analytic pro-p groups

62 R. Stanley Enumerative combinatorics 11

63 R.M. Dudley Uniform central limit theorems

64 J. Jost & X. Li-Jost Calculus of variations

65 A.J. Berrick & M.E. Keating An introduction to rings and modules

66 S. Morosawa Holomorphic dynamics

67 A.J. Berrick & M.E. Keating Categories and modules with K-theory in view
68 K. Sato Levy processes and infinitely divisible distributions

69 H. Hida Modular forms and Galois cohomology

70 R. Iorio & V. Iorio Fourier analysis and partial differential equations

71 R. Blei Analysis in integer and fractional dimensions

72 F. Borceaux & G. Janelidze Galois theories

73 B. Bollobds Random graphs

74 R.M. Dudley Real analysis and probability

75 T. Sheil-Small Complex polynomials

76 C. Voisin Hodge theory and complex algebraic geometry, 1

77 C. Voisin Hodge theory and complex algebraic geometry, II

78 V. Paulsen Completely bounded maps and operator algebras

79 F. Gesztesy & H. Holden Soliton Equations and Their Algebro-Geometric Solutions, I
81 S. Mukai An Introduction to Invariants and Moduli

82 G. Tourlakis Lectures in Logic and Set Theory, 1

83 G. Tourlakis Lectures in Logic and Set Theory, I

84 R.A. Bailey Association Schemes

85 J. Carlson, S. Miiller-Stach & C. Peters Period Mappings and Period Domains
86 J.J. Duistermaat & J.A.C. Kolk Multidimensional Real Analysis I

87 J.J. Duistermaat & J.A.C. Kolk Multidimensional Real Analysis I

89 M. Golumbic & A. Trenk Tolerance Graphs

90 L. Harper Global Methods for Combinatorial Isoperimetric Problems

91 I. Moerdijk & J. Mrcun Introduction to Foliations and Lie Groupoids

92 J. Kollar, K.E. Smith & A. Corti Rational and Nearly Rational Varieties

93 D. Applebaum Levy Processes and Stochastic Calculus

94 B. Conrad Modular Forms and the Ramanujan Conjecture

95 M. Schechter An Introduction to Nonlinear Analysis

96 R. Carter Lie Algebras of Finite and Affine Type

97 H.L. Montgomery, R.C. Vaughan & M. Schechter Multiplicative Number Theory I
98 I. Chavel Riemannian Geometry

99 D. Goldfeld Automorphic Forms and L-Functions for the Group GL(n,R)
100 M. Marcus & J. Rosen Markov Processes, Gaussian Processes, and Local Times
101 P. Gille & T. Szamuely Central Simple Algebras and Galois Cohomology
102 J. Bertoin Random Fragmentation and Coagulation Processes
103 E. Frenkel Langlands Correspondence for Loop Groups
104 A. Ambrosetti & A. Malchiodi Nonlinear Analysis and Semilinear Elliptic Problems
105 T. Tao & V.H. Vu Additive Combinatorics
106 E.B. Davies Linear Operators and their Spectra
107 K. Kodaira Complex Analysis



Harmonic Analysis on Finite Groups

Representation Theory, Gelfand Pairs
and Markov Chains

TULLIO CECCHERINI-SILBERSTEIN

Universita del Sannio, Benevento

FABIO SCARABOTTI
Universita di Roma “La Sapienza”, Rome

FILIPPO TOLLI
Universita Roma Tre, Rome

CAMBRIDGE
) UNIVERSITY PRESS




CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, S3o Paulo

Cambridge University Press

The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York
www.cambridge.org

Information on this title: www.cambridge.org/9780521883368

© T. Ceccherini-Silberstein, F. Scarabotti and F. Tolli 2008

This publication is in copyright. Subject to statutory exception and to the provision of
relevant collective licensing agreements, no reproduction of any part may take place
without the written permission of Cambridge University Press.

First published in print format 2008

ISBN-13 978-0-511-38681-7  eBook (EBL)

ISBN-13 978-0-521-88336-8  hardback

Cambridge University Press has no responsibility for the persistence or accuracy of urls
for external or third-party internet websites referred to in this publication, and does not
guarantee that any content on such websites is, or will remain, accurate or appropriate.


http://www.cambridge.org
http://www.cambridge.org/9780521883368

To Katiuscia, Giacomo, and Tommaso
To my parents and Cristina

To my Mom, Rossella, and Stefania






Contents

Preface

Part I Preliminaries, examples and

motivations

Finite Markov chains

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9

Preliminaries and notation
Four basic examples

Markov chains

Convergence to equilibrium
Reversible Markov chains
Graphs

Weighted graphs

Simple random walks

Basic probabilistic inequalities

1.10 Lumpable Markov chains

Two basic examples on abelian groups

2.1
2.2

2.3
2.4

2.5
2.6

Harmonic analysis on finite cyclic groups

Time to reach stationarity for the simple random
walk on the discrete circle

Harmonic analysis on the hypercube

Time to reach stationarity in the Ehrenfest
diffusion model

The cutoff phenomenon

Radial harmonic analysis on the circle and the
hypercube

vii

page xi

=~ W W

10
18
21
26
28
33
37
41
46

) Ot

ot Ot
o

61
66

69



viii

Contents

Part II Representation theory and Gelfand pairs

Basic representation theory of finite groups

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14

Group actions

Representations, irreducibility and equivalence
Unitary representations

Examples

Intertwiners and Schur’s lemma

Matrix coefficients and their orthogonality relations
Characters

More examples

Convolution and the Fourier transform

Fourier analysis of random walks on finite groups
Permutation characters and Burnside’s lemma

An application: the enumeration of finite graphs
Wielandt’s lemma

Examples and applications to the symmetric group

Finite Gelfand pairs

4.1
4.2

4.3
4.4
4.5
4.6

4.7
4.8
4.9

The algebra of bi-K-invariant functions
Intertwining operators for permutation
representations

Finite Gelfand pairs: definition and examples
A characterization of Gelfand pairs

Spherical functions

The canonical decomposition of L(X) via
spherical functions

The spherical Fourier transform

Garsia’s theorems

Fourier analysis of an invariant random walk on X

Distance regular graphs and the Hamming scheme

5.1
5.2
5.3
5.4

Harmonic analysis on distance-regular graphs
The discrete circle

The Hamming scheme

The group-theoretical approach to the
Hammming scheme

The Johnson scheme and the Bernoulli-Laplace
diffusion model

6.1
6.2

The Johnson scheme
The Gelfand pair (Sy, Sp—m X Sm) and the

associated intertwining functions

77
77
83
83

92

96

98
103
105
107
110
113
117
118



10

6.3

6.4
6.5

Contents

Time to reach stationarity for the Bernoulli—
Laplace diffusion model

Statistical applications

The use of Radon transforms

The ultrametric space

7.1
7.2
7.3
7.4

7.5
7.6

The rooted tree Ty,

The group Aut(T, ) of automorphisms

The ultrametric space

The decomposition of the space L(X™) and
the spherical functions

Recurrence in finite graphs

A Markov chain on X"

Part IIT Advanced theory

Posets and the g-analogs

8.1
8.2
8.3
8.4
8.5

8.6
8.7
8.8

Generalities on posets

Spherical posets and regular semi-lattices
Spherical representations and spherical functions
Spherical functions via Moebius inversion
g-binomial coefficients and the subspaces of a
finite vector space

The g-Johnson scheme

A g-analog of the Hamming scheme

The nonbinary Johnson scheme

Complements of representation theory

9.1
9.2

9.3
9.4
9.5
9.6
9.7

9.8
9.9

Tensor products

Representations of abelian groups and Pontrjagin
duality

The commutant

Permutation representations

The group algebra revisited

An example of a not weakly symmetric Gelfand pair
Real, complex and quaternionic representations:
the theorem of Frobenius and Schur
Greenhalgebras

Fourier transform of a measure

Basic representation theory of the symmetric

group
10.1 Preliminaries on the symmetric group

ix



11

Contents

10.2 Partitions and Young diagrams

10.3  Young tableaux and the Specht modules

10.4 Representations corresponding to transposed
tableaux

10.5 Standard tableaux

10.6 Computation of a Fourier transform on the
symmetric group

10.7 Random transpositions

10.8 Differential posets

10.9 James’ intersection kernels theorem

The Gelfand pair (Ss,,521.5,) and random

matchings

11.1 The Gelfand pair (Sa,, S21Sn)

11.2  The decomposition of L(X) into irreducible
components

11.3 Computing the spherical functions

11.4 The first nontrivial value of a spherical function

11.5 The first nontrivial spherical function

11.6 Phylogenetic trees and matchings

11.7 Random matchings

Appendiz 1 The discrete trigonometric transforms
Appendiz 2 Solutions of the exercises
Bibliography

Index

322
325

333
335

343
348
358
365

371
371

373
374
375
376
378
380
392
407
421

433



Preface

In September 2003 we started writing a research expository paper on
“Finite Gelfand pairs and their applications to probability and statistics”
[43] for the proceedings of a conference held in Batumi (Georgia). After
a preliminary version of that paper had been circulated, we received sev-
eral emails of appreciation and encouragement from experts in the field.
In particular, Persi Diaconis suggested that we expand that paper to a
monograph on Gelfand pairs. In his famous 1988 monograph “Group rep-
resentations in probability and statistics” [55] there is a short treatement
of the theory of Gelfand pairs but, to his and our knowledge, no book
entirely dedicated to Gelfand pairs was ever written. We thus started
to expand the paper, including some background material to make the
book self-contained, and adding some topics closely related to the kernel
of the monograph. As the “close relation” is in some sense inductive,
we pushed our treatement much further than what Persi was probably
expecting. In all cases, we believe that our monograph is in some sense
unique as it assembles, for the first time, the various topics that appear
in it.

The book that came out is a course in finite harmonic analysis. It is
completely self-contained (it only requires very basic rudiments of group
theory and of linear algebra). There is also a large number of exercises
(with solutions or generous hints) which constitute complements and/or
further developments of the topics treated.

For this reason it can be used for a course addressed to both advanced
undergraduates and to graduate students in pure mathematics as well as
in probability and statistics. On the other hand, due to its completeness,
it can also serve as a reference for mature researchers.

xi
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It presents a very general treatment of the theory of finite Gelfand
pairs and their applications to Markov chains with emphasis on the
cutoff phenomenon discovered by Persi Diaconis.

The book by Audrey Terras [220], which bears a similar title, is
in some sense orthogonal to our monograph, both in style and con-
tents. For instance, we do not treat applications to number theory,
while Terras does not treat the representation theory of the symmetric
group.

We present six basic examples of diffusion processes, namely the ran-
dom walk on the circle, the Ehrenfest and the Bernoulli-Laplace models
of diffusion, a Markov chain on the ultrametric space, random trans-
positions and random matchings. Each of these examples bears its own
peculiarity and needs specific tools of an algebraic/harmonic-analytic/
probabilistic nature in order to analyze the asymptotic behavior of the
corresponding process.

These tools, which we therefore develop in a very self-contained pre-
sentation are: spectral graph theory and reversible Markov chains,
Fourier analysis on finite abelian groups, representation theory and
Fourier analysis of finite groups, finite Gelfand pairs and their spher-
ical functions, and representation theory of the symmetric group. We
also present a detailed account of the (distance-regular) graph theoretic
approach to spherical functions and on the use of finite posets.

All this said, one can use this monograph as a textbook for at least
three different courses on:

(i) Finite Markov chains (an elementary introduction oriented to
the cutoff phenomenon): Chapters 1 and 2, parts of Chapters 5
and 6, and Appendix 1 (the discrete trigonometric transforms).

(ii) Finite Gelfand pairs (and applications to probability): Chap-
ters 1-8 (if applications to probability are not included, then one
may omit Chapters 1 and 2 and parts of the other chapters).

(iii) Representation theory of finite groups (possibly with appli-
cations to probability): Chapters 3, 4 (partially), 9, 10 and 11.

This book would never have been written without the encouragement
and suggestions of Persi Diaconis. We thank him with deepest gratitude.

We are also grateful to Alessandro Figa Talamanca who first intro-
duced us to Gelfand pairs and to the work of Diaconis.

We express our gratitude to Philippe Bougerol, Philippe Delsarte,
Charles Dunkl, Adriano Garsia, Rostislav I. Grigorchuk, Gerard Letac,
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Arun Ram, Jan Saxl and Wolfgang Woess for their interest in our work
and their encouragement.

We also acknowledge, with warmest thanks, the most precious careful
reading of some parts of the book by Reza Bourquin and Pierre de
la Harpe who pointed out several inaccuracies and suggested several
changes and improvements on our expositions.

We finally express our deep gratitude to David Tranah, Peter
Thompson, Bethan Jones and Mike Nugent from Cambridge University
Press for their constant and kindest help at all the stages of the editing
process.

Roma, 14 February 2007 TCS, FS and FT
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Preliminaries, Examples and Motivations
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Finite Markov chains

1.1 Preliminaries and notation

Let X be a finite set and denote by L(X) = {f : X — C} the vector
space of all complex-valued functions defined on X. Clearly dimL(X) =
| X |, where | - | denotes cardinality.

For x € X we denote by d, the Dirac function centered at z, that is

5.(y) = 1 ify==x
W= 0 ify#ux.

The set {0, : € X} is a natural basis for L(X) and if f € L(X) then

f= Ezex f(x)ax
The space L(X) is endowed with the scalar product defined by setting

(fr.f2) = > filx) fa(x)
zeX
for fi, fo € L(X), and we set ||f||? = (f, f). Note that the basis {J, :
x € X} is orthonormal with respect to (-,-). Sometimes we shall write
(*,-)L(x) to emphasize the space where the scalar product is defined if
other spaces are also considered.
If Y C X, the symbol 1y denotes the characteristic function of Y

1 fzeY
1Y($)={

0 fzgy,;

in particular, if Y = X we write 1 instead of 1.

For Y1,Ys,...,Y,, € X we write X = Y1 [[Y2]]--]] Y to indicate
that the Y;’s constitute a partition of X, that is X =Y, UYoU---UY,,
and Y; N'Y; = ) whenever ¢ # j. In other words the symbol || denotes
a disjoint union. In particular, if we write Y [[Y” we implicitly assume
that Y NY' = 0.
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If A: L(X) — L(X) is a linear operator, setting a(z,y) = [Ady](z)
for all z,y € X, we have that

[Afl(z) = > alz,y)f(y) (1.1)

yeX

for all f € L(X) and we say that the matriz a = (a(z,y)) indezed
by X, represents the operator A.

If the linear operators A;, Ay : L(X) — L(X) are represented by
the matrices a; and as, respectively, then the composition A; o As is

represented by the corresponding product of matrices a = a1 - ag that is

a(wy) = 3 a1 (w, 2)az(z,p).

zeX

r,yeX?

For k € N we denote by a* = (a™(z,y))_ yex the product of k copies
of a, namely

(k) Za(k U(z, 2)a(z, y).

zeX

We remark that (1.1) can be also interpreted as the product of the
matrix a with the column vector f = (f(x))zex-

Given a matrix a and a column or, respectively, a row vector f, we
denote by a” and by f7 the transposed matrix (i.e. a’(x,y) = a(y, x)
for all z,y € X) and the row, respectively column transposed vector.
This way we also denote by f7 A the function given by

FTA ) =) fl (1.2)
zeX
With our notation, the identity operator is represented by the identity
matrix which may be expressed as I = (02(y)), ,ex- If X is a set of
cardinality |X|=n and k < n, then a k-subset of X is a subset A C X
such that |A| = k.
If v1,va,..., v, are vectors in a vector space V', then (vq,va, ..., Upm)
will denote their linear span.

1.2 Four basic examples

This section is an informal description of four examples of finite diffu-
sion processes. Their common feature is that their structure is rich in
symmetries so that one can treat them by methods and techniques from
finite harmonic analysis.
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The main scope of this book is to study these examples in full detail
and present all the mathematical background.

Example 1.2.1 (The simple random walk on the discrete circle)
Let C,, denote a regular n-gon. We number the vertices consecutively
from 0 to n — 1: we regard these numbers as elements of Z/nZ, i.e.
mod n. This way, there is an edge connecting the jth with the (5 + 1)st
for all j =0,1,...,n— 1. This is the discrete circle.

3 2

Figure 1.1. The discrete circle C,

Suppose that a person is randomly moving on the vertices of C,, ac-
cording to the following rule. The time is discrete (¢t = 0,1,2,...) and
at each instant of time there is a move.

At the beginning, that is at time ¢ = 0, the random walker is in 0.

Suppose that at time ¢ he is at position j. Then he tosses a fair coin
and he moves from j to either j+1 or to j — 1 if the result is a head or a
tail, respectively. In other words, given that at time ¢ he is in j, at time
t + 1 he can be at position j + 1 or j — 1 with the same probability 1/2.

J

j-1 j+1

Figure 1.2. The equiprobable moves j+— j—1land j+— j+1

Example 1.2.2 (The Ehrenfest diffusion model) The Ehrenfest dif-
fusion model consists of two urns numbered 0,1 and n balls, numbered
1,2,...,n. A configuration is a placement of the balls into the urns.
Therefore there are 2" configurations and each of them can be identi-
fied with the subset A of {1,2,...,n} corresponding to the set of balls
contained in the urn 0. Note that there is no ordering inside the urns.
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The initial configuration corresponds to the situation when all balls are
inside urn 0.

o3
0000

urn 0 urn 1

Figure 1.3. The initial configuration for the Ehrenfest urn model (n = 10)

Then, at each step, a ball is randomly chosen (each ball might be
chosen with probability 1/n) and it is moved to the other urn.

(a)

@@@@ 0000

urn 0 urn 1

(b)

@@@ @@

urn 0 urn 1

Figure 1.4. (a) A configuration at time ¢. (b) The configuration at time
t + 1 if the chosen ball is i3
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Denoting by @,, the set of all subsets of {1,2,...,n}, we can describe
this random process as follows. If we are in a configuration A € @,
then, at the next step, we are in a new configuration B € @, of the
form AJ[{j} for some j ¢ A or A\ {j'} for some j' € A and each of
these configurations is chosen with probability 1/n (actually, to avoid a
parity problem, in our study of this model we shall make a slight change
in the definition of the mixing process).

Example 1.2.3 (The Bernoulli-Laplace diffusion model) The
Bernoulli-Laplace diffusion model consists of two urns numbered 0,1
and 2n balls, numbered 1,2,...,2n. A configuration is a placement
of the balls into the two urns, n balls each. Therefore there are (2:)
configurations, each of them can be identified with an n-subset A of
{1,2,...,2n} corresponding to the set of balls contained in the urn 0.
The initial configuration corresponds to the situation when the balls
contained in urn 0 are 1,2,...,n (clearly the balls n + 1,n +2,...,2n
are contained in the urn 1).

00
@@@@@@@ @® @@

urn 0 urn 1

©

Figure 1.5. The initial configuration for the Bernoulli-Laplace urn model
(n =10)

Then at each step two balls are randomly chosen, one in urn 0, the
other one in urn 1 and switched.

Denoting by €2,, the set of all n-subsets of {1,2,...,2n}, we can de-
scribe this random process as follows. If we are in a configuration 4 € Q,,
then at the next step we are in a new configuration B € €2, of the form
ATT{i} \ {4} for some i ¢ A and j € A and each of these configurations
is chosen with probability 1/n?.
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(a)

@

urn 0 urn 1

20

690

3

°

e
26

(b)

(2)C)
6600 @@

urn 0 urn 1

()
5]

Figure 1.6. (a) A configuration at time ¢. (b) The configuration at time
t + 1 if the chosen balls are i3 and 715

Example 1.2.4 (Random transpositions) Consider a deck of n cards
numbered from 1 to n. A configuration is a placement (permutation) of
the cards in a row on a table. Therefore there are n! configurations. The
initial configuration corresponds to the placement 1,2,... n.

Q@ @ @ @

—_
[\
[9%)
S

Q Q Q Q

Figure 1.7. The initial configuration of the deck

Then at each step both the left and the right hand independently
choose a random card. Note that the possibility is not excluded that
the same card is chosen by both hands: such an event may occur with
probability 1/n.
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If we have chosen two distinct cards we switch them, otherwise we
leave the configuration unchanged.

@ Q Q Q Q

®) Q 0 Q 0

Q Q Q Q

Figure 1.8. (a) A card configuration at time ¢. (b) The card configuration
at time ¢ 4 1 if the chosen cards are i # j

In other words, denoting by T,, = {{i,j}:4,5 € {1,2,...,n},i # j}
the set of all unordered pairs of cards, with probability 1/n we leave the
configuration unchanged, while, with probability (n—1)/n we randomly
pick one of the n(n —1)/2 elements in T,,. Altogether, at each step each
element ¢ € T, can be chosen with probability 2/n?.

The following description is equivalent. Denote by S,, the symmetric
group of degree n and by T, = {g € S, : Fi # js.t. glk) = k,Vk #
i, and g(i) = j} the set of all transpositions. Denote by 1g, € S, the
identity element (1g, (k) = k, Yk € {1,2,...,n}). Each configuration,
say i = (41,42,...,1,) corresponds to the element g; € S, defined by
gi(j) = i; for all j =1,2,...,n. We start at the identity 1g, and, at
each step, we choose either a random element ¢ € T,, with probability
2/n? or the identity t = 1g, with probability 1/n. This way, if at the
kth step we are in the configuration i then, at the (k + 1)st step we are
in the configuration ¢ - i corresponding to the group element tg;.

In each of the above examples, we have described a diffusion model
with a deterministic initial configuration. For the discrete circle the ran-
dom walker is at position (vertex) 0; in the Ehrenfest model all balls are
in urn 0 (Figure 1.3); in the Bernoulli-Laplace model the balls 1,2,...,n
are in urn 0 and the balls n + 1,n 4+ 2,...,2n in urn 1 (Figure 1.5);
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finally for the random transpositions the cards 1,2,...,n are placed in
increasing order (Figure 1.7).

For each model we address the following natural question: how long
(how many steps) does it take to miz things up? For instance, how
many random transpositions (Example 1.2.4) are needed to generate
a random permutation? It is indeed clear, even at an intuitive level,
that repeated random transpositions do mix the cards, that is that
after sufficiently many random transpositions, all configurations (i.e.
permutations) become equiprobable.

In 1981 Diaconis and Shahshahani gave a striking answer to the above
question: %nlogn transposition are necessary and sufficient to gener-
ate a random permutation. Moreover they discovered that this model
presents what is now called a cutoff phenomenon: the transition from
order to chaos is concentrated in a small neighborhood of %nlog n.

Subsequently Diaconis and Shahshahani studied the models in Exam-
ples 1.2.1, 1.2.2 and 1.2.3. They showed that in the last two examples
there is a cutoff phenomenon after k = inlog n steps, while for the dis-
crete circle, the position of the random walker becomes random after
k = n? steps, but no cutoff phenomenon occurs.

We shall first treat Examples 1.2.1 and 1.2.2 because they are sig-
nificantly simpler (they only require elementary finite abelian harmonic
analysis) and together they provide instances of absence and presence
of the cutoff phenomenon. They will be discussed in the next chapter,
while in the present one we continue by providing some probabilistic
background.

Example 1.2.3 will be discussed in the second part of the book. It is a
paradigmatic, but sufficiently simple, example of a problem on a homo-
geneous space on which there is a treatable set of spherical functions.

Example 1.2.4, which, historically, was the first to be analyzed, re-
quires a deep knowledge of the representation theory of the symmetric
group, a beautiful subject in mathematics on its own, which is a corner-
stone both in pure and in applied mathematics (see, for instance, the
book of Sternberg [212] for the applications to physics).

1.3 Markov chains

In this section we give the formal definition of a Markov chain in a sim-
plified setting. We begin with some basic notions of probability theory.

A probability measure (or distribution) on a finite set X is a function
v: X —[0,1] such that > _yv(z) = 1. It is called strict if v(z) > 0
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for all z € X. For a subset A C X the quantity v(A) = >, v(x) is
the probability of A. Clearly v(AUB) = v(A)+v(B) —v(ANB) for all
A/ BC X, v(0)=0and v(X)=1.

The subsets of X are usually called the events. We also say that (X, v)
is a finite measure space.

Example 1.3.1 Let h,k be two positive integers and X = {r,b} be a
two-set. Define v : X — [0, 1] by setting v(r) = ﬁ and v(b) = ﬁ It
is immediate to check that (X,v) is a probability space. It can be used
to modelize a single drawing from an urn containing h red balls and &
blue balls: v(r) (resp. v(b)) is the probability that the chosen ball is red

(resp. blue).

Given two events A, B C X, with v(A) > 0, the conditional probability
of B assuming A is
v(ANB)

v(4)
It expresses the probability of the event B given that the event A has
occurred.

The following properties are obvious:

v(B|A) =

e y(B|A)=11if AC B;
e v(P|A) = 0;
° Z/(Bl U BQ|A) = V(BllA) + V(BQlA) - V(Bl n BQ|A),
for all A, B, By, B2 C X with v(A) > 0, and clearly v(:|A) is a probabil-
ity measure on A.

Moreover, given elements A1, Ay, ..., A, C X with v(4;NA4AyN---N
Ap—1) > 0, we have the so-called Bayes sequential formula

I/(Al n A2 n---N An) ZI/(Al)l/(A2|A1)I/(A3‘A1 n Ag) (13)
o v(ApAT N Ay N Apg).

Indeed:

V(Al N A2 n---N An) = V(An|A1 n---N An_l)I/(Al n---N An—l)
= v(Ap|A1 NN Ay ) (Ap 1AL NN Aps)
V(AN N Aps)

= V(An|A1 n---N An_l)V(An_1|A1 n---N An_g)
. Z/(An_z‘Al N---N An—3) e Z/(A2|A1)U(A1).
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Two events A, B C X are independent if
v(ANB) =v(A)v(B).
Note that, if v(A),v(B) > 0, then condition above is equivalent to

v(B|A) = v(B) and v(A|B) = v(A).

Example 1.3.2 (Choice with replacement) Consider the four el-
ements set X = {rr,rb,br,bb} and h,k two positive integers. Define
v:X — [0,1] by setting

h? hk k>
— b) =v(br) = —— and v(bb) = —.
(I’L—Fk)z’ I/(T) Z/(T) (h+k)2 an V( ) (h+k)2
It is immediate to check that (X,v) is a probability space. Set A =
{rb,rr} and B = {br,rr}. Then

v(rr) =

h2
v(ANB) =v(A)v(B) = m,
in other words the events A and B are independent.

This probability space described above serves as a model for the fol-
lowing process. Consider an urn with h red balls and k blue balls. A
choice with replacement consists in picking up two balls from the urn
subject to the restriction that the second ball is chosen only after the
first ball is put back into the urn. Then the set of all four possible out-
comes of the extraction can be identified with the set X: for instance we
associate with the event that the first ball chosen is red and the second
one is blue the element rb € X. This way the sets A and B correspond
to the result of the first chosen ball and the second chosen ball to be
red, respectively. Moreover, taking into account Example 1.3.1, we may
observe that v(rb) is given by the product of the probability to choose
a red ball with the probability to choose a blue ball.

Example 1.3.3 (Choice without replacement) In the preceding
model, suppose the second ball is chosen without replacement of the first
ball.

As before X = {rr,rb, br,bb} denotes the set of all four possible out-
comes of this extraction and v, the associated probability on X, is now
defined by

h(h —1) _ B hk
hahnsr=n YUY =0 = GRS

v(rr) =
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and
k(k—1)
(h+k)(h+k—1)

v(bb) =

With A and B as in the previous example, we have

h—1 h

B|A) = -
vBIA) = T Pk

v(B)
and A and B are no longer independent.

Let X and Y be two finite sets and p a probability measure on Y.
A function £ : Y — X is called a random variable. For x € X, we set

p{f =2t =p{y €Y :£(y) =z}).
Given random variables £1,&,...,&, : Y — X, we say that they are
(collectively) independent if

plé =x1,6 =22, & = xn} = p{& = 1 u{ = 22}
ol =}

where, for x1,x9,...,2, € X, p{&1 = x1,& = X9, ,&{n = xp} =
y({er{l(y):xl,z:l,Q,,n})

Example 1.3.4 (The Bernoulli scheme) Let v be a probability
measure on a finite set X. Denote by X(™) = X x X x --- x X (n times)
the nth cartesian product of X and by p = v(™) the corresponding nth
fold product measure defined by

V(n)(xhz% @) =v(@)v(we) - v(an).

If & : X — X denotes the jth projection, namely &;(z) = x;

for all x = (x1,x9,...,%,), then the random variables &;,&s, ..., &, are
independent.
Indeed
V(n){gl :Tl7£2 :TQV o agn :ﬂ} = l/(n)(xih@a e 7@)

v(Tn)v(T2) - - v(T0)

and
v gG=T5= > ) v(z)v(ze) - v(zj—)v(@j)v(zj) - v(e,)

Tjt1yeTn€X

= v()



14 Finite Markov chains

so that
v (& =) (& =T3) - vV (&, = T) = v(@EV(T2) - v(Tn).

The Bernoulli scheme is the model of an experiment in which we
choose n times an element of X according to the same probability distri-
bution v on X; see also Example 1.3.2. Usually, in the Bernoulli scheme,
one considers infinite sequences &1, &, ...,&,, ... of random variables; to
treat this infinite setting one needs the full strength of measure theory
(X (") is then replaced by X(°°) the set of all infinite sequences in X ),
[27].

A stochastic matriz P = (p(x,y))
indexed by X such that

syex On X is a real valued matrix

e p(z,y) >0 forall z,y € X
® > exp(my)=1forallz e X.

If &,8,...,&, : Y — X are random variables and p{&; = z1,& =
Zoy.ooy &1 = Tp_1} > 0, we set

M(gn = xn'fl = 1'1,52 =T2,... 7577,71 = mnfl)
— M{§1:$1752:$27"'a§n:xn}
i = 21,6 = 22, &1 = Tpo1}

Definition 1.3.5 (Markov chain) Let X be a finite set, v a probability
distribution on X and P a stochastic matrix on X. A (homogeneous)
Markov chain with state space X, initial distribution v and transition
matriz P is a finite sequence &g, &1, ...,&, : Y — X of random variables,
where (Y, i) is a finite measure space, satisfying the following conditions:

ulo =} = v(x)

1(ék+1 = Try1lbo = 20,61 = 21, ..., & = x) = p(Th, Thoy1)

for all k =0,1,...,n — 1 and z,z1,29,...,2, € X such that u{& =
20,81 =1,...,& =z} > 0.

When the initial distribution v equals a Dirac measure J, one says
that the Markov chain starts (deterministically) at x.

Theorem 1.3.6 A sequence &y,&1,...,&n 1 Y — X is a Markov chain
with initial probability distribution v and transition matriz P if and only
if for all xo,x1,...,x, € X one has
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w{éo = 0,61 = x1,..., & = xn} = v(zo)p(x0, 1)p(21, T2)
co (T, Tp). (1.4)

In particular,

p{ée =z} = Z v(zo)p(zo, 21)p(21, 22) - - p(Th-1, T),

Z0,%1,--,Tk—1E€EX

that is p{& = x} = v®)(x), where (I/(k))T = v Pk (as in (1.2)) for
k=0,1,....,n and

p(rt1 = Try1léo = 0, & = @1, .., &k = Tk) = 1€kt = Tt | = k).

The last condition expresses the fact that if the present & is known,
then the future &,11 does not depend on the past £9,&1,...,Ek—1.

Proof Suppose that £, &1, ...,&, 1 Y — X is a Markov chain with initial
probability distribution v and transition matrix P. Then by the Bayes
sequential formula (1.3) we have

p{éo = 0,61 = x1,..., & = T}
= u{éo = zo}p(&1 = 1[0 = w0)
- (€a = x2l60 = 70,61 = 71)
s p(n = xnléo = 20,61 = 21, .., €1 = Tn—1)
= v(xo)p(xo, x1)p(x1,22) - P(Tp_1,Tn).

Conversely, if (1.4) holds, then summing over x,, € X, as P is stochastic,
we get

p{éo = 20, &1 =1, ..., &n1 = Tp_1} = v(xo)p(z0, T1)p(T1, T2)
o 'p(xn—27xn—1)~

Continuing this way, one gets

o =m0, =21,..., & =21} =v(20)p(20, 21)p(21, 22) - - - P(Th—1, k)

forallk=0,1,...,n.
Therefore u{& = zo} = v(xg) and, for k =0,1,...,n—1,

(€1 = Trp1lo = 0, &1 = 21, § = T1)
_p{éo =206 = 21,0, 6kl = Tpqa }
 p{b =m0, &G =20, & = 2}
= p(Tk, Try1)

and the theorem is proved. |
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Remark 1.3.7 The term homogeneous in Definition 1.3.5 refers to the
fact that in

p(€rs1 = Try1lp = 1) = p(Tr, Try1)

the matrix P is the same for all £’s. In the nonhomogeneous case, the
matrix P varies: for each k there is a transition matrix P;. In the
following we shall only consider homogeneous Markov chains.

Example 1.3.8 This is the basic measure theoretic construction in the
theory of Markov chains (we describe it only in our simplified setting).

Let (X,v) be a finite measure space and P be a stochastic matrix
indexed by X.
Take Y = X"+ = {(wg,21,...,2,) : 2; € X} and set

(o, 1. .., 2n) = v(xo)p(xo, x1)p(x1, 2) - - P(Tr—1, Tn)-

It is easy to show that p is a probability measure on Y. Denoting, as
in Example 1.3.4, by & : Y — X the projection relative to the jth
component, we have

w{éo =7} = p{(xo,21,...,2pn) : xo =T}
= Z v(@)p(T, z1)p(w1,22) - - P(Tp—1, T)

L1,y Ty €X
=v(7)
and
w{(zo, 21, ..., &p) : Xp =T, Tp41 = T}

w{(xo,1,...,Zn) : xp =T} B
2 oo [V(20)p(20, 1) - - p(h-1,T) - p(T, )

Thyos T €X

p(lpr1 =Tk =7) =

T X ooy W@o)p(wo, @) plan1,7) - p(E w1
(@, wpg2) p(Tn—1, @)
P(Tht1, Thy2) - P(Tn—1, 7))
(Cirsnsx V()p(wo, 21) - plan—1,7)) p(T, 7)
Zxoymhka_lex v(xo)p(wo, x1) - p(Tr—1,T)

= p(T,2").

Usually, as we alluded to above, in the definition of a Markov chain
and in the construction in Example 1.3.8, one considers infinite sequences
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0,61, ,&n, ... and (zo,21,...,Zn,...); see, for a detailed account on
measure theory, Shiryaev’s book [199] and, for more on Markov chains,
the books by Billingsley [27] and Stroock [215]. For the point of view of
ergodic theory and dynamical systems we refer to Petersen’s monograph
[177]

In this book we are mainly interested in the asymptotic behavior of
the distributions v(*)’s as k — co. The simplified approach will largely
suffice in this setting.

A more intuitive description of a Markov chain is the following. Time
is discrete, namely ¢t = 0,1,2,.... At time ¢ = 0 we choose a point in
X according to the initial distribution v (i.e. z € X is chosen with
probability v(x)). Then, if at time ¢ we are at point € X, at time ¢+ 1
we move to y € X with probability p(z,y).

This way, v(zo)p(xo,z1)p(x1,22) - p(Tn—1,x,) represents the prob-
ability of the path (g, 21,...,2,) € X () among all paths of the same
length n.

Setting ¥(©) = v and, for all k =1,2,. ..,

V¥ (z) = > v(xo)p(wo, z1)p(1, 22) - - - p(h—1,7)

T, L1, T —1E€X

> v(ao)p™ (0, 2),

roEX

then p{&, = z} = v® (), that is v*) is the distribution probability
after k steps (at time ¢t = k): v(®) represents the probability of being in
state x after k steps (at time t = k).

Remark 1.3.9 In the following we will identify a Markov chain with an
initial probability distribution v and a transition matrix P on a finite
space X. We also say that {vr(*)}.cy is the sequence of probability
distributions of the Markov chain.

For the four basic examples in Section 1.2 we have:

1. X = Cn> Vv = 60, p(]v] + 1) = % = p(J + ]-7.]) and p(Za]) = Oa
otherwise, for 7,5 =0,1,...,n — 1.

2. X = Qn, v = da,, where Ag = {1,2,...,n}, p(A,B) = % if
either A C B and |B| =|A|+1, or BC A and |A| = |B|+1, and
p(A, B) = 0 otherwise.

3. X = Qp,, v =04, where Ag = {1,2,...,n}, p(4,B) = % if
|[ANB| =n—1 and p(A, B) = 0 otherwise.
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4. X =S, v = 61, where 1 denotes the unit element of S,

2 ifhgTleT,
ifg=nh

otherwise,

p(g:h) =1 £
0

where T, denotes the set of all transpositions in .S,,.

1.4 Convergence to equilibrium

Let P = (p(x,y))e,yex be astochastic matrix. A stationary distribution
for P is a probability measure 7 on X such that

al =7Tp

that is w(y) = > cx T(y)p(x,y) for all y € X,
We say that P is ergodic if there exists ng € N such that

p") (2, ) > 0 Yo,y € X. (1.5)

The following is known as “Markov ergodic theorem” or “convergence
to equilibrium theorem” [99, 199]. It shows that under the hypothesis
of ergodicity, the chain has a stationary distribution which is also the
limit of the transition probabilities, that is, it shows that “things really
mix up”.

Theorem 1.4.1 A stochastic matriz P is ergodic if and only if there
exists a strict probability distribution m on X such that

lim p{™ (2,y) = 7 (y) Va,y € X.

n—oo
In other words, the above limits exist, they are independent of x and
form a strict probability distribution. Moreover, if P is ergodic, then
such a 7 is the unique stationary distribution for P.

Proof Suppose that P is ergodic and set ¢ = ming yex p(”o)(x,y), SO
that, in virtue of (1.5), one has 0 < e < 1. Set

(n) () — (n) () () — prin (™)
M™ (y) max p (z,v), m'"™ (y) min p (z,y).
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It is clear that M (™ (y) > m™ (y). As p"tV(z,y) = Y ex P(w,2)
p™(z,), one has that

m™(y) = 3 ple, m () < p" (@) < 3 ple, ) MO (y)
zeX zeX

=M™ (y)
so that
MO () < MM () and  mT(y) > mM(y).

This shows that {M ™ (y)},en and {m™ (y)}nen are, for all y € X,
bounded monotone sequences and therefore they converge. Call 7 (y)
and ma(y) their limits, respectively. For any r > 0 we have

Pt (@,y) =Y p (@, 2)p" (2, y)
zeX

= > P2, 2) — ep(y, 2)Ip" (2, p)

zeX

+e Y p(y, 2" ()
zeX

= [P (2, 2) — ep" (y, 2)Ip") (2,) + ep® (y,y)
zeX

> m () Y [P0 (2, 2) — ep™ (y, 2)] + ep* (y,y)
zeX

= (1—e)ym" (y) +ep® (y. ).
where >, follows from
p) (@, 2) —ep™(y, 2) = p" (2, 2)[L = p(y, 2)] > 0.
It follows that
m" 0 (y) > (1= )m (y) +ep®(y, ). (1.6)
Analogously, one can prove that
M) (y) < MO (y)(1 —€) +ep® (y, ). (1.7)
From (1.6) and (1.7) we get
Mot () =m0t (y) < (1) [M T (y) — mD (y)]
and iterating

MEnE) () — mEnotn) (y) < (1= e)F (MO (y) —m™ (y)] = 0 (1.8)
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as k goes to infinity. Therefore we have
- 1 (M () = [ (") () = .
mi(y) = lim MY (y) = lim m™(y) = m2(y);

call 7(y) this common value.
Then from (1.8) we have, with n = kng +r and 0 < r < ng

P (2, y) — w(y)] < MW (y) —m™(y) < (1 —g)l?/m=1 (1.9

and therefore lim,, ;o p™ (z,y) = n(y) for all y € X.
Also, by taking the limit for n — oo in

P (2, y) = D p™ (2, 2)p(z,y)

zeX
we get
m(y) =Y m(2)p(z,v)
zeX
so that = is stationary for P.

Moreover, as for all n we have ZyeX p™ (z,) = 1, we analogously
deduce that 3 . 7(y) = 1; finally as m™ (y) > m)(y) > ¢ > 0 for
n > ng, we also have that m is strict.

Conversely, suppose that lim,, . p(™ (z,y) = 7(y) for all z and y €
X, with 7 a strict probability distribution. Then, for every x,y there
exists ng(x,y) such that p(™(z,y) > 0 for all n > ng(z,y). Taking
Ny = MaXg yex No(T,y) we get that p™(x,y) > 0 for all n > ng and
therefore P is ergodic.

To prove uniqueness, suppose that 7’ is another stationary distribu-
tion for an ergodic P. Then

() =Y 7@ (@ y) = Y 7 (@)w(y) = 7(y)

zeX reX

as n — 0o, showing that indeed 7’ = . O

The significance of this theorem is clear: after sufficiently many steps,
the probability of being in y almost equals 7(y) and it is independent of
the initial distribution.

From the proof of the previous theorem we can also extract the fol-
lowing corollary.

Corollary 1.4.2 Let P be an ergodic stochastic matriz and mw its sta-
tionary distribution. Then there exist A > 0,0 < c <1 andny € N such
that, for alln > nq,

(n) _ <A1 —-o)™
Jnax [p™(z,y) = 7(y)| < AL - o)
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Proof This is an immediate consequence of (1.9). Indeed, if n = nok+r
with 0 <7 < nog, then 7= =k + ;= and

(1 —g)ln/mol=1 — (1 — k=1 = (1 — g)mg 75 !

so that we can take A= (1 —¢)™2, 1 —c= (1 - 5)%0 and n; =ng. [

Exercise 1.4.3 Let p be the transition probability kernel for the sim-
ple random walk on the discrete circle Cy,,11. Using the estimate in
Corollary 1.4.2 show that

ma [p*) (. y) — (y)| < 2”7
yeX
1
for k > m where m(z) = 547
We do not go further into the general theory of finite Markov chains.
In the following sections we concentrate on a special class of Markov
chains that have a good spectral theory. For nice expositions of the
general theory we refer to the monographs by Behrends [18], Bremaud
[32], Durrett [81], Héggstrom [116], Kemeny and Snell [142], Sencta
[195], Shiryaev [199] and Stroock [215].

1.5 Reversible Markov chains

Definition 1.5.1 Given a stochastic matrix P, we say that P is re-
versible if there exists a strict probability measure m on X such that

m(x)p(z,y) = 7(y)p(y, =) (1.10)

for all z,y € X. We also say that P and 7 are in detailed balance.

The following characterization of reversibility was kindly indicated to
us by Pierre de la Harpe (it corresponds to Exercise 5.8.1 in [20]).

Proposition 1.5.2 A stochastic matriz P = (p(z,y))
if and only if the following two conditions hold:

(i) if p(z,y) # 0 then p(y,x) #0, for all z,y € X;
(ii) for any n € N and for any choice of xg,x1,...,z, € X one has

syex U8 reversible

P(xo, 5101) o 'p(xnfla xn)P(xn, $0) = P(xo, xn)p(fn, xnfl)
< p(xy,x0)- (1.11)
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Proof We first observe that the condition (1.10) defining reversibility is
equivalent to

()

x
for all 2,y € X, which, in case p(z,y) # 0 becomes

ply,z) _ 7(z) (1.13)

p(z,y)  w(y)
Suppose that P is reversible and that m is a strict probability on X
in detailed balance with P. Then (i) follows immediately from (1.12).
To prove (ii), by (i) we can suppose that in (1.11) one has p(z;, ;141) #
0forall i =0,1,...,n mod n+ 1. Then (1.11) is equivalent to

p(zo, 1) p(z1,22)  p(@p—1,2n) P(Tn,To)

P(1,70) P a)  plan 1) pEon)
which, by virtue of (1.13), becomes
m(r1) w(@2)  w(@n) 7(wo) _
m(xo) 7(z1) T(p—1) 7(zy) ! (1.14)

which is trivially satisfied.

Conversely, suppose that P satisfies conditions (i) and (ii). Consider
the relation ~ in X defined by setting x ~ y if either x = y or there
exist xg,r1,..., T, € X such that xg = z, x, = y and p(x;, xiy1) # 0
for i = 0,1,...,n — 1. Note that by (i) this is an equivalence relation.
Let then X = X' X2]]---[I X" denote the corresponding partition
of X induced by ~.

Fori € {1,2,...,N} fix 2} € X* and set X} = {z}},

Xi = {21 € X"\ X : plag, 21) # 0}
and, more generally,
Xin = {zn € XNXGTX T TT X0 -
3z, € X s.t. p(Tng1,r,) # 0}
Then X' = X¢ [T X{]]-- 1] X}, for some N; € N. Set 7(zf) = 1,

p(p, 1)

T(r1) = -
( ) p(xlv xlo)
for all z; € X} and, more generally, for all z,, € X}, n < N;,

p(I67x1) p(xlva) “.p(zn—%xn—l) p(zn—lyxn)
p($171'6) p($27$1) p(‘rn717xn72) p(imen—l)

(@) = (1.15)
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where x; € X;: and z; ~ x;41 for all j = 1,2,...,n — 1. Note that by
virtue of (1.14) the definition of (1.15) is well posed (it does not depend
on the particular choice of the chain xé Ny Ty o~ Ty~ D).

Set ¢ = > x7(z) and define 7 = 7. By construction one has
m(x) > 0forallz € X and ) 7(x) = 1. In other words, 7 is a strict
probability on X. We are only left to show that P and 7 are in detailed
balance.

Let z,y € X. If p(z,y) = 0 then, recalling (i), (1.10) is trivially
satisfied. Otherwise, there exist 0 < i < N and 0 < n < N; — 1 such
that =,y € X* and, up to exchanging = with y, we may suppose that
r € Xy € Xn+1 But then, if z, = z, xp41 = ¥y, z; € X} and
xj~xjq forall j=1,2,...,n—1,

1 p(xy, 1) pe1, x2 P(Tn—1,%n
r(@)p(z.y) = Ex o e e T
p(zh, 21) p(x1,22)
(xlvxo) (x27x1)
P\ Tn—1,Tn) P\Tn,Tnit1
. pExn7xn1§ pEanrh;_n; PEn+1,n)
=(y)p(y,x)
and this ends the proof. |

Set (f1, fa)r = D_gex J1(%) fa(x)m(x) and define a linear operator P :

L(X) — L(X) by setting (Pf)(z) = >, cx p(z,y)f(y) for all f1, fo, f €
L(X).

Proposition 1.5.3 P and © are in detailed balance if and only if P is
self-adjoint with respect to the scalar product (-, ).

Proof Let f1, fo € L(X). Then, supposing that P and 7 are in detailed
balance, we have

(Pfif2)e =D | Do) fi(y) | fo(@)w(2)

rzcX |yeX

-3 Y @l ) EE
reX yeX

= > > 7w Wply. x) f1(y) f2(x)
reX yeX

= (f1, Pf2)r-



24 Finite Markov chains

Conversely, supposing that P is selfadjoint, one easily checks that, for
all z,y € X,

m(x)p(z,y) = (Pdy, 0z)x = (0y, Pdz)r = m(y)p(y, ).
0

Remark 1.5.4 Suppose now that P and 7 are in detailed balance, so
that, by the above proposition, P is selfadjoint. From classical linear
algebra, we deduce that the real matrix P can be diagonalized over the
reals, that is there exist real valued eigenvalues {\; : © € X} and a real

matrix U = (u(z,y)), ,ex such that
ZyeX p($7 y)u(yv Z) = ’U,(l', Z))‘z
{ S e w5 10

Note that we use the set X to parameterize the eigenvalues only to
simplify the notation.

The first equation in (1.16) tells us that each column of U (that is,
each function y — u(y, z)) is an eigenvector of P; the second one tells
us that these columns are orthogonal with respect to (-, ).

Setting A = (A\;62(y)), ,ex (the diagonal matrix of the eigenvalues)
and D = (m(2)d:(y)), yex (the diagonal matrix of coefficients of )
and denoting by I = (0:(y)), ,cx the identity matrix, (1.16) may be
rewritten in the form

(1.17)

PU=UA
UTDU =1.

The following proposition explains how one obtains the powers of the
transition matrix P using its spectral analysis in (1.16) and (1.17).

Proposition 1.5.5 p(™)(z,y) = n(y) > ex wl@, 2) A uly, 2).

Proof From the orthogonality relations (namely the second equation in
(1.17)) we can deduce the following dual orthogonality relations: UT D
is the inverse of U and therefore UUT D = I, that is,

> ula,yu(z,y) =

yeX

1
) 5, (). (1.18)

Then from PU = UA we get P = UAUT D, that is,
pla,y) =m(y) Y ulz, 2)Auly, 2). (1.19)

zeX
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Iterating this argument we have
P"=UA"UTD, (1.20)

which coincides with the formula in the statement. O

Example 1.5.6 (Two state Markov chains) Suppose that X =
{0,1}. Then a stochastic matrix on X is necessarily of the form

P ( p(0,0) p(0,1) ) _ ( l-p p )
p(1,0) p(1,1) g l-g¢
with 0 < p,q < 1. This transition matrix is reversible if and only if it is
trivial or 0 < p,q: indeed in the second case it is easy to check that P
is in detailed balance with the distribution 7 given by m(0) = ;1. and
(1) = ﬁ.
It is easy to check that P is ergodic if and only if 0 < p,q and
min{p,q} < 1 and that this is in turn equivalent to the conditions

0 <p,qand |1 —p—g| < 1. Setting

1 \/5
_ q
U= . \/E
P
then U is the matrix whose columns are the eigenvectors of P and are

orthonormal with respect to the scalar product (-, ), (see (1.16)) which
in the present case is given by

f(0)g(0)g + f(1)g(1)p
p+yq '

The corresponding eigenvalues are A\o =1 and \y =1 —p—gq.

h ith A 1 0 Tiq 0 h
Then, wit =1 1—p—gq and D = 0 » , the

pta
formula P* = UA*UT D (cf. (1.20)), becomes

q k A
k= p+q+piq(1_p_q) piq_p%]u_p_q)
pra  pra\  PT A prg T\t TP T

((£(0), (1)), (9(0), (1)) =

We end this section by giving the first elementary property of the
spectrum of P (note that actually this property does not require re-
versibility).

Proposition 1.5.7 1 is always an eigenvalue of P. Moreover, if \ is
another eigenvalue then |A| < 1.
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Proof It is obvious that P1 = 1, showing that 1 is an eigenvalue (we
recall that 1 is the characteristic function of X; see Section 1.1). Suppose
now that Pf = Af with f nontrivial. Choose # € X such that |f(x)| >
|f(y)] for all y € X (X is finite). Then

@) =1 pla,y) ) < Y play)lf©)l

yex yeX

<|f@) Y pla,y) = |f ()]

yeX

and therefore |A| < 1. O

In the following two sections we shall explore the geometrical structure
underlying a reversible Markov chain in order to derive other properties
of its spectrum.

1.6 Graphs

A simple, undirected graph with loops is a couple G = (X, E) where X is
a set of vertices and E is a family of unordered pairs {z,y} of elements
of X possibly collapsing to a singleton (namely when = y), which is
called the set of edges. In other words if 2 denotes the family of all
2—subsets of X, then E might be identified with a subset of Q] X.
Usually we simply say that X is a graph with edge set E. If {z,y} € E,
x and y are called neighbors or adjacent and we write x ~ y. We also
say that the vertices z and y are incident with the edge {z,y} and
that {x,y} joins x and y. Moreover if © ~ x we say that {z} is a
loop.

The degree of a vertex x is the number edges that are incident to x;
in symbols degz = |{y € X : y ~ x}|. When degx = d is constant and
the graph has no loops we say that the graph is regular of degree d.

Example 1.6.1 Figure 1.9 represents the graph with vertex set V =
{z,y, 2z} and edge set E = {{z,y},{y, 2}, {z}}. Observe that degz =1,
degy = degz = 2.

Given a graph G = (X, F), a pathin G is a sequence p = (zg, Z1,...,Tn)

of vertices such that x; ~ x;41 for all i = 0,1,...,n—1. The vertices xg
and z, are called the initial and terminal vertices of p, respectively,
and one says that p connects them. If g = =z, one says that the

path is closed. Moreover the length of the path p is the nonnegative
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y
X 4
Figure 1.9.
number |p| = n. The inverse of a path p = (zg, 1, ...,2,) is the path
p! = (¥p,Tp_1,...,71,20); note that [p~!| = |p|. Given two paths

p = (zo,21,...,2,) and p' = (Yo, ¥1,-..,Ym) With z, = yo we define
their composition as the path p-p' = (20,21, .., Tn = Y0, Y1, - - s Ym);
note that [p - p'| = |p| + [p'].

For z,y € X say that = y if there exists a path connecting them:
clearly =2 is an equivalence relation. The equivalence classes are called
the connected components of G. G is connected if there exists a unique
connected component, in other words if given two vertices in X there
exists a path connecting them; in this case, the geodesic distance d(x,y)
of two vertices is the minimal length among the paths connecting x
and y.

A graph G = (X, E) is bipartite if there exists a nontrivial parti-
tion X = Xo]] X1 of the set of vertices such that E C {{zo,z1}:
xo € Xo,x1 € X1}, that is every edge joins a vertex in Xy with a ver-
tex in X;. Note that a bipartite graph has no loops and that, if G is
connected, then the partition of the set of vertices is unique.

Example 1.6.2 Figure 1.10 shows the bipartite graph G = (X, E) with
vertex set X = Xo[[ X3, where Xo = {z,y} and X; = {u,v,z}, and
edge set E = {{z,u}, {z,v}, {y, v}, {y,2}}.

Figure 1.10.
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Exercise 1.6.3 A graph G = (X, E) is bipartite if and only if it is
bicolorable, i.e. there exists a map ¢ : X — {0, 1} such that z ~ y infers

o(x) # o(y)-

Proposition 1.6.4 Let G = (X, E) be a connected graph. The following
conditions are equivalent.

(i) G is bipartite;
(ii) every closed path in G has even length;
(iil) there exists xg € X such that every closed path containing xo has
even length;
(iv) given z,y € X, then for all paths p connecting x and y one has
Ip| = d(x,y) mod 2, that is |p| — d(z,y) is even.

Proof Suppose that G is bipartite and let X = X [[ X7 the correspond-
ing partition of the vertices. Let p = (xo,z1,...,z,) be a closed path.
Without loss of generality we may suppose that zo € Xy. But then
1 € X1, 92 € X and, more generally, z9; € X and z9;11 € X; for all
i’s. Since x,, = z we necessarily have that n = |p| is even. This shows
(i) = (ii).

(il) = (iii) is trivial.

To show that (iii) = (i) define Xo = {z € X : d(z,z0) is even}
and X1 = {z € X : d(z,z0) is odd}. We are left to show that if
y,y € Xo then y o ¢'. Indeed if p = (x0,21,...,22, = y) and
p = (xg,2},...,2h,, = y') are two paths connecting zy with y and
y’, respectively, then, if y ~ 3" and setting ¢ = (y,y’) we have that the
composed path p-q- (p’)~! is a closed path of odd length containing x,
contradicting the hypothesis. The same arguments hold for X;.

(iv) & (ii): let p’ be a minimal path connecting z and y, so that
|p'| = d(z,y); let p be another path connecting x and y. Then [p’|+|p| =
Ip'| + |p~t = 1is a closed path. This
completes the proof. 0

Ip’ - p~' = 0 mod 2 as p' - p~

1.7 Weighted graphs
Let G = (X, E) be a graph. A weight on G is a function w : X x X —
[0,4+00) such that for z,y € X

w(z,y) = w(y,z) (symmetry)
w(z,y) >0 if and only if z ~ y.
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In other words, w is a function that assigns to each edge {z,y} € E a
positive number, namely w(z,y). We then say that G = (X, E,w) is a
weighted graph.

With a weight w we associate a stochastic matrix P = (p(z,¥))s yex
on X by setting

where W(z) =3y w(w, 2).

The corresponding Markov chain (whatever the initial distribution is)
is called a random walk on the weighted graph G.

P is reversible; it is in detailed balance with the distribution 7 defined
by

where W =37 _ W(z).
Indeed, for all x,y € X we have
W) wy) wy wlyz)

m(x)p(z,y) = WoOWa) W W =7(y)p(y, ).

Also note that if X does not have isolated vertices (that is vertices
that are not incident to any other vertex), then 7(z) > 0 for all z €
X. Conversely, suppose that X is a set and P a transition matrix
on X in detailed balance with a strict probability measure 7. Setting
w(z,y) = w(x)p(x,y) we have that 7(z)p(z,y) = 7(y)p(y,z) implies
w(z,y) = w(y,z) and taking £ = {{z,y} : w(z,y) > 0} we have that
G = (X, E,w) is a weighted graph.

This shows that reversible Markov chains are essentially the same
thing as random walks on weighted graphs.

Exercise 1.7.1 Show that the two state Markov chain in Example 1.5.6
may be obtained by considering the weight function given by w(0,0) =
%, w(0,1) = w(1,0) = ;FL and w(l1,1) = % on the graph in
Figure 1.11.

Figure 1.11.
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Remark 1.7.2 Every graph G = (X, E) can be given the trivial weight
w(z,y) =1 if  ~y and w(z,y) = 0, otherwise; in this case, we refer to
G as to an unweighted graph.

In what follows G = (X, E,w) is a finite weighted graph and P the
associated transition matrix. We denote by o(P) = {\ € C : det(P —
AI) = 0} (in other words, the set of all eigenvalues of P) the spectrum of
P. The multiplicity of an eigenvalue X € o(P) of P equals the dimension
of the eigenspace V) = {f € L(X) : Pf = Af}. We recall (see (1.16))
that each V) has a basis consisting of real valued functions. Note that
one can also write (Pf)(z) = > yex: p(z,y)f(y).

Yy~x

Proposition 1.7.3 Let G = (X, E,w) be a finite weighted graph. The
multiplicity of the eigenvalue 1 of the transition matric P equals the
number of connected components of G. In particular, the multiplicity of
1 is one if and only if G is connected.

Proof 1t is obvious that if f is constant in each connected component,
then Pf = f. Conversely, suppose that Pf = f with f € L(X) non-
identically zero and real valued. Let Xy C X be a connected component
of G and denote by zy € Xy a maximum point for | f| in Xo, i.e. |f(zo)| >
|f(y)| for all y € Xo; we may suppose, up to passing to — f, that f(xg) >
0. Then f(zo) = >, cx, P(z0,y)f(y) and as 3 . x, p(xo,y) = 1 we have
> yexo P(o, y)[f(zo) — f(y)] = 0. Since p(zg,y) > 0 and f(zo) > f(y)
for all y € Xy, we deduce that f(y) = f(xo) for all y ~ xo. Let now
z € Xp; then, by definition, there exists a path p = (xg,x1,...,2, = 2)
connecting xg to z. In the previous step we have established that f(x;) =
f(zo) > f(y) for all y € Xy so that we can iterate the same argument

to show that f(zo) = f(21) = f(22) = - = f(wn_1) = f(wn) = £(2)
i.e. f is constant in Xy. This shows that f is constant on the connected
components of X and this ends the proof. |

Note that connectedness is a structural property of G and therefore
the multiplicity of the eigenvalue 1 of P does not depend on the specific
(positive) values of the weight w.

The following proposition provides another example of a structural
(geometrical) property that reflects on the spectral theory of the graph
independently on the weight function.

Proposition 1.7.4 Let G = (X, E,w) be a finite connected weighted
graph and denote by P the corresponding transition matriz. Then the
following are equivalent:
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(i) G is bipartite;
(ii) the spectrum o(P) is symmetric: X € o(P) if and only if =\ €
o(P);
(iii) —1 € o(P).

Proof Suppose that § is bipartite with X = X 1 X1 and that Pf = \f.
Set f(z) = (—1)/ f(z) for z € X;, j = 0,1. Then, for z € X; we have:

[Pfl(z) =" pla,y)fy)
= (=17 Y play)fy)

yy~z

= (1)) f (@)
= —M(2).

We have shown that is A is an eigenvalue for f, then — A\ is an eigenvalue
for f; this gives the implication (i) = (ii).

(ii) = (iii) is obvious.

(iii) = (i): suppose that Pf = —f with f nontrivial and real valued.
Denote by 29 € X a point of maximum for |f|; then, up to switching f
to —f, we may suppose that f(xo) > 0. We then have that —f(z¢) =
5 e P50, ) F(0) infers 3, (o, )7 (w0) + ()] = 0 and since
f(xo) + f(y) > 0 we deduce f(y) = —f(xo) for all y ~ xg. Set X; =
{ye X : f(y) = (=1)/ f(xo)} for j = 0,1. Arguing as in the proof of the
previous proposition, we see that X = X ][ X;: indeed X is connected
and if p = (zg,®1,...,T,) is a path, then f(z;) = (—1)? f(x¢). Finally
if y ~ 2z we clearly have f(y) = —f(z) so that X is bipartite. This ends
the proof. ]

Remark 1.7.5 We observe that for =,y € X and n € N, one has

P (2, y) ZP (zo, x1)p(x1,22) -+ p(Tp—1,20) = 0
where the sum runs over all paths p = (zo,z1,...,2,) of length n con-
necting rg = = to z, = y: clearly this sum vanishes if and only if

such paths of length n do not exist. Moreover if p(™)(z,3) > 0 for
all z,y € X the same holds for all n > ng: indeed p("0+1)(m,y) =
> ex p(x, 2)p™) (2,y) > 0 and induction applies.



32 Finite Markov chains

Theorem 1.7.6 Let G = (X, E) be a finite graph. Then the following
conditions are equivalent.

(i) G is connected and not bipartite;
(ii) for every weight function on X, the associated transition matric
P is ergodic.

Proof (ii) = (i): Suppose that for a weight function on X, the associated
transition matrix P is ergodic. This means that there exists ng > 0 such
that

p")(z,y) >0 forallz,ye X. (1.22)

Then X is connected: indeed, from (1.22) and Remark 1.7.5, we de-
duce that every two vertices = and y are connected by a path of length
no.

Analogously, X is not bipartite: for n > ng one has

P (@ y) = > p ) (@, 2)p") (2,y) > 0
zeX
showing that there exist both even and odd paths connecting x and y
(compare with Proposition 1.6.4).

Conversely, suppose that X is connected and not bipartite. Denote
by § = max, yex d(x,y) the diameter of X. From Proposition 1.6.4 we
know that for each z € X there exists a closed path of odd length starting
and ending at z, call it p(z). Set 2M + 1 = maxgex |p(x)|. If 2 ~ z,
then, for all n, the path g2, = (¢, 2,2, 2,...,, 2z, x) has length 2n; thus
the path p,, which equals ¢,, if m is even and equals the composition
p(x) - g2r for m = |p(x)| + 2t odd, yields a closed path of any length
m > 2M starting and ending at x.

This implies that for all n > 2M + ¢ and any z,y € X there exists
a path from = to y of length exactly n: indeed, denoting by p,, a
minimal path connecting x to y, so that [p, 4| = d(z,y) < J, setting
m =n—d(z,y) > 2M we have that p,, - p,,, (where p,, is as above) is
a path of length n connecting x to y.

In virtue of the Remark 1.7.5, we conclude that p(™ (z,y) > 0 for all
z,y € X and n > 2M + 9§, that is P is ergodic. |

We note that if P is ergodic and in detailed balance with 7, then its
stationary distribution coincides with 7. Indeed summing over z € X
in m(z)p(z,y) = 7(y)p(y,z) we have 3, 7(z)p(z,y) = 7(y) showing
that 7 is indeed the stationary distribution with respect to P (uniqueness
follows from ergodicity of P).
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We now present another proof of the Markov ergodic theorem (Theo-
rem 1.4.1) in the case of reversibility for the Markov chain.

Theorem 1.7.7 Let G = (X, E,w) be a connected not bipartite weighted
graph. Let P denote the associated stochastic matrixz which is in detailed
balance with the distribution m. Then

L (n) _
Jim pt™(z,y) = 7(y)

forallx,y € X.

Proof Recalling the spectral decomposition in Proposition 1.5.5 we have

P (@, y) =7(y) Y ulz, 2)Xlu(y, 2). (1.23)
zeX
Since X is connected, by Proposition 1.7.3 the eigenvalue 1 has mul-
tiplicity one; therefore there exists zp such that A\, < A,, = 1 for all
z # 29. Moreover u(z,29) = 1 for all x € X. Since X is not bipartite,
A, > —1 for all z € X. Therefore (1.23) may be rewritten in the form

P y) =) +7(y) S ulz DA, 2) (1.24)
2€X\{z0}

and therefore p(™ (z,y) — 7(y) for n — oo as, for all z # z, one has
1< <1 O

In other words, a reversible transition matrix P is ergodic if and only
if the eigenvalue A = 1 has multiplicity one and A = —1 is not an
eigenvalue; moreover, these conditions are equivalent to the convergence
to equilibrium.

Definition 1.7.8 The quantity \* = max {|A,|: z € X \ {20} } is called
the the second largest eigenvalue modulus. It is clear that \* gives rise
in (1.24) to the slowest term that tends to 0.

1.8 Simple random walks

Let G = (X, E) be a finite graph. If we take on X the trivial weight
function as in Remark 1.7.2 then the associated Markov chain is called
the simple random walk on X. That is, if we are in £ we move to a
neighbor y with probability —=

Tos 7" The associated transition matrix P is
given by
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1 .
—— ifxr~y
— degz 1
plr,y) =
@) {O otherwise

for all z, y € X, and it is in detailed balance with the measure
degz

m(x) = 72116)( e

Example 1.8.1 The complete graph K,, on n vertices is the graph whose
vertex set K, has cardinality n and whose edge set is E = {{z,y} : x,y €
K,, x # y}: that is two vertices are connected if and only if they are
distinct. K, is regular: each vertex has degree n — 1.

Figure 1.12. The complete graphs K3, K4 and K5

The transition matrix P of the simple random walk on K, is given by

L if x#y
p(x,y){gl " xiy

and it is in detailed balance with the uniform measure m(z) = % for all
x € K,,. The graph is connected and it is bipartite if and only if n = 2.
Therefore the simple random walk is ergodic for all n > 3. Moreover,
setting Wy = {constant functions on K, } and Wy = {f : K,, — C :

> yexk, fy) =0} we have:
FeWo= > play)fy) = f(x)

yeKny
fewi= Y )= 3 I
yeKny yEfn
yF#x
LS ) - ) = ()

yEK
Therefore
e Wy is an eigenspace of P corresponding to the eigenvalue 1 whose
multiplicity is equal to dimW, = 1.
e W7 is an eigenspace of P corresponding to the eigenvalue —ﬁ
whose multiplicity is equal to dimW; =n — 1.
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Example 1.8.2 (The discrete circle) Example 1.2.1 is also an ex-
ample of a simple random walk on un unweighted graph, that is on C,,.
Note that C, is connected and, as it consists of a single closed path, it is
bipartite if and only if n is even. Therefore the random walk is ergodic if
and only if n is odd. Its spectrum will be computed in the next chapter.

Example 1.8.3 (The Ehrenfest diffusion model) The Ehrenfest
diffusion model in Example 1.2.2 may be seen as the simple random
walk on the graph whose vertex set is ),, the set of all subsets of
{1,2,...,n}, and edge set is {{A, B} : |AAB| = |A\B| + |B\4| = 1}.
In other words, we join A and B when there exists j € {1,2,...,n} such
that A = B][{j} or B= A][{j}

We can give another description of the Eherenfest diffusion model.
Define {0,1}" = {(a1,...,ay) : a € {0,1}, k =1,...,n} the set of all
binary n-tuples. Then there is a natural bijection

Qn < {0,1}"

A & <a1"-~>an):ak:{11fk€A

0if k & A.

The Ehrenfenst urn model, using {0,1}" as the state space, has the
following description: at each time choose a random coordinate, say ay,
and change it (if it is 0, it becomes 1 and vice versa). In the corre-
sponding graph on {0,1}", two vertices (a1, ...,a,) and (b1,...,b,) are
connected if and only if |{k : ax # b }| = 1.

In what follows, we will use indifferently @, and {0,1}" to describe
the state space of the Eherenfest urn model; we will usually write Q.,
but we will have in mind the identification @,, <+ {0,1}"

For n =1 the graph is simply a segment:

Oe o]

Figure 1.13(a)

For n = 2 we have a square (it coincides with Cy):

10 11

00 01

Figure 1.13(b)
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For n = 3 we have a cube:

011 111

010 110

001

101

000 100

Figure 1.13(c)

Therefore @, is also called the n-dimensional hypercube.
The graph Q,, is connected and always bipartite: if we set

Xo={A€Q,:|Aliseven} X;={A4A€Q,:]|A|isodd}

then it is clear that two vertices in Xg (or in X;) cannot be connected.
Therefore the simple random walk on @, is not ergodic. To obviate this
fact, one can consider the following variation of the simple random walk:

%H ifx~y
play) =4 g fr=y (1.25)
0 otherwise.

That is we add a loop to each vertex in ),,. This is a simple trick that
may be used to deal with random walks on bipartite graphs. The simple
random walk on @,, (without loops) has a simple description in terms
of the urn model: at each stage choose randomly a ball with probability
1 and move it to the other urn. The Markov chain in (1.25) is a simple
modification: we allow the model to remain in its current state with
probability n%_l The spectrum of this random walk will be computed
in the next chapter.

Exercise 1.8.4 (1) Show that the Bernoulli-Laplace diffusion model is
a simple random walk on an (unweighted) graph and that it is always
ergodic.

(2) Show that the random transpositions model is a random walk on
a weighted graph with a loop at every vertex and in which the weight
function takes only two values (a value on the loops, the other value on
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the non-loops), that is it is obtained by a simple random walk by adding
a loop at every vertex with the same weight.

The spectrum of the Bernoulli-Laplace diffusion model will be computed
in Chapter 6, while the spectrum of the random transposition model in
Section 10.7.

1.9 Basic probabilistic inequalities

In this section, we want to give some notions and tools for a quantita-
tive study of the convergence to equilibrium distribution for an ergodic
reversible Markov chain. First of all, we introduce a natural distance
between two probability measures; if 4 and v are probability measures
on X their total variation distance is given by

> (ulz) —v(z)

z€A

I = vllrv = max

= max |u(4) — v(4)]

It is easy to show that if we denote by || —v||L1(x) the standard L' (X)-
distance i.e. || — vl (x)y =, |u(z) — v(x)| we have that

1
ln—vry = §||M—VHL1(X)~ (1.26)

Indeed let B be a subset of X such that ||u—v||rv = |, c s (u(z)— v(z))].
Then it is clear that p—v does not change sign on B and takes the oppo-
site sign on the complement B¢ of B. Suppose without loss of generality
that p — v is nonnegative on B. Then, using the fact that u,v are
probability distributions, we have

D lule) = v(@)| =Y (ulz) — v(z))

reB zeB
=1- Z p(x) —1+ Z v(z)
reBe rEB*®
= > (W) - pla))
reB°
=Y lulz) —v(@)]
reBe°

which gives

= vl = Y lu@) —v(@)| + Y |u(z) = v()| = 2l = vilzv.

reB reBe
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It follows that

Y (ule) — v(2))é() (1.27)

1
| — vy = 5 max
reX

where the maximum is over all ¢ : X — C such that |¢(z)| < 1 for all
z € X. Indeed, the maximum is achieved by taking

o(x) = { % if p(x) # v(x)

0 otherwise.

Let P be a reversible transition matrix, in detailed balance with the
strict probability measure 7.

For z € X set Vf(tk)(y) = p®)(z,y); in other words, v is the distri-
bution probability after & steps if the initial distribution is d,,.

Introduce the scalar product

1

(fr, o)1 =Y fi(@) falw)

. reX ( )

with the norm ||f||2 = (f, f)1. Then we have:

1.
Proposition 1.9.1 Suppose that P is an ergodic reversible Markov chain

in detailed balance with w. With the notation from Theorem 1.7.7, for

every x € X, we have

e =7l = Y A2u(z, 2)°

zeX
z#z0

Proof We recall that A,, =1 (see the proof of Theorem 1.7.7). Then,

ke 2 1
I = 7l3 = 3 [P @y) - 7] =

= ™(y)

from (1.24) = Z 7(y) Z U(w7zl)U(x722)A21 /\ZQU(%Zl)U(y,Zz)

yeX z1,20€X
21,22#20

= Z u(x,zl)u(x ZZ)Azl/\Zg Z ﬂ—(y)u(y721)u(y722)

21,22€X yeX
21,22720
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from (1.16) = Z u(x, z1)u(w, 22) A7, A2, 0., (22)
22EX
511752275%

= Z u(z, 2)2\2".
z€X
z#2z0
U

The following corollary is our first version of the celebrated Diaconis—
Shahshahani upper bound lemma.

Corollary 1.9.2 (Upper bound lemma)

n 1 n
o7 =l < 5 3 A2l 2)2
zeX
z#20

Proof From (1.26) we have

1
94 =l = 1 = 7l
2

1}:“ﬂmww)—ﬂw‘ - ]¢Hm

4 s 7(y)

1
by Cauchy—Schwarz < ZHV;TL) - 7r||2% Z m(y)
yeX
1
=1 ny(x, 2)2.

[SIRNY
Hm
1M
>
[~}
S

O

In what follows we show that Corollary 1.9.2 is a good tool to bound
||1/a(cn) — 7%y Indeed, we will present several examples where also a
lower bound for ||1/£n) — 7%, is available and the two estimates agree.

Example 1.9.3 For the two state Markov chain (Example 1.5.6) the
upper bound lemma gives:

—_

I§ = 7|3y <

gl—p—@%g. (1.28)

By the explicit formula 1.21, Hvon) — 7|3y = (ﬁ)%l —p—¢)*" and so
equality holds in (1.21) if and only if p = q.
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A looser bound, that uses only the second largest eigenvalue modu-
lus, namely A\* = max {|A\;|: z € X \ {20}} (see Definition 1.7.8), is the
following.

Corollary 1.9.4

n 1- W(I) *|2n
HVJ(L ) —77”%\/ < Tl‘)|/\ |2 .
Proof
n 1 n
I = mlpy <7 D Mru(z,2)?
z€X\{z0}
1 * |2 2
< PN ul2)
z€X\{zo}

_ im?n (W(l@ - u(x,zo)2>

_ P —7(a)

4 m(x)
where the first inequality follows from Corollary 1.9.2 and the first
equality from (1.18). ]

The method in the proof of the previous corollary is an example of
the so-called analytic techniques that will be not treated in our book.
There is a growing literature on this subject; for instance Saloff-Coste’s
lecture notes [184], the book in preparation by Aldous and Fill [2], and
the monographs by Stroock [215], Behrends [18] and Bremaud [32]. A
quick introduction is also available in [60].

We end this section fixing some notation and recalling two inequalities
that will be used to obtain lower bound estimates. Let X be a finite set,
1 a probability measure on X and f a real valued function defined on
X. The mean value of f respect to p is

Eu(f) = f(x)u(x)

zeX

and the variance of f respect to p is

Var,u(f) = E,U. ((f - E,u(f))z) = E,u(f2) - E,U.(f)z'
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Proposition 1.9.5 (Markov inequality)

ple € X1 |f@)] > a} < ZB,(If), Vo> 0.

Proof
1 1 1
BN = Y @)+ Y @)
zeX: zeX:
[f(z)[Za If ()| <o
1
> 1 f@)lut)
reX:
If(z) >
> > p(x)
zeX:
[f (@) e
—pfw e X1 |f(@)] = a}.
]
Corollary 1.9.6 (Chebyshev inequality)
plo € X ¢ |f(@) ~ Bu(p) 2 0} < Y2y g
Proof
w{If = Bu(f)l = o} = p{|f = Bu()I? = o?}
1
§ ?Eﬂ (|f - Eu(f)|2)
~ Var,(f)
=5
O

1.10 Lumpable Markov chains

Let X be a finite space and P = (p(z,y)), ,cx @ stochastic matrix
indexed by X. In this section we study a condition under which from
a Markov chain with transition probability P we can construct another
Markov chain with a smaller state space.

Suppose that P is a partition of X, that is X = [[,.p» A. Let v be a
probability distribution on X and consider the sequence of probability
distributions on X

SO =y
{V“”(y) =Y ex VY (@)plz,y) k=1,2,...
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associated with the Markov chain with initial distribution v and transi-
tion probability P.

We consider the sequence {v*)|p}en of probability distributions on
the set P obtained by restricting v(®) to P: for any A € P, the value of
v®|p on A equals v (A) =3 v ®) ().

Definition 1.10.1 We say that the stochastic matrix P is lumpable with
respect to the partition P if, for any initial distribution v, the sequence
v(k) |p is the sequence of probability distributions of a Markov chain (the
lumped chain) on P whose transition probability does not depend on the
choice of v.

In other words, the definition requires the existence of a transition
matrix @ = (¢(A4, B))A,BeP indexed by P such that

vM(B)=> v V(A)q(A,B) k=1,2,....n A€P
AeP
and that Q does not depend on v(9) defined by v(?(A) = v(A) for all
AeP.
For x € X and B € P set p(x, B) = .. p(x,2). Then we have

Proposition 1.10.2 P is lumpable with respect to P if and only if for
any pair A, B € P the function x — p(x, B) is constant on A. If this is
the case, then the transition matriz Q is given by q(A, B) = p(x, B) for
A, BeP andx € A.

Proof Suppose that P is lumpable. Take A, B € P, z € A and v = §, so
that v(%)|p = d4. Then v (y) = p(x,y) and vV (B) = > yepp(y) =
p(z, B) must be equal to ¢(A4, B) and therefore cannot depend on z € A.

Conversely, suppose that p(z, B) does not depend on z € A. Set
q(A, B) = p(z, B) and consider an initial distribution v. Then

v(B) =Y vH () =Y > vE D (@)p(x,y)

yeB yeEBxeX

= Y vV @)p(a, B)
zeX

=3 SN B)
AeP zeA

= Z pk= 1) q(A, B).
AeP
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Corollary 1.10.3 Suppose that P is P-lumpable and @ is as above.
Then

(i) p"™(x,B) = ¢ (A, B) for all AB€ P,z €A andn cN.
(ii) If P is ergodic, @Q is ergodic as well.
(iii) If P is reversible and in detailed balance with respect to w then Q
is reversible and in detailed balance with respect to |p.

Proof (i) and (ii) are trivial. As for (iii) we have

W(A)Q(Av B) = Z 7T(CU)p(xv B)

z€A

DN

reAyeB

=> ) 7Wpy, )
yEB €A
= Z T
yeB
= m(B)q(B, A).
O

As usual, for f € L(X) and # € X set Pf(z) = >, cxp(z,y)f(y).
Denote by Wp the subspace of L(X) spanned by the functions {14 :

A € P}, that is f € Wp if and only if f is constant on each A € P.

Proposition 1.10.4 P is P-lumpable if and only if Wp is P-invariant.
Moreover P(1p) = Q(dp) where Q(dp) denotes the action of @ on the
Dirac function in L(P) centered at B. Therefore there is a bijection
between the eigenfunctions of the lumped chain and the eigenfunctions
of P which are constant on each A € P.

Proof
(P1p)( Zp (z,y) = p(z, B)
yeB

and therefore P1p is constant on each A € P if and only if p(z, B) does
not depend on z € A. |

Example 1.10.5 Let K, be the complete graph on n vertices and P the
transition matrix of the simple random walk on K,, (see Example 1.8.1).
Fix a point xy € K,, and consider the partition K,, = A][ B, where
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A ={xzp} and B = K,, \ A. Then P is {A, B}-lumpable: p(z,A) =
p(z,x0) = ﬁ for every € B and p(x, B) = Z—:f for all x € B. The
lumped chain on {A, B} is a two state Markov chain with transition
probabilities

n—2
n—1

1

In virtue of the symmetry of P, that is p(z,y) = p(y, z) for all z,y € K,,,
we have that p®)(zq,z) = p® (x,2¢) = p¥)(z, A) does not depend on
2 € Aoronz € B (that is it only depends on the partition class to
which = belongs). Therefore if z € B then

1
p(k)(anI) = n— 1p(k)(I0,B)
1
=— ¢"(A B
n—17 (4, B)
k
1 1 1
from (1.21) = — — — ( >
n n n—1

and always in virtue of (1.21) we have

p(k) (.’ﬂo, l’o) = p(k) (.’bo, A) = q(k) (Av A)

1 n—1< 1 )’“
:7—|— — .
n n n—1

In the previous example the lumped chain contains all the eigenvalues

ﬁ; only the multiplicity of the
second one changes. In the following exercise, we show that in general

of the original chain, namely 1 and —
this is not the case.
Exercise 1.10.6 (The star) Let X be a set of cardinality | X| =n+1,

choose an element 2o € X and set X7 = X \ {zo}. The star T,, is the
graph on X with edge set {{z¢,2}: 2z € X1}.

Figure 1.14. The stars T3, T4 and T5
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Let P be the transition matrix of the simple random walk on X. Set
e Wo={f:X — C:constant}
e Wi ={f: X—>C: f(z) =—f(x), Vz € X1}
e Wo={f: X—>C: f(zo)=0and > y f(z) =0}
(1) Show that Wy, Wy and Wh are eigenspaces of P and that the
corresponding eigenvalues are A\g = 1, A\; = —1 and A2 = 0.

(2) Show that P is {{zo}, X1 }-lumpable and that the lumped transi-
tion matrix has only the eigenvalues 1 and —1.

Exercise 1.10.7 Let P be the transition matrix for the simple random
walk on the discrete circle Cy.

0 1
3 2
Figure 1.15.

Consider the partition Cy = A[[ B, where A = {0,3} and B = {1, 2}.
Show that P is {4, B}-lumpable and that the lumped transition matrix
is ergodic, while P is not ergodic.

Exercise 1.10.8 Consider the following transition matrix P on {0, 1,
2,3} =Cy: plk,k+1) = % for k =0,1,2, p(k, k) = % for k=0,1,2,3,

p(3,0) = 3.
Ql
2
0 1

A ylL
2

=
(STl

0=

[SIEY

D=
(STl

Figure 1.16.

Set A = {0,2} and B = {1,3}. Show that P is {A, B}-lumpable, it is
not reversible, but the lumped chain is reversible.
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Two basic examples on abelian groups

2.1 Harmonic analysis on finite cyclic groups

Let C,, = {0,1,...,n — 1} be the cyclic group of order n. We identify it
with the set Z/nZ of integers modulo n, so that it is written additively.
Therefore T = x +nZ and T+ 7y = x + y. For simplicity, in what follows
the element T € (), will be denoted simply by = and we will write
=,, for the equality mod n. The symbol — will be used to denote the
conjugate of complex numbers. From the context it will be clear when
2 € Z will denote an element in C,. Moreover a function f € L(C,)
may be thought as a function f :Z — C which satisfies the periodicity
condition: f(z +n) = f(x) Vo € Z. In the following we will use the
symbols > - or ZZ_S to denote the sum over all the elements of C,,.

We introduce the characters of C,, by setting w = exp(22%) = cos(2% )+
isin(2%) and x,(y) = w™, for all z,y € C,. Clearly x,(y) = Xy( ),

Xy (— ) Xy (z) and xo = 1.
The basic identity for the characters is x.(z +y) = x.(2)x:(y) and in

the following exercise we ask to prove that it is a characteristic property

(we recall that any nth complex root of the unit is of the form w,

k=0,1,...,n—1).

Exercise 2.1.1 If ¢ : C,, = T = {z € C: |z| = 1} satisfies ¢(x +y) =
d(x)d(y) then ¢(x) = x.(x) for some z € Cy,.

1 ifz=,0

Lemma 2.1.2 (Orthogonality relations) Set dp(x)=
0 otherwise.

Then

ZXxl XIQ y) = ndo(z1 — x2).

46
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Proof Observe that xu, (¥)Xa, (y) = w¥(*1772) = [w(@1=22)]¥ n the case
21 #p, T2 we have that z = w(*17%2) gatisfies 2" —1 =0but not z—1 =0

and from the identity
n—1
z"—l:(z—l)(l—i—z—i—---—i—z”_l):(z—l)Zzy
y=0

we deduce that

n—1 n—1
2" =1
D Xe Wxes () = Y27 = —— =0.
y=0 y=0
Clearly if 21 =,, x5 then w(®1~?2) = 1 and the above sum equals n. [J

From the lemma and the fact that x.(y) = xy(z) we immediately
deduce the following dual relation

> XaW1)xa(y2) = ndo(y1 — ya)-
zcCy

If we use the standard scalar product (as in the preliminaries) we can
express the orthogonality relations as (X, Xz,) = ndo(z1 — z2). Note
the dim(L(C,,)) = n and therefore the set {x, : * € C,} is an orthogonal
basis for L(C),). The Fourier transform of a function f € L(C,,) is the
function f, still in L(C,,), defined by:

Fa) = (fox) = 3 Fa().

yeCy

The following two theorems express in a functional form the fact that
the x,’s are an orthogonal basis of the space L(C,,).

Theorem 2.1.3 (Fourier inversion formula)

f= 3 fae  VFEL(C)

QCECn
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Proof
1 N
- f(@)xa(y1) Z > FOxaW)xa (1)
zeChp, a:ECn yel,
1 -
== f®) D x=Wxa(w)
yel, zeCy

_ % S @)ooy — y)n = fw).
yeCy
O

Theorem 2.1.4 (Plancherel’s formula) For f € L(C,) we have
£l = vallfll-

Proof

~

IFI2= =3 Ffla)f()

z€C, \y1€C, y2€Ch,
=y Fufl) D XeW)xa(12)
y1€C, y2€Cy, zeC,
=n Y [ =nlfl?
yeChp

For f1, fo € L(C,,) define their convolution as

(ix )W) =Y hly—=z)fa(z), yeCn

zeCy

Definition 2.1.5 An algebra over a field F ia a vector space A over F
endowed with a product such that: A is a ring with respect to the sum
and the product and the following associative laws hold for the product
and multiplication by a scalar:

a(AB) = (aA)B = A(aB)

for all « € F and A, B € A ([151, 197)).
An algebra A is commutative (or abelian) if it is commutative as a
ring, namely if AB = BA for all A, B € A; it is unital if it has a unit,
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that is there exists an element I € A such that Al = A = A for all
Ae A

The following proposition gives the main properties of the convolution

Proposition 2.1.6 For all f, f1, fo, f3 € L(C,,) one has

(i) f1* fo= fa* f1 (commutativity)
(i) (f1* f2)* fs = f1x(fa* f3) (associativity)
(ili) (f1+ f2) * f3 = f1* fa + fa * f3 (distributivity)
() frxfo=FrFo
(V) do* f=fx00=Ff.

In particular, L(Cy,) is a commutative algebra over C with unit I = dy.

Proof We prove only (iv), namely that the Fourier transform of the
convolution of two functions equals the pointwise product of their trans-

forms.
fie o) = Y (f# f2)(@)xy (@)
zeC)y,
=3 Y Al - L0 — D@
zeC, teC,
= W) F®).
The other identities are left as an exercise. ]

Exercise 2.1.7 Show that 5; =%y for all x € C),.
The translation operator T, : L(Cy,) — L(C,,), = € C,, is defined by:
(Tof)(y) = fly—=z) Va,y€Cy, feL(Cy).

Clearly T, f(y) = xy () f(y) and T, f = f % 8,
Suppose that R is the linear operator on L(C,,) associated with the

matrix {r(z,y)}syec,, that is (Rf)(z) = > o, r(z,y)f(y). We say
that R is Cy,-invariant if commutes with all translations, namely

RT,=T,R VzxeC,.

Also we say that R is a convolution operator when there exists an h €
L(C,,) such that Rf = fxh Vf € L(C,). The function h is called the
(convolution) kernel of R.
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Lemma 2.1.8 The linear operator R associated with the matriz
{r(z,y)}syec, is Cr-invariant if and only if

r(x—z,y—2z) =r(x,y), Yo,y,z € Cp. (2.1)

Proof The linear operator R is C),-invariant if and only if for all v, z € C),
and f € L(C),) one has [T, (Rf)](v) = [R(T:(f))](v), that is

Z r(v—zu)f(u) = Z r(v,u) f(u— 2)
ueCp ueChy
which is equivalent to
Z rlv—z,u—2)f(u—2)= Z r(v,u)f(u — 2).
u€Chp ueCh

O

Theorem 2.1.9 Let R : L(C,) — L(C,) be a linear operator. The
following are equivalent:
(i) R is Cy-invariant
(ii) R is a convolution operator
(iii) Every x. is an eigenvector of R.

Proof (i) = (ii): In this case, by the above lemma, r(z,y) = r(z —y,0)
so that if we put h(z) = r(x,0) we have

=Y h(z—y)f(y) = (h*f)(x)

yelCy,

and R is a convolution operator. The converse implication ((ii) = (i))
is trivial since every convolution operator is clearly C,,—invariant. (ii)
= (iii): If R is a convolution operator, i.e. there exists h € L(C,,) such
that

Rf=fxh VfelL(C,)
then

RXI Z Xa: - t Z X:c ( )Xm(y)

teCp teChp

showing that every x, is an eigenvector with eigenvalue lAL(a:)
(iii) = (ii): Conversely, if R is a linear operator such that there exists
A € L(C,) with

Rxz = Mz)Xz, Y2z €Oy
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i.e. every X, is an eigenvector, then, by the Fourier inversion theorem
applied to f and by the linearity of R, we have

1 ~
(RA)(2) =~ > Fo)A@)xa(2)
zeCy
1
=D fW)- D A@)xa(z—v)
yeCyn zeCy
= (h* f)(2)
where h(y) = %chn Mz)xz(y), showing that R is a convolution
operator and ending the proof. |

From the proof of the previous theorem we extract the following.
Corollary 2.1.10 Let R be a convolution operator with kernel h €
L(Cy). Then Rx, = h(x)xz. In particular, the spectrum of R is given
by o(R) = {h(z) : z € Cy,}.

Exercise 2.1.11 A matrix of the form

ao a/l a2 PRI PRI a/n71
an71 a/O al PRI PRI a/n72
A= p—2 Qp—1 @0 -*° e Gn—3
al a2 a3 DY DY ao
with ag,a1,...,a,—1 € C is said to be circulant. Denote by C,, the set

of all n x n circulant matrices.

(1) Show that if A,B € C,, then AB = BA and AB € C,. Since
clearly aA+ BB € C, for all a, 8 € C, one has that C, is a commutative
algebra with unit.

(2) For the space L(C),) take the basis B = {dg,01,...,0p_1}. Show
that a linear operator T' : L(C,) — L(C,) is a convolution operator
Tf = f«hif and only if in the basis B it is represented in the form

f(0) h(0)  h(n—1) - h(1) f(0)
f() h(1) h(0) -+ h(2) f()
: 7 : T :
Fn— 1) Mn—1) h(n—-2) - b0) ) \ fn-1)

that is, if and only if the matrix representing it is circulant. In particular,
show that C,, is isomorphic to L(C,,) as algebras.
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(3) Set
1 1 .. S 1
1 w71 w72 PN wf(nfl)
1 -2 —4 . —2(n—1)
F=_—| 1 w w w
NG
1 w_(n_l) w_z(n_l) e w_(n_l)2

Observe that F is symmetric so that its adjoint F* is equal to its
conjugate F. Show also that the orthogonality relations in Lemma 2.1.2
are equivalent to say that F' is a unitary matrix.

(4) Prove that an n x n matrix belong to C, if and only if FAF* is

diagonal. FFAF™ is called the matrix form of the Fourier transform on
C,,, or the discrete Fourier transform DFT.

A book entirely devoted to circulant matrices is that of Davis [50].
For more on the matrix form of the DFT, see [35]. For applications to
number theory see the monographs of Terras [220] and Nathanson [169].

Lemma 2.1.12 The spectrum of the convolution operator Rf = f xh,
with h real valued, is real if and only if h(—y) = h(y) Yy € Cy; if this is
the case, we say that h is symmetric.

Proof By Corollary 2.1.10, the spectrum of R is given by {?L(x) cx € Ch}
and it is real if and only if, Vz € C,,,

:/f; /h\/ Zh Xz Zh Xr

yeCyp yeC,

=Y [1y) = h(=y))x=(y)

y€C,

and this latter vanishes for all € C,, if and only if h(y) = h(—y) Yy €
Ch. O

We say that a Markov chain on C,, is invariant when its transition
matrix {p(z, y)}z yec, is Cp-invariant : p(x—z,y—z) = p(z,y) Vo, y, 2 €
Cp. In this case we define a probability measure p by setting p(z) =
p(0,z), € Cp. Then we have p(z,y) = u(y — ) and, more generally,

PP, y) =y — ), (2.2)
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where p** is the kth convolution power of p, that is u*™* = p* p*---xp
(k times). Indeed,

PP (x,y) = Y plx,2)p(z,y)

zeCy

D ulz—a)uly —2) = Py — x)

ZECn

and iterating one obtains (2.2). Moreover,

Y op@y)fy) = fWuly —x) =Y file —y) = (f * @) ()
yeX yeX yeX
(2.3)
where fi(y) = p(—y).
From Lemma 2.1.12 we obtain the following.

Lemma 2.1.13 An invariant transition matriz p(z,y) is reversible if
and only if p(x) = p(0,2) is symmetric. If this is the case then p
is in detailed balance with respect to the uniform measure (or uniform

distribution) m(x) = L.

Proof If p(z,y) is reversible then its eigenvalues are real (Remark 1.5.4)
and by Lemma 2.1.12 z in (2.3) (and therefore p) must be symmetric.
Conversely, if p is symmetric p(x,y) = p(y,z) and therefore p is in
detailed balance with respect to the uniform measure. 0

If p is a symmetric probability measure, u and i are real valued
(cf. Lemma 2.1.12) and in the formula of the Fourier transform and its
inversion applied to p all the contributes of the imaginary part of y,’s
disappear. Therefore

() = 3 n(tycos | 222

teCyp,
and
PO (@,y) = @ —y) == 3 (A)* cos {27rz(zy)}
z2€Ch

where in the last equality we have used the Fourier inversion formula
and the fact u**(z) = (fi(z))* which follows from Proposition 2.1.6 (iv).
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Moreover, from the Plancherel formula, if yio (y) = p®)(2,y) = p**(x—
y) and 7 still denotes the uniform measure, we have

[ — x> = > 1" (2, y) = w(y)?

yeCn
= W) —w(2)P
zeCy
1 ~i Nk V2
= 3 A -7 (24)
zeC,,
1 ~
= Z N(Z)%
2€C,:2#0

since 7(2) = £ (x0, X2) =00(2) and [1(0) =1. But || fllzv = || fllr1(c,) <
4” fll (by Cauchy—Schwarz) and therefore the upper bound lemma
(Corollary 1.9.2) now becomes:

1
k 2,k 2 ~ \2k
Hl/g(g ) — 7y = (|0 = w7y < 1 Z a(z)=". (2.5)
2€Cy:2#0
In the following exercise we ask the reader to analyze some examples of
invariant Markov chains on C,, that are not necessarily reversible.

Exercise 2.1.14 (1) Let x4 and 7 denote a probability measure and the
uniform measure on C,,, respectively. Show that

* 1 ~
" =77y < 1 > AP
z€Chp:2#0

and that the random walk with transition matrix p(z,y) = pu(y — ) is
ergodic if and only if 1 is the only eigenvalue of modulus 1 and it has
multiplicity 1. Note that if g is as in (2.3), then ﬁ(x) = () for all
x € C,. Moreover, the spectrum of the transition matrix p(x, y) is given
by {i(z) : z € Cy,}.

(2) Show that the spectrum of the random walk on C,, associated with
the measure p(1) = p and p(—1) = 1 —p, with 0 < p < 1 is given by
{cos 2%k 4+ j(2p — 1)sin 2Z% : k = 0,1,...,n — 1}. Deduce from (1) that
the random walk is ergodic if and only if n is odd.

(3) Also prove that the spectrum of the random walk on Cs,, associated
with the measure 11(1) = % and p(—2) = £ contains the three cubic roots
of the unity and therefore is not ergodic. Show the nonergodicity of the
walk, by observing that, setting X; = {z € Cs,, : © =3 [} for [ = 0,1, 2,
we have p**(z) = 0 if z € X; and k #3 [.
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2.2 Time to reach stationarity for the simple random walk
on the discrete circle

We now focus on the Markov chain described by the symmetric measure
1
w(=1)=p(l) = 3 and p(x) =0 for z #, £1.

It is clear that p describes the random walk in Example 1.8.2; the simple

random walk on the discrete circle:
1/2 fy=,z+1

plr,y) =ply—2)=q1/2 ify=,2-1

0 otherwise.

The random walk is ergodic if and only if n is odd. From Theorem 2.1.9
we get that its spectrum is equal to the set of numbers

1, 2mi —2mi 2
Ty e ) = cos e (2.6)
n

withx =0,1,...,n— 1.
We now give an upper and lower bound for ||u** — 7||7v. See [55]
and [58].

Theorem 2.2.1 For n odd and k > n? we have

*k ;Wzk
|1 —7llry <em2n? .

Forn > 6 and any k we have

1 2 2 _4 4
*k > e~ 7 k/2n"—n"k/2n )
]

Proof First of all note that if we set h(z) = log(e® /2 cos ) then ' (z) =
rx—tanz < 0, Vz € [0,7/2) and therefore h(z) < h(0) =0, Yz € [0,7/2),
that is we have

cosz<e /2 Vre [0,7/2]. (2.7)

From the upper bound lemma (2.5) and from (2.6) we deduce that

n—1 2k 3 2k
2rx 1 2mx
S - 2.8
321 |:COS - } 5 |:COS - } (2.8)

N

™ = w7y <
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where the last equality follows from the trigonometric equality cos 2% =
cos w (we also recall that n is odd). Moreover,
n—1 ok n—1
2 2
2nx w2k
Z {cos } = [cos —} . (2.9)
r=1 n r=1 n
Indeed,
2t ok  n—1
[ 27m] Z [ Wy} 2k
cos — | = cos —
n
z=1 y=2
y even
n—1
z ok Nl 2k
= Z [cos —] + Z [cos —y]
=2 _ntl
yyeven Zgl;iev%n
and for 2 <y < n —1 we can use the identity cos =¥ = — cos W("n_y).
From (2.8) and (2.9) we get
n—1
1E T2k
i =y < 5D [eos ]
z=1
n—1
1 _xa?
<= Z e~ from(2.7)
z=1
1 =2 w2 (z2-1)k
S 56 nZ n
r=1
1 a2k N 3e2(e_1)k
< 56 n2 Ze n
r=1
since 2 —1>3(x —1), 2 =1,2,3,...
1o
= ﬁ by the sum of a geometric series.
1—e »2
If k > n? then
1 < 1 <1
2 (1 - 6—312?) T 2(l-em) T

and, by taking the square root, this establishes the upper bound.
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In order to prove the lower bound we first observe that the sum in
(2.8) is dominated by the term for 2 = 251, that is

n—1
2 sl

n

™ ™
= |—COS —| = COS —
n n

2rx
cos — | < |cos
n

forx =1,2,...,n — 1. Setting ¢(y) = cosw =R [X%a(y)}, from
the fact that 1 is real valued, we get

ot~ (250 =t )’

Since |¢(y)| < 1, Vy € C,, and

n—1 n—1
5wt = 5 Lot = 22 [ o >] “0
y=0 y=0 Ly=0

from (1.27) it follows that
k
2| — 7|y > ‘cos%’ . (2.10)

With h(z) = log {eé"’% cos x] showing that h(0) = h/(0) = h”(0) =
R"(0) = 0 and h*(z) > 0 for 0 < x <

22

e~ % ~% for 0 < x < § and therefore (2.1

% one deduces that cosz >
0) gives

I~y > Lo 5

for any k and n > 6. ]
From Exercise 1.4.3 one could get the estimate
|l = wry < 2(2m + 1)e” mET

which is clearly weaker than the upper estimate in the above theorem
(with n = 2m+1). This shows the power of the upper bound lemma and
of finite harmonic analysis: a complete knowledge of the spectrum leads
us to a sharp result for the convergence to the stationary distribution.

Remark 2.2.2 Actually, it is easy to see (exercise) that the upper bound
2
in Theorem 2.2.1 is valid for k > 3. See also Section 2.5

Remark 2.2.3 We observe that for n even the random walk is not
ergodic.
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2.3 Harmonic analysis on the hypercube

The n-dimensional hypercube @,, (see also Example 1.8.3) is the carte-
sian product of n copies of the cyclic group Cy, that is @, = {(x1,
XyeeeyTp) @ T1,Ta,...2, € {0,1}}, equipped with the commutative
product

(1,22, )+ W1, Y2, - -, Yn) = (x1+Yy1, T2+Y2, - -, Tn+yn) mod 2.

Note that if z € Q,, then x + z = 0, that is x = —x.
We introduce the characters of @, by setting, for x,y € Q.,,

Xx(y) — (_1)w1y1+x2y2+~~+znyn'

We also write x.(y) = (=1)*Y, where - y = x1y1 + T2y2 + - - - + TpYn.-
Note that the characters are real valued. Clearly x.(z+y) = x.(z)x:(v).
Conversely we have

Exercise 2.3.1 If ¢ : Q, = T = {2z € C: |z]| = 1} satisfies ¢(z +y) =
¢(z)p(y) then ¢(x) = x.(z) for some z € Q.

Lemma 2.3.2

> xaly) = {sn v :9

vean otherwise.

Proof If x =0 then x,(y) =1 for all y € Q,, and, since |@Q,| = 2", the
first equality is established.

If x # 0 there exists z € @y, such that x,(z) = —1. Therefore

_ZXI Xz )ZXw(IU):ZXL:U-FZ ZXI

YyEQnR YyEQn yEQn yEQn

which gives the second equality. |

Corollary 2.3.3 (Orthogonality relations)

D> x@)x=(2) =276,(2) = Y Xa(W)xa(2)-

TEQn z€Qn
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Proof The first equality follows from the previous lemma. Indeed:
Z Xy(x)Xz(x) = Z Xerz(x)
TEQn z€EQ,
The second equality from x4 (y) = xy (). O

Let L(Q,) = {f : Qn — C} be the space of complex valued functions
on Q. The Fourier transform of a function f € L(Q,) is defined, for

T € Qn, by:
f( vam j{: f Xm

YEQR

As in Section 2.1, the following theorems express in a functional form
the fact that the x,’s are an orthogonal basis of the space L(Qy).

Theorem 2.3.4 (Fourier inversion formula) For f € L(Q,) we

= 2% > Fl@)x

zEQnR

have

Proof

o 3 Foe) =5 3 f6) Y xalw+2)
TEQR

YEQR TEQn
= f(2).
O
Theorem 2.3.5 (Plancherel’s formula)
171l = V2~ £1-
Proof
IFIP=(F. 5 = > f0f) D xe®xa(?)
Y,2€Qn T€Qn
= 2" f]1*.
U

For f1, fo € L(Q,,) define their convolution as

(f1* f2)(y Zfl — ) fo(z).

z€QnR



60 Two basic examples on abelian groups

The convolution is commutatlve associative, distributive. Moreover it
is easy to check that fl x fo = f1 f2
The translation operator is defined by:

(T:f)(y) = fly—x) Va,y € Qn, f € L(Qn)-

Clearly T, f(y) = Xy(x)fA(y) and T, f = f * 0.
We say that a linear operator R : L(Q,) — L(Q,) is Qn-invariant
when

RT, =T,R, Vz€@Q,.

The proof of the following theorem is similar to that one of Theorem 2.1.9
(for the cyclic group C,,) and it is left as an exercise.

Theorem 2.3.6 Let R : L(Q,) — L(Q.) be a linear operator. The
following are equivalent:

(i) R is Qn-invariant
(ii) R is a convolution operator

(iil) Every x. is an eigenvector of R.

Moreover if R is the convolution operator Rf = fxh then Rx, = ﬁ(w)xw

Now suppose that u is a probability measure on @,,. From the Fourier
inversion formula (Theorem 2.3.4) we have

and

y=) =50 3 @E)H-10),

Z2€EQnR

1 (

An invariant Markov chain on @, is given by a stochastic matrix
{p(z,y)}s,ycq, which is Q,-invariant, namely

plx+2z,y+2)=plr,y) Yo,y ze€ Q.
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In this case, if we set u(x) = p(0, x) for all z € @, then p is a probability
measure on @,, and we have p(z,y) = pu(y — ). Therefore, as in formula
(2.2),

PP (a,y) =y - 2). (2.11)

Note that in this case Lemma 2.1.12 is replaced by the simple remark
that any real valued h : (), — R has a real valued Fourier transform,
since every character is real valued (alternatively every h € L(Q,) is
symmetric : h(z) = h(—z) since x = —z) and Lemma 2.1.13 is replaced
by the remark that every invariant p(x,y) is symmetric and therefore
reversible and in detailed balance with respect to the uniform measure
m(z) = 5.

Moreover, from the Plancherel formula, taking into account that
m(z) = do(z) and that 12(0) = 1, and reasoning as in (2.4) we get

1 .
o) — 2 = = 3™ )
Z2€Qn
270

and therefore the upper bound lemma now becomes

* 1 -~ 2k
9~y = i iy < 30 P (@12)

ZEQn
z#0

2.4 Time to reach stationarity in the Ehrenfest
diffusion model

Now we consider the measure p defined by setting

0,0,...,0) = u(1,0,...,0) = --- = p(0,0,...,0,1) = 2.13
M(?’ 3) /’l’(77 7) M(?’ 3’) n+1 ( )

and vanishing on others points of @,. The corresponding transition
matrix coincides with the one in Example 1.8.3

%H ifr=y
play)=plr—y) =g ifr~y
0 otherwise.
For x = (z1,29,...,25) € Qn we set w(z) = [{j : z; = 1}| = number

of ones in z. w(z) is called the weight of x.
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Proposition 2.4.1 If p is as in (2.13) then

PO 2w(z)
Al@)=1- n+1’
Proof
i) = 3w )™ = 4 Y1y
veQn ntlomrlia
1 w(z) n—w(x)

S n4+1 n+l n+1

B 2w(x)

T n+1

O
Let Vi be the subspace of L(Q,,) spanned by the x.’s with w(z) = k:
Vi = (Xo 1 w(z) = k).

Then from Proposition 2.4.1 and Theorem 2.3.6 we get

Corollary 2.4.2 FEach Vj, is an eigenspace of the convolution operator
Tf = f*p and the corresponding eigenvalue is 1 — T Moreover
dimV}, = (Z) and L(Q,) = ®5_,Vi is the orthogonal decomposition of
L(Q.,,) into eigenspaces of T. In particular, 1 — —2= is the second largest

n+1
etgenvalue and its multiplicity is equal to n.

We now study the convergence to the stationary measure of the con-
volution powers p*¥.

The following theorem is taken from [55] and [58]. We have also used
a simplification of the proof of the lower bound contained in [185].

Theorem 2.4.3 Let yu be as in (2.15). For k= %(n+ 1)(logn + c) we
have

c

(e —1).

lw** = 7liFy <

DO =

Moreover, for k = %(n + 1)(logn —¢), 0 < ¢ < logn and n large we
have

|** — 7|y > 1 — 20e~C.
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Proof From (2.12), Proposition 2.4.1 and its corollary we get

I~ iy < 3 3 (RGP

ZEQn
z#0
n 2] 2k
== dimV; (1 - ——
i (1-550)
1 " /n 1 27 2k
4 =\ n+1
n+1
1[ 2 ] n 1 2] 2k
2 &\ n+1
.\ 2k N\ 2k
. 2j 25’ e
since ( n+1) ( n+1) Hy+y =n+
(.
< 1 G nd ang ()
— —e n+l *k
< 5
2 = 7
9 2k 4kj
since (?) = W < ", and 1 —z < e % yields ( - n—jl) < e nfl,
when j < 4L (if j satisfies this condition, then 1 — Tﬂ > 0).

Now, if k = 2(n+ 1)(logn + c), (*) becomes

(5]

1S n
”Iu*k_,n_”%v < 5 Z 76 jlogn—jc
=
(%]
= — %e_jc
=1
<

%Z%(efc)j
5 (<7 -1);

To get the lower bound, consider the function

o) = Y (-1)" =n—2w(z) = 3 xy @)

j=1 yeA
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where A = {y € @, : w(y) = 1}. The mean of ¢ with respect to 7 (see
Section 1.9) is given by

1 1
Ex(@) =52 > 0W)=5:D_ > x=0 (214
YEQR TEAYEQ

by the orthogonality relation for the characters. For the variance we
have:

Varz(¢) =E (¢2)— +(¢)* = Ex(¢%)

— > Y e Wxaaly) =n (2.15)

361,12614 YEQn

again for the orthogonality relations for the characters.

Moreover
k 2 \"
(0= ¥ wt ) = X e = (1- -2
TEAYEQR €A
(2.16)
since fi(z) =1 — n+1 for all z € A.

Setting B = {z € Q,, : w(x) = 2} we find

*’f ¢2 Z Z X.Ll Xlz M*k(y)

z1,02€AYEQn

= Z Z Xai+as (y)/u‘*k(y)

z1,22€EAYEQn

A +2>" (i)

zEB

since T = To = Xzi14+z2 = X0 and Eml,a:zeA Xzi4xo = QZweB Xz-

T1FT2
But 7i(0) = 1, fi(z) = 1 — ;% for all z € B and |B| = "05-1.

Therefore

Var,«(¢) = B (¢%) — E,-x(¢)”

k 2k
4 2
= -1 (1- —n?(1-
n+n(n )( n—l—l) n( n—i—l)

<n. (2.17)

Now define Ag = {z € Q, : |¢(x)| < By/n}, where 3 is a constant
0<fB< E -x (@) that will be suitably chosen later. From Markov’s
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inequality (Proposition 1.9.5) it follows that
m(Ag) =1—n{z:|¢(z)| > Bvn}

—1- w{lx L p(x)? > ﬂQn}l (2.18)
21—%Eﬂ'(¢2):1_@

where the last equality follows from (2.15). In the same way, from Cheby-
shev’s inequality (Corollary 1.9.6) and the fact that Ag C {x € @, :

|p(x) — Er (0)] > E o (¢) — By/n}, we have

Varmk ((25)
(Eu*k (¢) - [3\/5)2 .

Set k= 1(n+1)(logn—c), 0 < ¢ < logn. From the Taylor expansion
of the logarithm it follows that

1 (Ag) <

(2.19)

72

log(l —z) = —x — ?w(x) (2.20)

with w(z) > 0 and lim,_,ow(z) = 1. Then applying (2.20) to the right
hand side of (2.16) we get

() =nexp [1og (1 _ nL) - i(n +1)(logn — c)]

:”eXpK_nil_(nfl)2w<nil>> zll("+1)<1°g”_c)]
\/ﬁec/QeXp{clognw< 2 ﬂ

2(n+1) n+1

and therefore for n large we have

E,-x(¢) > Z\/ﬁec/2 (2.21)

Choosing = 662/2 and taking into account (2.4) and (2.21), we have

that (2.19) becomes

W (Ag) < (2.22)

n 4
EENCRY N

Therefore from (2.18) and (2.22)

[u* = wllry > 7m(Ag) — ™ (Ag) =1— — =1
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Remark 2.4.4 The set Ag in the above proof is a slice of the cube

formed by the vertices 2 € @, with w(z) sufficiently close to . Since
the random walk starts at zero, if it does not run enough, the probability
of being in Ag is close to zero (2.22), but Ag is a consistent part of Q,;

see (2.16).

The analysis of a more general class of random walks on the hypercube
is presented in [46].

2.5 The cutoff phenomenon

In the last section, we have proved that the variation distance of p**
and 7 for the Ehrenfest model has the following asymptotic behavior.

Hu""— 77y

1 .
Z(n+1)10gn k

Figure 2.1. The cutoff phenomenon

In other words the variation distance remains close to 1 for a long
time, then it drops down to a small value quite suddenly and decreases
exponentially fast. This is a quite surprising phenomenon discovered for
the first time by Diaconis and Shahshahani [69]. Now we give a precise
definition (see [58] and [68]).

Definition 2.5.1 Let (X,,, v, pn) be a sequence of Markov chains, that
is, for all n € N, X, is a finite set, v,, a probability measure on X,, and
pp, an ergodic transition probability kernel on X,,. Also denote by 7, the
stationary measure of p,, and by 1/7(1k) the distribution of (X,,, vp, py) after
k steps. Suppose that (a,)nen, (bn)nen are two sequences of positive
real numbers such that

. n
lim — =0.
n—00 @,
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We say that the sequence of Markov chains (X,,, v, p,) has an (an, by,)-
cutoff if there exist two functions f; and fo defined on [0, +00) with

° hmcg)+oo f]_(c) =0
o lim. o fa(c) =1

such that, for any fixed ¢ > 0, one has

e tetn) — mallpv < fi(c)
and

i =et) = mallzy > fale),

provided that, in both cases, n is sufficiently large.

Clearly, if a,, + cb,, is not an integer, one has to take k as the smallest
integer greater than a,, + cb, and similarly for a,, — cb,,.

In other words, when there is a cutoff, the transition of ||u7(lk) — TnllTv
from 1 to 0 (that is, from order to chaos) occurs in a short time: in an
interval of length b,, at a scale of length a,, and Z—: — 0 as n tends to
+00.

The cutoff phenomenon occurs in several examples of Markov chains.
In general, it can be detected thanks to a careful eigenvalue—eigenvector
analysis.

The following lemma is simple but it is important as it clarifies the
fact that the function ||v®) — 7||7y tends to zero monotonically.

Lemma 2.5.2 Suppose that p is an ergodic transition kernel on X,
with stationary distribution w. Let v be an initial distribution on X and
v (y) =3 cx v(@)p®)(z,y) the distribution after n steps. Then

WD — iy < ¥ iy VR 0.

Proof From (1.26) we have

(k+1)

ey = 5 3 W) — m(z)

zeX

(using 7(z) = Z m(y)p(y, 2)) % Z | Z [V(k)(y) - W(y)} p(y, 2)|

yeX z€X yeX

% SN 1P y) - 7w)lp(y. 2)

zeX yeX

lv

IN
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) 1
(using Z p(y,z) =1) 3 Z |V(k) (y) — 7(y)|
ze€X yeX
— )~ .

O

The following proposition presents a simple necessary condition for the
presence of the cutoff phenomenon.

Proposition 2.5.3 If (X, Vs, pn) has an (ay, by)-cutoff as in the pre-
vious definition, then for every choice of 0 < €1 < €2 < 1 there exist
ké") < kgn) such that

o k" <a, <k™
o forn large, k > ki”’ = 1V — oy < @

o forn large, k < kén) = ||V7(Lk) — |y > €
k(")_k(”)
S —(.

e lim, o

Proof 1t is a straightforward exercise. Indeed there exist ¢; and co
such that fa(c) > e for ¢ > ¢o and fi(c) < € for ¢ > ¢;. Setting
kén) = a, — c2b, and kln = a, + c¢1b, the proposition follows from the
definition of cutoff. 0

The simple random walk on the circle C,, does not have any cutoff.
2
Indeed, in the notation of Theorem 2.2.1, we have for ky > %~ (see
Remark 2.2.2)

2

k _rZ
[ =7y <e™ T =te
2
and for k1 < 3%
1 3r 3nt
sk —38z- _3m
[ _7T||TV2§€ T T =1
. _x2 1 —38r?_ 3x? .. .
and since e~ 7 > e~ © 42 the transition from ey to € is gradual
2 2
from % to 32-.

2 2
The Eherenfest model has a cutoff with a, = 1(n + 1)logn, b, =

T(n+1), file)=3 (eefc - 1) and fo(c) =1 — 20e™°.

Exercise 2.5.4 ([68]) Show that the simple random walk on the com-
plete graph K, has a (1, €,)-cutoff, for any sequence (e)ncn such that
limy, 400 €, =0.
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It is still an open problem to determine what makes a Markov chain
cutoff. In general, it depends on the size and the multiplicity of the
second eigenvalue of the transition matrix. A clear and comprehensive
discussion is in [58]. A recent conjecture is analyzed in [68].

2.6 Radial harmonic analysis on the circle and the hypercube

In this section, we apply the theory of lumpable Markov chains to the
random walk on the discrete circle (Example 1.8.2 and Section 2.2) and
to the random walk on the hypercube (Example 1.8.3 and Section 2.4).
See Sections 5.2 and 5.3 for another approach to the topics presented in
this section.

Consider the simple random walk on Cy,, the set of integers mod
2n. Let P be its transition probability. It is easy to check that P is
lumpable with respect to the following partition: Ca,, = [[}_, Q. where
Qo =10}, 2, ={n}and Q ={n—k,n+k} fork=1,2,...,n—1. The
lumped transition matrix @ is indexed by 0,1,...,n (k corresponds to
Q) and is given by:

Q(Ov 1) = Q(nvn - 1) =1
1

gk k+1)=qlk,k—1) = 3 k=1,2,...,n—1.
For instance, we indeed have ¢(0,1) = p(0,Q1) = p(0,1) +p(0,2n—1) =
1. This matrix @ is the transition matrix of the simple random walk on
the path P, 11, that is the graph with vertex set {0,1,...,n} and edges
{{k,k+1} : k =0,1,...,n — 1}. It is reversible with respect to the
measure m defined by

1 1
m(0) =m(n) = on and w(k) = - fork=1,2,...,n—1. (2.23)
The sets g, Q1,...,Q, are the balls of center 0, namely:
Q= {.T € Cyy : d(CC,O) = k}

where d denotes the distance on the graph Cj,. We recall that the
distance between two points z, y in a graph X is the length of the shortest
path on X joining x and y. We can also introduce the function o : Co,, —
Cyy, defined by o(n — k) = n + k which is a bijective involution whose
orbits are the Q = {k,o(k)} for k=0,1,...,n.

For h,k € Z, set cx(h) = cos 2% and si(h) = sin 725, Then the
characters of Cy,, (see Section 2.1) may be expressed as follows:

Xk = Ck + 15k k=0,1,2,...,2n— 1.
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Figure 2.2.

Set,
> w(h) f1(h) f2(h)

h=0

1 1

n—1
= 5 HORO) + 3 AR + 5 i () ()
h=0

<f1’f2>ﬂ'

(2.24)

where 7 is as in (2.23).

Theorem 2.6.1 In the space L(P,+1) endowed with the scalar product
<'7 '>7Ty the fUTLCtiOTLS

Co, \/501,...,\/50]@,...,\/56”,1, Cp,

form an orthonormal basis of eigenfunctions for the transition matriz
Q. The corresponding eigenvalues are
1, cosz,...,coskl,...,cosm, —1.
n n n

Proof The proof is just elementary and tedious trigonometry. However,
there is a fast way to deduce if from the harmonic analysis on Cj,.
First of all, note that the function ¢, seen as a function on Cy,, is
the real part of x and therefore it is an eigenfunction of the transition
matrix P of the simple random walk on Cs,,: the eigenvalues of P are real
valued. Moreover, cx(o(h)) = cx(h) for h = 0,1,...,n and therefore ¢ is



2.6 Radial harmonic analysts on the circle and the hypercube 71

constant on each g, 1,...,,. Then we can apply Proposition 1.10.4.
For the orthogonality relations, note that

h —h
ex(h) = Xk ( )+2Xk:( )
and apply the orthogonality relations for the characters of Cs,, (Lemma

2.1.2). We leave the details as an exercise. U

In Appendix 1 we give several other orthonormal systems for L(P, 1)
that can be expressed in terms of trigonometric functions.

Consider now the simple random walk on the hypercube Q,,. More
precisely, we consider the original definition given in Example 1.2.2
rather than its variation in (1.25). Let P = (p(2,v)), ,cq,
sition probability matrix. Let w be the weight function on @, as in
Section 2.4 and define Qy = {z € @, : w(x) =k}, k=0,1,...,n.

be its tran-

Exercise 2.6.2 Show that Q = {z € Q,, : d(z,z9) = k} where 29 =
(0,0,...,0).

Proposition 2.6.3 The transition matriz P is lumpable with respect to
the partition @, = HZ:O Q. The lumped chain has state space I, =
{0,1,...,n} and transition matriz Q = (q(k, j)), jer defined by

—k
q(k‘,k—l—l):L fork=0,1,....,.n—1
n

k
q(k‘,k—l)zﬁ fork=1,2....n

q(k,7) =0 otherwise.

Proof First of all, note that if x,y € @, and = ~ y then |w(z) —w(y)| =
1. In other words, if we are in 2 then we can only jump to 1 or
Qp+1. Moreover, if z € Q) then
n—k

n

1
p(@, Q1) = [{y € Qa1 @~y =
and similarly one obtains p(z, Qx_1) = £. O

From Corollary 1.10.3 it follows that @ is reversible and in detailed
balance with the measure 7 defined on {0,1,...,n} by setting

_lwl - G)
) =10, = 2
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Moreover define for fi, fo € L(I,)

(f1, fo)x Z (n). (2.25)

We want to describe the eigenfunctions of P that are radial on @,
namely that are constant on each €2, (see Proposition 1.10.4 and Exer-
cise 2.6.5 below). Let Vi, = (x, : w(z) = h) as in Section 2.4. Set

min{h,k}

am=m S (G

{=max{0,h+k—n}

and
Oy =Y onlk)lq,.
Then we have:

Proposition 2.6.4

(i) Each @y, is a radial eigenfunction of P.
(i1) The set {®r}rer is an orthogonal basis for the radial functions

on @, and
n

2
1PnlZ0,) = 7o
L(Qx) (h)

Proof (i) Clearly, each @}, is radial. Moreover we have

Z Xa- (2.26)

h TEQ,
Indeed, if y € Qi then
min{h,k}
. k\ (n—k
Sew-Y - > (e
z€EQ, z€Qy {=max{0,h+k—n}

For, given y € Q to get an « € Qy, such that |{t:z; =y = 1}| = ¢, we
have to choose £ coordinates in {¢ : y; = 1} (whose cardinality is k) and
h — ¢ coordinates in {t : y; = 0} (whose cardinality is n — k). But (2.26)
implies that ®; € V},, so that, from Corollary 2.4.2 we deduce that it is

an eigenfunction of P and the corresponding eigenvalue is 1 — 7%1
(ii) From the previous part we have that ®g, ®1,..., P, are eigenfunc-

tions of the selfadjoint operator P whose corresponding eigenvalues are
all distinct. Therefore the ®;’s are orthogonal. But the dimension of
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the space of radial functions on @, is equal to n+ 1. Therefore the ®}’s
form a basis for this space. Finally, from (2.26) one has

1 1 2m
H¢nH%(Qn) ) Z (Xa» X2 ) L(Qn) = —3 2" Q| = m
(h) zEQ (h) h
and the proof is complete. |

Exercise 2.6.5 (The spherical Fourier transform on @Q,) Show
that if f € L(Q,) is radial, then its Fourier transform is radial and it is
equal to

f= > (- ®n) Ligu) e,
h=0

and the inversion formula in Theorem 2.3.5 becomes

f= 2% Z(f, Pr)L(qQn) <Z) Pp,.

h=0

Now we may apply Proposition 1.10.4. Set ¢p(—1) = ¢p(n +1) = 0,
for h=0,1,...,n.

Corollary 2.6.6 The functions ¢n, h = 0,1,...,n satisfy the finite
difference equation

n n;2h¢h(k)

—k k

E+1)+ —op(k—1) =
- on(k + )+n¢h( )
for k=0,1,...,n, and the orthogonality relations

: () _ 1

Z¢ia(k)¢t(k)27 = W(Sh,t-

k=0 h

This corollary is just a translation of the fact that the functions ¢y

constitute an orthogonal basis of eigenfunctions for the lumped chain Q.
In particular, the eigenvalues of @) are ”’Tzh, forh =0,1,...,n, each with
multiplicity one. The coefficients ¢, belong to a family of orthogonal
polynomials of a discrete variable called Krawtchouk polynomials; see
Section 5.3.
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Basic representation theory of finite groups

This chapter contains the fundamentals of finite group representations.
Our approach emphasizes the harmonic analytic point of view (we focus
on unitary representations and on Fourier transforms). Our exposition is
inspired to Diaconis’ book [55] and to Figa-Talamanca lecture notes [88].
We also gained particular benefit from the monographs by: Alperin and
Bell [4], Fulton and Harris [95], Isaacs [129], Naimark and Stern [168],
Ricci [180], Serre [196], Simon [198] and Sternberg [212].

3.1 Group actions

We start the chapter with a short review on group actions: it is based
on class notes by A. Machi [160].

In this section 2 will denote a finite set and G a finite group. 1g is
the identity of G.

Definition 3.1.1 A (left) action of G on Q is a map

GxQ — Q
(gw) = g-w
such that
(i) (gh) - w=g-(h-w)forallwe Qand g,h € G;
(ii) lg-w=w for all w € Q.

If we have an action of G on (2, then we say that G acts on €.

Remark 3.1.2 A right action is defined, mutatis mutandis, in the same
way. We only consider left actions. Note that, given a left action
(g9,w) — g-w the map (g,w) — wg := g~ ! - w defines a right action, and
vice versa.

7
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If H is a subgroup of GG, then H also acts on 2: this action is called
the restriction.

An action is transitive if for any wq,ws € € there exists g € G such that
g-w1 = we. If G acts transitively on £ we say that {2 is a (homogeneous)
G-space.

A point w € Q is fized by a group element g if g - w = w. If w is fixed
by all elements in G, one says that it is a fized point of the group action.

For w € Q we denote by

Stabg(w) ={g€G:9-w=w}
the stabilizer of w, and by
Orbg(w)={g-w:g€ G},

also denoted by Gw, the G-orbit of w.

Clearly, if w1 € Orbg(w) then Orbg(w) = Orbg(wi). The subsets
Orbg(w),w € Q, are the orbits of G on Q. If we define the relation ~ on
Q by setting: wy ~ ws if there exists g € G such that w; = g - wy, then
we have:

Lemma 3.1.3 ~ is an equivalence relation on ) and the orbits of G on
Q are the equivalence classes of this relation. In particular, the orbits of
Q form a partition of §2.

Proof 1t is straightforward to see that ~ is an equivalence relation.
Moreover, wy ~ ws if and only if wy € Orbg(ws). O

An immediate consequence is the following fact: the action of G on
() is transitive if and only if there is a single orbit, that is Orbg(w) =
(and this holds for any w € ). Another consequence is the following
equation:

Q=[] Orba(w) (3.1)

wel

where T is a set of representatives for the orbits.

Example 3.1.4 Let G be a finite group and K < G a subgroup. Denote
by X = G/K = {gK : g € G} the homogeneous space consisting of
the right cosets of K in G. Then, G acts on X by left translations:
h-gK := (hg)K, for g,h € G. In Lemma 3.1.6 we will prove that every
transitive action is indeed of this type.
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Observe that the restriction to K of the action of G on X is not
transitive (for instance, if 2o € X is the point stabilized by K, then
clearly Orbg (xo) = {xo}); the set of K-orbits can be identified with the
set of double cosets K\G/K = {KgK : g € G}.

Denote by Sq the group of all bijections Q — Q. An element o € S
is called a permutation of Q. If Q = {1,2,...,n} then Sq is denoted by
Sp, and it is called the symmetric group on n elements (see Chapter 10).

Proposition 3.1.5 Suppose that G acts on a set ).

(i) Any element g € G induces a permutation o, € Sq.
(ii) The map

G>3g—o04€ Sq (3.2)

is a group homomorphism.
(iii) There is a natural bijection between the set of all actions of G on
Q and the set of all homomorphisms from G to Sgq.

Proof Suppose that G acts on §. For all g € GG, the map g, : Q@ — Q
defined by 04(w) = g - w is a bijection. Indeed o -1 is the inverse of o:
for all w €  one has

1

w=lg-w=(9"9) - w=g"(9-w) =04-1[04(w)] = [04-1 0 0] (w)

and similarly, [0, 0 0g-1](w) = w. This proves (i).

Also, for all g1,g2 € G and w € € one has

Tg19,(W) = (9192) - w = g1 (92 - W) = 0y, [04, (W)] = 04, © Ty, ] (W)

and this shows (ii).

Finally, suppose that ¢ : G — Sq is a homomorphism. Then the
map G x Q 3 (g,w) — o4(w) € Q defines an action of G on § as
one easily checks. We also leave it to the reader to verify that these
two processes are one inverse to the other, thus establishing the desired
bijective correspondence. |

Given an action of G on € the kernel of the homomorphism (3.2) is
the subgroup

H={geG:g-w=wforalwe}

consisting of all elements in G which fix all elements in 2. This subgroup
is called the kernel of the action. If it is trivial, then the action is termed
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faithful. In other words the action is faithful if the homomorphism (3.2)
is injective: in this case G is isomorphic to a subgroup of Sq.

Two G-spaces € and ' are isomorphic as G-spaces if there exists a
bijection ¢ : Q — Q' which is G-equivariant, that is ¢(g-w) = g - [¢p(w)]
for all w € Q and g € G.

Lemma 3.1.6 Let Q be a G-space, w € Q and set K = Stabg(w). Then
the map

v: G/K — Q

K o gow (3.3)

is a G-equivariant bijection, thus making Q and G/Stabg(w) isomorphic
as G-spaces.
Proof We simultaneously show that ¥ is well defined and injective. For,
glK:gQK<:>gl_ng€K<:>gflgz~w:w
gl (w=wsgp w=g- w
Moreover ¥ is clearly surjective. Finally,
g1 V(92K) = g1 (92 w) = (9192) - w = ¥(9192K) = ¥(g1 - 2 K)

and W is G-equivariant. |

Corollary 3.1.7 Let G act on a set Q. Then,
|G| = [Stabg (w)] - [Orba(w)| (3-4)
for allw € Q.

Proof Applying Lemma 3.1.6 to the action of G on Orbg(w) we get:
|Orbg (w)| = |G/Stabg(w)| = |G|/|Stabg (w)]
and (3.4) follows. O

Exercise 3.1.8 Suppose that ¢ : Q — ' is a G-equivariant isomorphism
of G-spaces. Show that for all w € ) one has

Stabg(w) = Stabg(Pp(w)). (3.5)

Exercise 3.1.9 Suppose that a finite group G acts transitively on a set
X. Also consider the left action of GG on itself. Show that the diagonal
action of G on G x X has |X| orbits and that each orbit is isomorphic
to G with the left action.
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Lemma 3.1.10 Let Q be a G-space. Then Stabg(g-w) = gStabg(w)g™?
forallge G and w € Q.

Proof This follows from the equivalences below.

h e Stabg(g-w) e h-(g-w)=g-w
gt [h-(g-wl=(g " hg) w=w
& g 'hg € Stabg(w).
O

Proposition 3.1.11 Let H, K < G be two subgroups. Then G/H and
G/K are isomorphic as G-spaces if and only if H and K are conjugate
in G (there exists g € G such that K = g"'Hg).

Proof Suppose first that there exists ¢ € G such that K = g 'Hg.
Set @ = G/H and w = g"'H. Then K = Stabg(w). By virtue of
Lemma 3.1.6, we have that G/K is isomorphic to ? = G/H as G-spaces.

Conversely, suppose that ¢ : G/H — G/K is a G-equivariant iso-
morphism. Let g € G be such that ¢(H) = gK. Then, by (3.5) we
have Stabg(H) = Stabg(gK). Since, clearly, Stabg(9K) = gKg~! and
Stabg(H) = H we conclude that H = gKg~!. O

Example 3.1.12 (Trivial action) Let G be a group and  a set. The
action g-w = w for all g € G and w € Q is the trivial action. For all
w € Q one has Orbg(w) = {w} and Stabg(w) = G.

Example 3.1.13 (Cayley’s actions) Let G be a group. We consider
two (left) actions of G on itself. The Cayley action on the left (resp. on
the right) is defined by setting g - h = gh (resp. g-h = hg~!). These
actions are clearly transitive and faithful. In this case G is isomorphic
to a subgroup of S¢ (Cayley theorem).

Example 3.1.14 (Conjugacy actions) Let G be a group. Forg,h € G
we set g - h = ghg~'. It is immediate to check that this is an action of
G on itself, the conjugacy action on G. An orbit is called a conjugacy
class and the stabilizer of an element h is called the centralizer of h. A
fixed point h € G is called a central element: it commutes with every
element in the group, gh = hg for all g € G.

Clearly, if GG is abelian this action is trivial: every element is central.
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Let now 2 denote the set of all subgroups H < G of G. Define an
action of G on Q by setting g- H = gHg™' = {ghg~' : h € H}. This is
the conjugacy action on subgroups. Clearly, an element H € € is fixed
by this action if and only if it is a normal subgroup. The stabilizer of a
point H is called the normalizer of H in G.

Example 3.1.15 (Product action) Let G1, Gy be two finite groups
acting on €27 and €5, respectively. Then we define the product action of
G1 X G2 on Ql X QQ by setting (gl,gg) . ((.01,(.02) = (91 cWi1,92 WQ).

Example 3.1.16 (Diagonal action) Let G act on a set 2. We define
an action of G on Q x by setting g - (w1,w2) = (¢ - w1,9 - we). This
is called the diagonal action of G on 2. When the action of G on
Q is transitive, the description of the G-orbits on  x 2 is given in
Theorem 3.13.1 and Corollary 3.13.2. Note that the diagonal action is
the restriction of the product action of G x G on 2 x Q to the diagonal
subgroup G = {(g,9) : g € G}.

Example 3.1.17 Let G be a group and 21, {2s be two sets. Suppose
that G acts on ;. Then G acts on the space Q3 = {f : Q1 — Qu} of
all functions with domain 2; and range 25 as follows

[9- fllwi) = flg™" - w1)

for all f € QY and wy € Qy and g € G.

When ) = G and Q, = C, then Q3" is denoted by L(G). If the action
is the Cayley action on the left (resp. on the right) (see Example 3.1.13),
then the corresponding action of G on L(G) is called the left (resp. right)
regular representation (see Example 3.4.1 and Exercise 3.4.2).

When the action of G on € is transitive, so that & = X = G/K
(here K denotes the stabilizer of a point, see Lemma 3.1.6) and Qg = C,
then QF* is denoted by L(X) and the corresponding action of G on L(X)
is called the permutation representation.

Example 3.1.18 A rich source of group actions is geometry. For in-
stance, if we take a regular n-gon, then its isometry group is the dihedral
group D,, (see Example 3.8.2) and we may think of D,, as a group that
acts on the vertices of the n-gon. For an elementary but thorough intro-
duction to simmetry groups in Eucledean geometry we refer to Artin’s
book [6]. A complete treatment is in Coxeter’s monograph [47].
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3.2 Representations, irreducibility and equivalence

Let G be a finite group and V a finite dimensional vector space over C.
We denote by GL(V') the linear group of V consisting of all invertible
linear maps A:V — V.

Definition 3.2.1 A representation of G over V is an action G x V >
(g,v) — p(g)v € V such that any p(g) is an (invertible) linear map. In
other words one has p(g) : V — V is linear and invertible, p(g1g2) =
p(g1)p(ge) for all g1,92 € G and p(lg) = Iy where 1 is the identity
element in G and Iy : V — V is the identity element in GL(V'). It may
also be seen as a homomorphism p : G — GL(V).

We shall denote the representation by the pair (p, V).

Denoting by n the dimension of V', as GL(V) is isomorphic to GL(n, C)
the group of all invertible n by n matrices, we can regard a representa-
tion of G as a group homomorphism p : G — GL(n,C). Then n is the
dimension or degree of p and it will be denoted by d,,.

Suppose that (p, V) is a representation of G and that W < V is a
G-invariant subspace, namely p(¢g)w € W for all g € G and w € W
(sometimes we shall more concisely write p(G)W < W). Then denoting
by pw : G 2 g — p(g9)lw € GL(W) the restriction of p to the subspace
W, we say that (pw, W) is a sub-representation of (p, V). We also say
that pw is contained in p. This fact will be also indicated by pw =< p.
Clearly every representation is a sub-representation of itself.

An important class of representations consists of the irreducible rep-
resentations. A representation (p, V') of a group G is irreducible if the
only G-invariant subspaces are trivial: W < V and p(G)W < W im-
plies either W = {0} or W = V. For instance, any one-dimensional
representation is clearly irreducible.

We now introduce the important notion of equivalence of representa-
tions. Let (p,V) and (o, W) be two representations of the same group
G. Suppose there exists a linear bijection J : V' — W such that, for all
g € G, 0(9)J = Jp(g). Then one says that the two representations are
equivalent and one writes p ~ 0. Note that ~ is an equivalence relation
and that two equivalent representations have the same degree.

3.3 Unitary representations

Suppose the vector space V is endowed with a scalar product (-, -); then
we can define the notion of a unitary representation.
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Let V and W be two vector spaces endowed with scalar products (-, -),,
and (-, )y, respectively. The adjoint of a linear operator 7' : V- — W,
is the linear operator 7% : W — V such that (w,Tv)y, = (T"w,v),,
for all v € V and w € W. A linear operator U : V. — W is unitary
if U*U = I = UU*, equivalently if (Uv,Uv")y, = (v,v’),, for every
v,v" € V. Recall that if U is a wunitary matriz then U* = T is the
conjugate transpose of U. Moreover, the spectrum of a unitary operator
(or matrix) is contained in the unit circle: o(U) C {z € C: |z| = 1}.

A representation (p, V) is unitary if it preserves the inner product,
namely {(p(g)v, p(g)v’) = (v,v") for all g € G and v,v’ € V. Equivalently,
p is unitary if p(G) <U(V) is a subgroup of the unitary group of V.

It is worth to mention that, given an arbitrary representation (p, V') it
is always possible to endow V' with an inner product so that p becomes
unitary. Given an arbitrary inner product (-,-) for V' define, for all v
and w in V,

(v,w) = {p(g)v, pg)w) . (3.6)
geG
Proposition 3.3.1 The representation (p, V()) 18 unitary and equiva-

lent to (p,Vi..y). In particular, every representation of G is equivalent
to a unitary representation.

Proof First of all it is easy to see that (-, -) as defined in (3.6) is an inner
product. Moreover, for all v,w € V and all h € G one has

(p(R)v, p(h)yw) =Y (p(g)p(h)v, p(g)p(h)w)

geG

=Y (p(gh)v, p(gh)w)

geG
= {p(k)v. p(k)w)
keG

= (v, w).
The equivalence is trivial: it is given by the identity Iy . Ul

We are mostly interested in equivalence classes of representations,
thus we might confine ourselves to unitary representations. We thus
suppose that V' is a finite dimensional (complex) vector space with a
G-invariant inner product and that p is unitary: note that under these
assumptions we have p(g~1) = p(g)~! = p(g)* for all g € G. Finally,
two representations (p, V) and (o, W) are unitarily equivalent if there
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exists a unitary linear operator U : V. — W such that o(¢)U = Up(g)
for all g € G.

Lemma 3.3.2 Suppose that (p,V) and (o,W) are unitary represen-
tations of a finite group G. If they are equivalent then they are also
unitarily equivalent.

Proof We want to show that if there exists an invertible linear map
T :V — W such that

plg) =T o(g)T (3.7)
for all g € G, then there exists a unitary U : V' — W such that
plg) =U"la(g)U

for all g € G.
Taking adjoints in (3.7), using p(g)* = p(g~!) and replacing g by g~
one has

1

plg) =T a(g)(T*)~".
As, by (3.7), a(g) = Tp(g)T~, one has T*Tp(g)(T*T)"! =
T*o(g)(T*)~! = p(g) or, equivalently,
pg) (T T)p(g) = T*T. (3.8)

Let T = U|T| be the polar decomposition of T (see Exercise 3.3.5):
here |T'| : V — V is the square root of the positive linear operator T*T,
while U : V' — W is unitary. We have, by the uniqueness of the square
Toot,

p(g)HIT|p(g) = |T| (3.9)

since the left hand side of (3.9) is the square root of the left hand side
of (3.8). Therefore, as |T| is invertible, we have

Up(g)U™" =TI|T|"p(g)|TIT~"
=Tp(g)T "
=a(9)
where the second equality follows from (3.9) and the third one from

(3.7). O

We now define the direct sum of a finite number of representations. If
(pj»Wj), 7 = 1,2,...,k are representations of a group G and
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V=W &Wy&---d Wy is the direct sum of the corresponding spaces,
then p = p1 @ p2 & - - - @ pg is their direct sum, that is

p(g)v = p1(g)wi + p2(g9)w2 + - -+ + pr(g)wk

foralv=wy +we+---+wr €V, w; € W;, and g € G.

Observe that if W is a G-invariant subspace of V under the represen-
tation p, then W+ = {v € V : (v,w) = 0, Yw € W}, the orthogonal
complement of W, is also G-invariant. Indeed, if v € W and g € G one
has (p(g)v,w) = (v,p(g7")w) = 0 for all w € W. Recall that, under
the previous assumptions, V can be expressed as the direct sum of the
orthogonal subspaces W and W+, namely V = W @ W+ and, denoting
by p1 = pw and ps = pyy1 the corresponding sub-representations, we
see that p is the direct sum of these: p = p1 & ps.

Lemma 3.3.3 FEvery representation of G is the direct sum of a finite
number of irreducible representations.

Proof Let (p,V) be a representation of G. If p is irreducible there is
nothing to prove. If not, the proof follows an inductive argument on
the dimension of V: as before, V = Vi & V5, with the subspaces V;
G-invariant and dim(V;) < dim(V). O

Definition 3.3.4 (Dual) Let G be a finite group. We denote by @, the
dual of G, a complete set of irreducible pairwise nonequivalent (unitary)
representations of G (in other words, G contains exactly one element
belonging to each equivalence class of irreducible representations).

We end this section by sketching a proof of the polar decomposition
for an invertible linear operator.

Exercise 3.3.5 Let V be a finite dimensional complex vector space
with inner product (-,-). We say that a linear operator P : V — V is
positive if (Pv,v) > 0 for all v € V, v # 0.

(1) Prove that any positive operator is selfadjoint.

(2) Prove that if two selfadjoint operators A and B commute, namely
AB = BA, then they admit a common basis of eigenvectors, that is there
exists an orthogonal decomposition V' = @", W; such that AW, =
W;=BW, foralli=1,2,...,m.

(3) Prove that if P is positive, then there exists a unique positive
operator @ such that Q2 = P. This is called the square oot of P.
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(4) Show that any invertible linear operator A : V' — V can be written,
in a unique way, as A = UP where U is unitary and P is positive. This
is called the polar decomposition of A.

3.4 Examples

Example 3.4.1 Let G be a finite group. Denote by L(G) = {f : G —
C} the space of all complex valued functions on G endowed with the
scalar product

(fi, f2) =D hi(9)fa(9) (3.10)
geG
for all f1, fo € L(G). The representation (Ag, L(G)) defined by
Pe(g)f1(h) = flg~"h) (3.11)

for all g,h € G and f € L(G), is called the left reqular representation of
G.

Exercise 3.4.2 Show that Ag(g192) = Ag(g91)Aa(g2) for all ¢1,92 in G
and that Ag is unitary.

Analogously, the representation (pg, L(G)) defined by
lec(9) f](h) = f(hg) (3.12)

is again a unitary representation, the right reqular representation.
The two representations above commute: Ag(g)pa(h) = pa(h)Aa(g)
for all g,h € G.

Remark 3.4.3 In many books, the scalar product (3.10) is normalized,

that is (f1, fo) = ﬁdeG f1(g)f2(g). This changes many formulae
given in the current and following chapters by a factor of 1/|G]|.

Example 3.4.4 Let C,, = {1,a,d?,...,a" 1} denote the cyclic group
of order n generated by the element a (here we use multiplicative no-
2mi/n (

tation). Set w = e a primitive nth root of the unity). Then

(pr, C) defined by pi(a™) = w*h, for each k = 0,1,...,n — 1 is a one-
dimensional representation of C,. As we shall see in Example 3.8.1,

every irreducible representation of C, is one of these, namely C,, =
{pr : k=0,1,...,n—1}. See also Exercise 3.5.3.
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Example 3.4.5 Let G = S, be the symmetric group of degree n,
that is the group of permutations on n elements; equivalently, S,, is the
group of all bijections g: {1,2,...,n} — {1,2,...,n}. We mention three
representations of such a group.

(a)

(b)

The trivial representation. It is one dimensional, that is V = C
and it assigns to each group element the identity: pi(g) = 1 for
all g € G.

The sign (or alternating) representation. This is also one dimen-
sional (V' = C). It assigns to each group element the identity 1 if
g is an even permutation (that is g is the product of an even num-
ber of transpositions, equivalently g € A,,, the alternating group),
and the opposite of the identity, —1 otherwise, that is if g is an
odd permutation. In other words, denoting by sign(g) the sign
of a permutation g, we have p2(g) = sign(g)I. As sign is a ho-
momorphism G — S, /A,, = Cs (sign(g192) = sign(g1)sign(gs)),
p2 is indeed a representation. As it is one dimensional, it is also
irreducible.

The permutation representation. This is n dimensional: fix an or-
thonormal basis {e1, es, ..., e,} of an n-dimensional vector space
V and set p3(g)e; = ey(;) for all g € S,,. With respect to the fixed
basis for V', p3(g) is a so called permutation matriz, that is, a ma-
trix obtained by permuting the rows of the identity matrix. This
representation is not irreducible. For instance, an .S,-invariant
subspace is the hyperplane Z?zl xz; = 0, that is the n — 1 dimen-
sional subspace W = {w = Y"1 | x;e; : >, x; = 0}. However
it is not difficult to show that (p3)|w, the restriction of ps to this
G-invariant subspace, is irreducible.

Exercise 3.4.6 Prove that (ps3)|w is irreducible.

Let (p

3.5 Intertwiners and Schur’s lemma

,V) and (o, W) be two representations of a group G. Let L : V —

W be a linear transformation. One says that L intertwines p and o if

Lp(g)

= o(g)L for all g € G. The following result relates the notion of

reducibility of a representation with the existence of intertwiners.

Lemma 3.5.1 (Schur) Let (p,V) and (o,W) be two irreducible repre-
sentations of a group G. If L intertwines p and o, then either L is zero,
or it is an isomorphism.
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Proof Let Vo = {v eV :Lw) =0} and Wy = {L(v) :v e V} <W
denote the kernel and the range of L. If L intertwines p and o then
Vo and Wy are p- and o-invariant, respectively. By irreducibility, either
Vo =V and Wy = {0} or Vi = {0} and, necessarily, Wy = W. In the
first case L vanishes, in the second case it is an isomorphism. |

Corollary 3.5.2 Let (p, V) be an irreducible representation of a group
G. Let L be a linear transformation of V which intertwines p with itself
(that is Lp(g) = p(g9)L for all ¢ € G). Then L is a multiple of the
identity: L € CI.

Proof Let X\ be an eigenvalue of L. Then (Al — L) also intertwines p
with itself and, by the previous lemma, it is either invertible or zero. But
by definition of eigenvalue it cannot be invertible, therefore necessarily
L = M. Note that \ exists because we are dealing with complex vector
spaces. ]

Exercise 3.5.3 Let G be a (finite) abelian group. A representation
(p,V) of G is irreducible if and only if it is one dimensional. Use this
fact to prove that 6’; ={pr: k=0,1,...,n— 1} as in Example 3.4.4
(see also Section 2.1).

Exercise 3.5.4 Show that if p € G and g is in the center Z(G)={g €
G : gh = hg, Yh € G} of G, then p(go) = Al for some A € C.

Exercise 3.5.5 (Converse to Schur’s lemma) Suppose that the
representation (p, V) of G has the property that whenever T : V — V
is a linear mapping and p(g)T = Tp(g) for all g € G then necessarily
T = M for some A € C. Show that p is irreducible.

3.6 Matrix coefficients and their orthogonality relations

Let (p, V) be a unitary representation of a group G. For v and w in V' we
consider the complex valued function u, ,(g) = (p(g)w, v), g € G, which
is called a (matriz) coefficient of the representation p. This terminology
comes from the fact that if {vy,vs,...,v,} is an orthonormal basis for
V, then p(g), viewed as an n by n matrix coincides with (uy,,v,(9))i.;,
in other words the u,, ,,;(g)’s are the matrix coefficients of p(g), for all
ge€aqG.

It is interesting to note that any complex valued function v : G —
C can be realized as a coefficient of a unitary representation. Indeed,
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denoting by V' = L(G), the space of all complex valued functions on G
endowed with the scalar product (3.10) we have that u(g) = (A(g9)d1,, )
where A is the left regular representation of G (see Example 3.4.1) and
01 is the Dirac function on the unit element 1 of G.

We now show that the coefficients of irreducible representations con-
stitute an orthogonal basis for L(G), the space of all complex valued
functions on G endowed with the scalar product (3.10).

Lemma 3.6.1 Let (p,V) and (o,W) be two irreducible, nonequivalent
representations of a group G. Then all coefficients of p are orthogonal
to all coefficients of o.

Proof Let vi,v2 € V and wy,ws € W. Our goal is to show that the
functions u(g) = (p(g)v1,v2)y and v'(g9) = (o(g9)wi,ws)y, are orthog-
onal in L(G). Consider the linear transformation L : V' — W defined
by Lv = (v,v2),, we for all v € V. Then, the linear transformation
L:V — W defined by

L=> a(g7")Lolg)

geG

satisfies Lp(g) = o(g)L for all g € G, that is L intertwines p and o. In
virtue of Schur’s lemma we have that either L is invertible or L = 0. As
p o o we necessarily have the second possibility and thus

0= <Z’u1,w1>w = (Lp(g)vr,o(g)wr)yy

geG
= Z (p(g)v1,v2)y - (w2, 0(g)wr )y,
geG
= ulg)u'(g).
geG

O

Corollary 3.6.2 Let G be a finite group. Then there exist only finitely
many irreducible unitary representations pairwise non equivalent, in other
words |G| < c.

Proof The space L(G) is finite dimensional and contains only finitely
many distinct pairwise orthogonal functions and the statement follows
from the previous lemma. |
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Let (p, V) be an irreducible unitary representation. Let {v1,va,...,v4}
be an orthonormal basis of V. Then the coefficients u;;(g) = (p(9)v;, vs)
are pairwise orthogonal. More precisely

G|

Lemma 3.6.3 (uij,ukh>L(G) = 751'165]%

Proof Fix indices i and k and consider the operator L;, : V — V
glveﬁned by Lk (v) = (v,v;) vi. Observe that tr(LJ'k) = dik. Now define
L, = |—é,‘ > gec p(g_l)Likp(g) and observe that L;xp(g9) = p(g)Lik. As
p is irreducible, necessarily L;; = al for a suitable o € C. Actually

o= d;k/d as da = tr(Lik) = tr(Lik) = 0y (recall that if A,B € GL(V)
then tr(AB) = tr(BA)). It follows that L;x = (1/d)d;xI and therefore
<Z¢k'0j,vh>v = (1/d)d;n0;,. But

~ 1
<Likvj, Uh>v = @ <Likp(g)vj7 P(g)vh>v
g

1
= @ <uij7 Ukh>L(G)

which ends the proof. |

The following lemma presents further properties of the matrix coeffi-
cients of a unitary representation.

Lemma 3.6.4 Under the same hypotheses preceding Lemma 3.6.3 (with
no irreducibility assumption), for all g, g1,92 € G and 1 <4, j,k < d one
has:

(1) wijlg™") = u5i(9);
(i) wij(g192) = Sy win(g1)un j(g2);

(iii) 2?21 w;i(9)ujr(g) = dig and 0 uji(9)uri(g) = 6% (dual
orthogonality relations).

Proof (i) follows immediately from p(g)* = p(¢~ ') and (z,y) = (y, )
forall g € G and xz,y € V.

(ii) For all z € V one has ¢ = Z?:l vi{x,v;) so that, for all g € G and
i=1,2,....d

d
plg)v; = vnun,;(g). (3.13)
h=1
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d d
Thus 7)1 vaun,;(9192) = p(9192)v; = D j—1 p(91)vnun,;(g2) and tak-
ing the scalar product with v; yields the desired equality.
(iii) Recalling that p(g) is unitary, we have

d

Zuﬂ ujk Z'UJUM 7Z”j/uj’,k(g)>

j'=1
= <p(g)vi»p(9)vk> = (vi, vk) = bi k-

U
In the following we shall refer to the matrix (u; ;) as a (unitary) matriz
realization of the (unitary) representation p.

3.7 Characters

With each equivalence class of irreducible representations one associates
a function, called the character of the representation defined by x,(g) =
tr(p(g)). We recall that if V' is a finite dimensional complex vector space
and denoting by End(V') the space of all linear maps T : V' — V| the
trace is the (necessarily unique) linear functional ¢r : End(V) — C such
that tr(T'S) = tr(ST) for all T, S € End(V) and tr(ly) = dimV. In the
following exercise we collect the basic properties of the trace.

Exercise 3.7.1 Let V be a finite dimensional vector space. (1) Show
the uniqueness of the trace.

(2) Endow V with a scalar product (-, -) and fix an orthonormal basis
{v1,v2,...,v4} for V. Then

d
E (Tws, i)
i=1

for T € End(V). This amounts to saying that the trace of a linear
operator equals the sum of the diagonal entries of its representing matrix.

(3) Let A € GL(V) and T € End(V). Then tr(T) = tr(A-'TA).
This is the central property of the trace.

(4) Let A1, Ao, ..., Aq denote the eigenvalues of T € End(V), listed
according to their algebraic multiplicities. Then tr(T") = Z?zl Ai

(5) With the notation in (2) we have

d
Z (Tvj, vs) (Svi, vy5) (3.14)

for all T, S € End(V).
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From (2) in the previous exercise we then have tr(p(g)) = Z?zl u;;(9)
(where the functions u;; are the matrix coefficients defined in the previ-
ous section) and the function x, does not depend on the particular choice
of the orthonormal system {vq,va,...,v4} in V| nor on the particular
element p in its equivalent class (this in virtue of (3) in Exercise 3.7.1).

We observe that if p is a one-dimensional representation, then it
coincides with its character: p = x,,.

It is also possible to define the character for a representation which
is not irreducible. If (p, V') is a unitary representation one sets x,(g) =
tr(p(g)), for all g € G.

Sometimes we shall write xy instead of .

Proposition 3.7.2 Let x, be the character of a representation (p,V)
of a group G. Denote by d = dim(V') its degree. Then, for all s,t € G,

(1) Xp(lG) = d;

(i) xp(s™1) = Xp(5);
(i) xp(t™"st) = xp(5)-

Proof To prove (i) observe that p(1g) = I the identity on V whose trace
clearly equals the dimension of V.
We have

Xo(s7h) = tr(p(s™h)) = tr(p(s)") = X, (5)

since p(s~) = p(s)* (recall that p(s) is unitary) and tr(A*) = tr(A) for
all A € GL(V). This proves (ii).

The last statement follows again from the central property of the trace.
Note that p(g) is diagonalizable (it is unitary) and its trace coincides
with the sum of its eigenvalues. O

Exercise 3.7.3 (1) Let G be a finite group and p a G-representation.
Show that if n = |G| then the eigenvalues of p(s), s € G are nth roots of
the unity.

(2) Deduce that |x,(g)] < d for all g € G.

From Lemma 3.6.1 it follows that characters relative to inequivalent
representations are orthogonal in L(G), while, from Lemma 3.6.3, it
follows that the norm of a character equals |G|: indeed the square of
its norm is the sum of the squares of the norms of the u;;’s, which
all have the same norm |G|/d. We thus have that the characters of
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irreducible representations constitute an orthonormal system (not com-
plete!). Therefore they are finite in number and their cardinality equals
the number of equivalence classes of irreducible representations. We
state this as follows:

Proposition 3.7.4 Let p and o be irreducible representations of a group

G.

(1) If p and o are inequivalent then (x,, xo) = 0.
(i) (xpxp) = |G-

Proposition 3.7.5 Let p and o be two representations of a group G.
Suppose that p decomposes into irreducibles as p = p1 B p2 D -+ D pi
and that o is irreducible. Then, setting mqs = |{j : pj ~ c}|, one has

1
Me = —7 Xps Xo) - 3.15

In particular, m, does not depend on the chosen decomposition of p.

Proof If p decomposes as the direct sum p = p; ® p2 @ - - - @ py, of irre-
ducible sub-representations, then x, = 25:1 Xp;, that is the character
of p is the sum of the characters of the components p;’s.

Therefore, given an irreducible representation o, the inner product
(Xps Xo) is different from zero if and only if ¢ is a sub-representation of
p, equivalently o = p; for some j =1,... k. |

The number m, in (3.15) is called the multiplicity of o as a sub-
representation of p. If ¢ is not contained in p then clearly m, = 0.

Corollary 3.7.6 Let p be a representation of a group G. Then
o=@ oo

where myo =0 @ o --- @ o is the direct sum of m, copies of o and

Xp = Z MeXo-

UECA;

Corollary 3.7.7 Let p, o be two representations of G. Suppose that they
decompose as p = Dierm;p; and 0 = Bjegn;pj, respectively, where the
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pi’s are irreducible and the m;’s and n;’s are the corresponding multi-
plicities. Then, denoting by I N J the index set of common irreducible
representations, we have

1
‘G| Xp7X0’ Z m;ing.

ielnJ

Corollary 3.7.8 A representation p of a group G is irreducible if and
only if (Xp: Xp) = |G|

Corollary 3.7.9 Two representations p and o are equivalent if and only
if Xp =X

Exercise 3.7.10 Let n,k € N. Denote by p(k) = [{g € Sk : g(i) #
i,Vi =1,2,..., k}| the cardinality of the set of elements in the symmetric
group of degree k with no fixed points; also, for g € S,, denote by

a(g) ={ie{1,2,...,n}: g(i) = i}|

the number of points fixed by g.

Let now xy and yxw denote the characters of the representations in
Example 3.4.5 (c).

(1) Prove that Y., (")p(n — a) = nl.

(2) Prove that xw(g) = xv(g) — 1 and that xv(g9) = a(g) for all
g € Sh.

(3) From (1) and (2) deduce that > ¢ (xw(g))* = n!. In particular,
the representation of S,, on W is irreducible.

Theorem 3.7.11 (Peter—Weyl) Let G be a finite group and denote
by (A, L(Q@)) the left regular representation.

i) Any irreducible representation o V. € G appears in the
Y P Py Vp) P pp
decomposition of A with multiplicity equal to its dimension d,.

(ii) Denoting by uf ; the matriz coefficients of p € G with respect to
an orthonormal basis, then the functions

d ~
{”|C§| uf i, =1,. dp,peG}

constitute an orthonormal system in L(G).

(iii) |G| = X, eq d% and L(G) = @, d,V,-

ped %p
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Proof Denote by

)\:@mpp

pe@

the decomposition of A into irreducibles where the integer m, denotes
the multiplicity in A of the corresponding sub-representation p and m,p
stands for the direct sum of m, copies of p.

We observe that using the (complete) orthonormal system {d,}geq of
the Dirac deltas in L(G) we immediately obtain that xx(1g) = |G| and
xxa(g) = 0if g # 1g: this follows from the fact that if h,g € G, then
A(h)dg = Opg. R

On the other hand, if p € G, then from Proposition 3.7.5, we get

m, = ? (Xxs Xp) = Xp(lg). Thisyields m, = d, and |G| = dim L(G) =
DopeaMpdp =3 cad; d? which might also be derived from the formula

xa(lg) =G| = Z mpxp(lc)-
pGG

From Lemma 3.6.1 and Lemma 3.6.3 we have that the functions
\(é'l u;; where p € G and 1 <14,j < d, constitute an orthonormal sys-

tem in L(G). This system is in fact complete. Indeed as ZpeG 2 =G|
one has that |{\/|G‘ p€G1<1]<d }| = |G|. As the latter
equals the dimension of L(G) we are done. O

3.8 More examples

Example 3.8.1 Let C,, = (a) be the cyclic group and {p; : k =

0,1,...,n—1} be the representations as in Example 3.4.4. We are now in
position to prove that these constitute a complete system, in other words
{pr: k=0,1,...,n—1} = C,,. Indeed, observing that the character of a

one-dimensional representatlon coincides with the representation itself,
we have that these representations are pairwise inequivalent. Another
way to prove this fact is to use the orthogonality relations in Section 2.1
and Proposition 3.7.4:

n—1 1
4 ] fh=k

’ _ e2mi(k=h)j/n _ not
(Xpr> Xon) ; 0 ifh#Ek.

Since the number of the py’s is n = |C,,|, by (iii) of the Peter—Weyl the-
orem (Theorem 3.7.11), these one-dimensional representations exhaust
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6’;, the irreducible representations of C,. Alternatively, one can use
Exercise 3.5.3.

Example 3.8.2 Let D, = (a,b : a®> = b" = 1,aba = b~!) be the
dihedral group of degree n, i.e. the group of isometries of a regular
polygon with n vertices. In the following we outline the determination
of all the irreducible representations of D,,.

We consider first the case when n is even. We have four one-dimensional
representations (we identify these with the corresponding characters),
namely, for all h=0,1and k=0,1,...,n—1

x1(a™bF) =1
xala"¥) = (~1)" 16)
xa(a"0") = (1) '
xa(ahbh) = (—1)h+k

Set w = €2/ and, for t = 0,1,...,n, define the two-dimensional

representation p; by setting

w0 0 wtk
p) = (40 S ) ma wan = <)

w w

Exercise 3.8.3 (1) Show that p; is indeed a representation.

—~

2) Show that ps ~ pr—¢.
(3) Show that x,, = x1 + x2 and Xpny2 = X3 + X4

(4) Show that p;, with 1 <t < & — 1, are pairwise nonequivalent

irreducible representations in two different ways, namely:

(a) by inspecting for invariant subspaces and intertwining
operators;
(b) by computing the characters and their inner products.

(5) Conclude that x1,x2, X3, X4, Xp,,» With 1 < ¢ < n/2 constitute a
complete list of irreducible representations of D,,.

Exercise 3.8.4 Determine a complete list of irreducible representations
of D,, in the case n odd.
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3.9 Convolution and the Fourier transform

Definition 3.9.1 Let P and @ be two complex valued functions defined
on the group G. The convolution of P with @ is the function defined by

[P+ Ql(g) =) Plgh™)

heG

Note that the convolution may be also written in the following equiv-

alent forms:
=Y PhQ(g) = Y P(k)Q(h)

heG h,keG
kh=g

Remark 3.9.2 The order of the two functions in the convolution is
essential, since in general Px(Q # @Q* P. Indeed the convolution product
is commutative if and only if the group G is abelian. To see this, note
that if a,b € G then

Og * Op = Ogp and  0p * 0q = Opa,

where d;(g) = { : ¥f 9= The arbitrarity of the elements a, b in-
0 if g#t.

fers that the commutativity of the group is a necessary condition for the

commutativity of the convolution. On the other hand one immediately

checks that if G is abelian then P * QQ = @ * P (see also Chapter 2).

Lemma 3.9.3 The space L(G) of complex valued functions defined on
the group G endowed with the convolution product is an algebra (over C:
see Definition 2.1.5). Indeed it satisfies the following properties:

(i) L(G) endowed with the (pointwise) sum is a vector space over the
field of complex numbers;

(ii) the conwvolution product is distributive on the right and on the
left with respect to the sum: (P+ Q)+« R=Px*x R+ Q* R and
Rx(P+Q)=R*xP+RxQ;

(iii) L(G) has 61, as a unit element with respect to the convolution
product: P %01, =P =01, * P;

(iv) the convolution product is associative: (Px Q)+ R = Px(Q* R).

Proof (i) and (ii) are obvious.
(iii) One easily checks that d;,, is the unit element with respect to the
convolution product.
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(iv) Let P, @ and R be complex valued functions defined on G. Then
we have

[P+ (Q*R)(g) = >_ P(gh™")(Q*R)(h)

heG

=YY Plgh™")Q(ht~")R(t)

heGteG

(setting h = mt) Z Z (gt 'm~HQ(m)R(t)

teG@meG

=Y (P*Q)(gt™"R(t) = [(P* Q) = R](9)-
teG
U

In virtue of the above properties, L(G) is called the group algebra of
the group G.

The center of L(G) is the subalgebra made up of all functions P €
L(G) commuting with every element in L(G), that is P+ @Q = @ x P for
all @ € L(G). Such elements P € L(G) are termed central.

Lemma 3.9.4 A function P € L(G) is central if and only if P(a™1ta) =
P(t) for all a,t € G, i.e. it is constant on each conjugacy class of G.

Proof For a function P the condition of belonging to the center is
equivalent to

> QIgh™M)P(h) =" P(gh™")Q(h) YQ € L(G),¥g € G. (3.17)
heG heG

If we choose Q = 6, and g = ta in (3.17) we obtain: P(a~'ta) =
P(t), Va,t € G. The converse is trivial. O

Definition 3.9.5 Let P € L(G). The Fourier transform of P with
respect to the G-representation (p, V) is the linear operator P(p) : V —

(p;
V defined by P(p) =3 e P(9)p(9)-

Lemma 3.9.6 For every couple of functions P,Q € L(G) and every
G-representation (p, V) we have:

— ~

P+ Q(p) = P(p)Q(p).
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Proof
P=Qp)=> | P(ghl)Q(h)] p(g)
geG Lhea
=33 PlghH)Q(h)plgh ™ )p(h)
g€G hed

=" 1D Plgh™)p(gh™) | Q(h)p(h) = P(p)Q(p)-

heG | geG

Proposition 3.9.7 If P is a central function, then its Fourier transform
with respect to the irreducible G—representatz’on (p, V) is given by:

1

P(p) =M with A= — ZP 9)Xp(9 =4 (P Xp) -
g€G
Proof Observe that for any g € G
p(9)P(p)p~"(9) = D P(h)p(g)p! =" P(h)p(ghg™)
heG hea
=Y P(ghg )p(ghg™") = P(p),

heG

so that ﬁ(p) intertwines p with itself. By Corollary 3.5.2 we deduce that
P(p) = AI. Computing the trace of both members we obtain:

tr (P(p)) = 3 P(R)x, (k) = Ad,.

heG
U

Theorem 3.9.8 (Fourier’s inversion formula) For a function P €
L(G) the following formula holds:

P(g) ‘G|Zdtr( ﬁ()) Vg € G.
peG

In particular if Py, P, € L(G) satisfy the condition J/D;(p) = E(p) for
every p € G, then we have P, = P,.

Proof We know, by Theorem 3.7.11, that the coefficients ,/l%”luf) o

computed with respect to an orthonormal basis {v{, v, ..., vj } for all
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pE CA;? constitute an orthonormal basis in L(G). Then also the conju-

gates 4/ Icé‘ u; ; form an orthonormal basis and therefore we can express
every function P € L(G) as

Pl9) |G|Zd Z< f, ) (o), (3.18)

where 1 <4, j < d,. Werecall that P(p) = > gec P(9)p(g) and vy ;(g) =
(p(g)vf,vy), Wthh implies that

Pl) = 3" Plo)ul () = 3 Plo)plg)ef, o) = (P(p)of,of)

geG geG
(3.19)
and
d, d,
Z< D)W (9) = D0 (Plo)elof ) (of plo)ef)
dﬂ
= > (Plo)of, 0 ) {plg ™l o)

=tr (p(g‘l)ﬁ(p)) :

where the last equality follows from (3.14). Therefore, taking into ac-
count (3.18), the statement follows. O

The Fourier inversion formula shows that every function in L(G) is
uniquely determined by its Fourier transforms with respect to the ir-
reducible representations; moreover it gives an explicit way to express
a function P as linear combination of an orthonormal system. Finally
from this analysis we can deduce that the algebra L(G) is isomorphic to
a direct sum of matrix algebras namely L(G) ~ @pe@de where My,
is the algebra of d, x d, matrices over C (this fact will be exploited in
Section 9.5). In partlcular defining C(G) = EBpeG{P( ) : P € L(G)},
then the following holds.

Corollary 3.9.9 The Fourier transform L(G) 5 P+~ P € C(G) and the
map C(G) 3 Q = Q € L(G), where Q(9) = &y 2 e dotr(p(g7")Q(9)),

are bijective and inverses one of each other. Moreover, C(G) =
69peG HOT)’L(VP)
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Theorem 3.9.10 The characters {x,, p € (A?} constitute an orthogonal
basis for the subspace of central functions. In particular |G| equals the
number of conjugacy classes in G.

Proof We have already showed (cf. Proposition 3.7.2 and Proposi-
tion 3.7.4) that the characters of irreducible representations are central
functions pairwise orthogonal if the representations are inequivalent. If a
central function P is orthogonal to these characters, by Proposition 3.9.7
we have ﬁ(p) =0forall pe G and therefore by Fourier’s inversion for-
mula we have P = 0. Therefore the characters are an orthogonal basis
of the subspace of central functions which has dimension equal to the
number of conjugacy classes (Lemma 3.9.4). |

Exercise 3.9.11 (1) Use Theorem 3.9.10 to prove that a finite group
G is abelian if and only if its irreducible representations are all one-
dimensional.

(2) More generally, prove that if a group G contains a commutative
subgroup A, then d, < |G/A]| for all p € G.

Proposition 3.9.12 (Plancherel’s formula) Let P and @ be func-
tions on G. Then we have

1 D A *
(P.Q) = g7 3 dotr (P0)QG)") (3.20)

peé

Proof 1t is analogous to that one used for the Fourier inversion formula
(Theorem 3.9.8). Indeed, starting from the formula

dy L -
(P.Q) = Z(Z] Z <Pv“ip,j> <“ﬁij>’

peG 1,7=1
one can use (3.19) to show that

dp

(P,Q) = ﬁ Z d, Z <I3(p)v§-’,vip> . <vf,@(0)1}§-’>

pcl =1

= & Xt (Po)@ler).

peG
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Exercise 3.9.13 From the orthogonality relations for the characters of
the irreducible representations:

1 - ~
@ Z Xp1(9)Xp2(9) = 0prpos P1,p2 €G (3.21)
geG

deduce the dual orthogonality relations:

—_— G
Z Xp(t1)Xp(t2) = |C|,(t|1)|5t1,t2 t1,t2 €T

peé

where T" C G is a set of representatives for the conjugacy classes of G
and C(t) = {g~'tg : g € G} denotes the conjugacy class of t € T

We end this section with a simple property of the convolution of matrix
coefficients.

Lemma 3.9.14 Let p,o € G and denote by up; and uf 1 <i,5 <d,
and 1 < h,k < d,, the corresponding matriz coefficients (with respect to
orthonormal bases on V,, and V,, respectively). Then

G|

o _ ) p
*Up o = 75]>h5/)70ui,k'

u dp

%]

Proof Using first (ii) in Lemma 3.6.4 and then the orthogonality rela-
tions in Lemma 3.6.3 we have

[+ uf, kl(g) = D ul j(9s)uf k(™)

seG
d/’
=> ul ()Y uf (s)ug ,(s)
=1 seG
d
- G
- ZUZ[(Q)(sZ,k(sj?h%é'p’U
(=1 P
_ g

7p5j,h6p,auzk(g)~

3.10 Fourier analysis of random walks on finite groups

We recall that a probability measure on a group G is a function P : G —
R which satisfies the following conditions:
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(i) P(g) >0,vg € G;
(i) XgecPlg) =1.

It is easy to show that if P and @ are probability measures on G, so
is their convolution product @ * P, defined by

Q+P(g) =Y QP(h™'g) = > QMHP(k).

heG h,k€G:hk=g

Intuitively we can say that, if Q(g) represents the probability that the
element g is chosen according with the law defined by @, then @ x
P(g) represents the probability that g equals hk when we first choose k
according with the law P and after we independently choose h following
the law Q.

The uniform distribution is the probability measure U defined by
U(g) = I—é”Vg € G. Tt is characterized by the condition P * U =
U x P = U for every probability measure P, as easily follows from
U(gh) =Ul(g) Yg,h € G.

Let us explain the use of the Fourier analysis for random walks on
the group G. Suppose we have a probability measure P on the group
G. Then P induces a random walk on G in the sense that P(h™1g)
represents the probability to pass from the element A to the element g.
Suppose that @ is another probability measure. Interpreting Q(g) as
the probability to stay in the element g, we can say that @) represents
an initial distribution. If the transition from a state to the following
one is determined by P, we have that Q * P(g9) = >, .c Q(h)P(h™'g)
represents the probability to stay in the element g after one step.

Equivalently, if we define the |G| x |G| transition matrix P =
(p(h,g))h,gec by setting p(h, g) = P(h~1g) and Q represents the initial
distribution, then, after one step we are in g with probability >, . Q(h)
p(h,g) = Q*P(g). After n steps we are in g with probability »°, .~ Q(h)
p™(h,g) = Q * P**(g). Here (p(”)(h,g))hvgeG = P" is the transition
matrix corresponding to the nth convolution powers P*" = P % ---x P
of P.

In particular, if the initial distribution is the Dirac function 01, (that
is we start our process from 1¢), then the distribution after n steps is
simply P*™".x

If we use the Fourier inversion formula (Theorem 3.9.8) to express P

Pla) =G Y dytr (P(p)ols ™)

peG
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and we take in account Lemma 3.9.6 we obtain

Pg) = G171 Y dgtr (Pp) " pla™))

pGG

where P(p)™ is the nth power of the matrix Ig(p) While the matrix
P = ("9 gec = (P(h_lg))h’geg has dimension |G| x |G|, each
matrix ﬁ(p) has smaller dimension d, x d, and thus, at least in theory,
the computation of the nth powers should be easier. Obviously the
computation would be easier the smaller the dimensions d,, which in
any case should satisfy the constraint > a2 =G|

When G is abelian, Schur’s lemma (Lemma 3.5.1) implies d, = 1,Vp €
G. This is the easiest case (see the examples in Chapter 2) and the
setting the most similar to classical Fourier analysis, i.e. Fourier series,
that indeed are an important tool in analyzing classical random walks
(on Euclidean lattices).

We have to say that the computation of the nth powers of the matrices
ﬁ(p) is only in theory easier than the computation of the nth powers
of the matrix P(h~!g), since, in order to determine these matrices, a
detailed knowledge of the irreducible representations of GG is necessary.
The computation can be really easier if P satisfies certain symmetry
conditions that, in practise, arise very often. It could happen that the
matrices 13(p) reduce to matrices with only one nontrivial entry which is
on the diagonal. This radical but frequent simplification can be studied
in the framework of the so-called Gelfand pairs, that will be the object
of the next chapter.

3.11 Permutation characters and Burnside’s lemma
Let G be a group acting on a set 2. From now on, to denote the action
of an element g € G on a point w € €2, we shall simply write gw instead
of g-w.
Recall that the permutation representation of G on ) is the G-
representation (A, L(2)) defined by

A(9)f] (w) = fg™"w)

for all f € L(Q), g € G and w € Q. The permutation representation is
unitary with respect to the usual scalar product on L(2), namely

(fi, f2) =D fr(w)

weN
for f1, f> € L(9).
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The corresponding character x, that here we simply denote by x is
called the permutation character. Observe that the set {d, : w € Q} is
an orthonormal basis in L(Q2) and therefore the expression

X@) = (A9)0000) = Y (0gub0) = {w € Q1 gw=w}|, (3.22)
weN weN

which counts the points in 2 fixed by g € G, is called the fized point
character formula for a permutation representation.

The following lemma is usually called “the Burnside lemma”, but it
was known already to Cauchy, see [28, 171, 233].

Lemma 3.11.1 (Burnside’s lemma) Let G act on a set Q. The
following equalities hold true:

|G\ Z x(g ;} |Stabg(w)| = number of G-orbits in . (3.23)

Proof Let Qq,Q9,...,Q denote the orbits of G on Q. From (3.22) we
have

l—azx@ |Z\{wen g = w}|
geG

geG

= G €@ x =0}

:ﬁZngG:gw:w}\

weN

\GI > |Stabg(w

weN

Z > |Stabg (w

i=1 we;

zz o

i=1 we;

where in (x) we used (3.4). O
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Remark 3.11.2 There is a purely representation theoretical interpre-
tation of the Burnside lemma. We clearly have

|G‘ > x0) = g e 16) (324

where 1 denotes (the character of) the trivial representation. As we
have proved in Proposition 3.7.5, the right hand side of (3.24) denotes
the multiplicity of the trivial representation as a subrepresentation of the
permutation representation. But, by definition, the multiplicity of the
trivial representation inside a representation (p, V') equals the dimension
of the subspace W = {w € V : py(v) = v,¥g € G} of G-invariant
vectors in V. In our setting V = L(Q2) and W = @ Clq, where 1g,
denotes the characteristic function of the orbit €;, ¢ = 1,2,...,h and
this dimension is exactly dim(W) = h.

3.12 An application: the enumeration of finite graphs

In this section we present an interesting application of Burnside’s lemma,
namely the enumeration of isomorphism classes of finite graphs. First
of all, we need a preliminary result which is a first step towards the so-
called Polya—Redfield theory of enumeration under group actions (see
[156]).

Let X and Y be finite sets and denote by Y* = {f : X — Y} the set
of all functions from X to Y.

Suppose that a finite group G acts on X. Then G acts on YX by
setting

[9/1(z) = f(g™ @)

forallge G, feYX and z € X.
Fix g € G and consider the following equivalence relation on X: x ~
y if there exists ¢t € Z such that = g’y. Then denote by

4
j=1

the corresponding decomposition into equivalence classes. The subsets
X;(g) are called G-cycles. We also set £(g) := number of cycles of g on
X. Denote by C; = {g € G : £(g) = ¢} the subset of elements g € G
which induce a decomposition of X into exactly ¢ g-cycles.
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Exercise 3.12.1 Let g,h € G and let X = ]_[ﬁ:l X,(g) denote the
decomposition of X into g-cycles. Show that X = ]_[ﬁz1 hX;(g) is the
decomposition of X into hgh~!-cycles and deduce that the number ¢(g)
is a conjugacy invariant.

Lemma 3.12.2 The number of G-orbits on Y is equal to

|X|

1
@ZWH YL~ (3.25)
=1

Proof First observe that for ¢ € G and f € Y one has gf = f if and
only if f(g~'2) = f(x) for all z € X, that is if and only if f is constant
on each g-cycle on X. Therefore, if g has £(g) cycles on X, then the
number of G-fixed points in Y¥ equals the number |Y|(9). We then
deduce

|X|

1 1
@ZHJCGYX c9f = f} = @ZWM Y[,
geG =1
and the proof follows from Burnside’s lemma (Lemma 3.11.1). O

Let K, be the complete graph on n elements (see Example 1.8.1).
Then its edge set is E,, = {{i,j} : 1 <i# j <n}. The set of all simple
(and with no loops) graphs on given vertices 1,2, ...,n may be identified
with the set {0,1}¥». Indeed, for w : E, — {0,1} the corresponding
graph has edge set {e € E,, : w(e) = 1}. The symmetric group S,, acts
on E,, and the orbits on {0,1}F» correspond to the isomorphism classes
of finite simple graphs on n vertices.

Example 3.12.3 (Graphs on three vertices) Forn = 3 the complete
graph K3 is just a triangle.

e The trivial element 1g, has clearly three cycles, namely

Es = {1,2} [[{1.3} [[{2.3}.

e A transposition 7 has exactly two cycles: for instance for 7 =
(1,2) one has B3 = {1,2} [T {{1,3},{2,3}}.
e Finally, a nontrivial even permutation has only one cycle.

The formula (3.25) gives exactly £[2 x 2 + 3 x 22 + 1 x 23] = 4
nonisomophic graphs on three vertices, namely
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[ ] [ )
Figure 3.1. The graphs on three vertices

Example 3.12.4 (Graphs on four vertices) For n = 4 the complete
graph K, is as in Example 1.12.

e The trivial element 1g, has six cycles, namely

Ev= {12 {3 [ {4 [ T{2. 8 [ [H2 43 [ {3 43

A transposition 7 has exactly four cycles: for instance for 7 =
(1,2) one has

Ey={1,2} [T{3, 4} JT {{1,3},{2,3)} [T {{1,4},{2,4}}.

Note that there are six transpositions.

e A nontrivial product of commuting transpositions has four cycles:
for instance if 7 = (12)(34) one has

By = {12} [T 4 [T {030 {2 4 [ [ ({1, 4. {2.3}} .

Note that there are three such permutations.

A three-cycle has two cycles: for instance for 7 = (1,2,3) one
has

Ey={{1,2},{2,3},{1,3}} [T {{1.4}.{2,4}.{3,4}} .

Note that there are eight three-cycles.

Finally a four-cycle has again two cycles: for instance if 7 =
(1,2,3,4) one has

By ={{1,2},{2,3}. {3, 4}, {14} [ {{1. 3}, {2.4}}.
In this case we have six four-cycles.

Grouping together according to the size of the g-cycles we have Co =
84+6=14,C,=64+3=9,Cs =1 and C;, = 0 for all other ¢’s.
Then the formula (3.25) gives exactly 2;[14 x 22 +9 x 24 +1 x 26] = 11
nonisomophic graphs on four vertices, namely
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N N

X X WA

Figure 3.2. The graphs on four vertices

Exercise 3.12.5 (Graphs on five vertices) Work out the analogous
computations from previous examples for n = 5.

An entire book on applications of group actions to enumeration prob-
lems is Kerber’s monograph [143] (on the cover of that book there is the
picture (above) of the 11 nonisomorphic graphs on four vertices!).

3.13 Wielandt’s lemma

Theorem 3.13.3 below was surely known to Schur and possibly even
to Frobenius. A standard reference is the book by Wielandt [228]; for
convenience we refer to it as to “Wielandt’s lemma”. Before that, a few
observations.

Suppose we are given an action of a group G on a set X and denote by
X its permutation character. Then, the corresponding diagonal action
of G on X x X (see Example 3.1.16) has x? as permutation character.
Indeed

x(g)? =|{z € X : gz =2}

=H{z1 € X :gx1 =a1} |[{z2 € X : grg = 22} (3.26)

= [{(z1,22) € X x X : g(w1,22) = (z1,22)}].
Theorem 3.13.1 Let G act transitively on X = G/K. Denote by xo €
X the point stabilized by K and by X = Qo[- - 1 the decomposition
into K-orbits of X (with Qo = {x0}). Choose z; € Q; for all i =
0,1,...,n. Then the sets

G(z,20) = {(974,920) : g € G}

are the orbits of the diagonal action of G on X x X.
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Proof First of all, note that if (z,y) € X x X then there exist g € G,
ke K and i € {0,1,...,n} such that

(xay) = (l’,gl’o) = (gg_lx,gxo) = (gk.’l/'“gkl'()) € G(l’ial’o)-
Indeed G is transitive on X and we denote by Kx; = ; the K-orbit
containing g~ 'z. This shows that X x X = U G(x;,z0). It is also
easy to show that G(z;,x0) N G(xj,x0) = 0 if i # j, showing that the
union above is in fact a disjoint union. |

In other words, we may also say the following.

Corollary 3.13.2 Let © be a G-orbit on X x X. Then the set Q =
{r € X : (z,29) € O} is an orbit of K on X and the map © — § is
a bijection between the set of orbits of G on X x X (with the diagonal
action) and those of K on X.

It is also easy to see (exercise) that the map KgK — Kgxg is a
bijection between the double cosets of G modulo K and the orbits of K
on X.

Theorem 3.13.3 (Wielandt’s lemma) Let G be a finite group, K <
G a subgroup and denote by X = G/K the corresponding homogeneous
space. Let L(X) = @N  m;V; be a decomposition into irreducible G-
subrepresentations, where m; denotes the multiplicity of V;. Then

N
Zm? = number of G-orbits on X x X = number of K-orbits on X.

= (3.27)

Proof Denote by x the permutation character associated with the G-
action on X. We have

al 1
E 2 _

= ﬁ > x(9)?

geG
1
k) @ Z |StabG(.’IJ1,1’2)|
(z1,22)EX XX
=) NumMber of G-orbits on X x X

=.xxx) NUmMber of K —orbits on X



112 Basic representation theory of finite groups

where: =,y comes from Corollary 3.7.7; =,y is the combination of (3.26)

with the first equality in Lemma 3.11.1; =,,,) is nothing but the sec-
ond equality in Lemma 3.11.1 and, finally, =,,..) follows from previous
corollary. |

Remark 3.13.4 Again, the above formula can be viewed as follows

Gx) = (3 1)

so that the right hand side expresses the number of G-invariant sub-
spaces in the representation associated with the action of G on X x X.

The following is a slight but useful generalization of Wielandt’s lemma
(Theorem 3.13.3).

Exercise 3.13.5 Let G act transitively on two finite sets X = G/K and
Y = G/H. Define the diagonal action of G on X x Y by setting, for all
reX,yeY andge G

9(z,y) = (97, gy)-

(1) Show that the number of G-orbits on X x Y equals the number
of H-orbits on X which in turn equals the number of K-orbits on Y.

(2) Let L(X) = @icym;Vi and L(Y) = &cm;V;, I,J C G, be

the decomposition of the permutation representations L(X) and L(Y)
into irreducible representations. Denoting by I N J the set of indices
corresponding to common subrepresentations show that the number of
G-orbits on X X Y equals the sum ZieIﬁJ m;n;.
Example 3.13.6 Let now G = S, be the symmetric group of degree
n and X = {1,2,...,n} as in Example 3.4.5 (c). Denote by K the
stabilizer of the point 1 which is clearly isomorphic to S,,_1. We have
that K has exactly two orbits on X, namely {1} and {2,3,...,n}. From
Wielandt’s lemma (Theorem 3.13.3) it follows that L(X) decomposes
into two irreducible S,-representations, each with multiplicity one.

On the other hand, we have the decomposition L(X) = Wy @& Wy,
where Wy = {f : X — C,constant} is the trivial representation and
Wy ={f:X—=C, Z?=1 f(7) = 0}. Indeed these subspaces are clearly
Sp-invariant and orthogonal; moreover, given any f € L(X) we have

1 1
f—m;(f(wH f—X|Zf<x>]

zeX
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where the first summand belongs to Wy and the second one to Wj.
Therefore Wy and Wi are irreducible. Compare with Exercise 3.4.6.

Definition 3.13.7 Suppose that G acts on X. The action is doubly
transitive if for all (x1,z2), (y1,y2) € (X x X)\ {(z,z) : x € X} there
exists g € G such that gz; = y; for i =1, 2.

Exercise 3.13.8 Suppose that G acts transitively on X.

(1) Set Wy = {f : X — C,constant} and Wy = {f : X — C,
> zex f(x) = 0}. Prove that L(X) = Wy © W, is the decompo-
sition of the permutation representation into irreducibles if and
only if G acts doubly transitively on X.

(2) Show that the action of S, on {1,2,...,n} is doubly transitive.

(3) Prove that if the action of G on X = G/K is doubly transitive,
then K is a maximal subgroup (K < H < G infers H = K).

3.14 Examples and applications to the symmetric group

In this section we apply the results from previous section to some repre-
sentations of S, of small dimension. Consider the following homogeneous
spaces

Qnfl,l = Sn/(Snfl X Sl)
={1,2,...,n}

Qn—2,2 = Sn/(Sn—Q X 52)
={{i,j} 4,5 €{1,2,...,n},i # j}
= {2—subsets in {1,2,...,n}}

= {unordered pairs of distinct elements in {1,2,...,n}}

Qn—Q,l,l = Sn/(Sn—Q X 51 X Sl)
={(,j) 4,5 €{1,2,...,n},i #j}

= {ordered pairs of distinct elements in {1,2,...,n}}

where we regard S,,_; X 57 as the stabilizer of {1} and S,,_o x Sy and
Sp—2 x 51 x Sy as the stabilizers of {1,2} and (1, 2), respectively (that
is, Sp—2 acts on {3,4,...,n}, Sy acts on {1,2} and S; x S; reduces to
the trivial group acting as the identity on {1,2}).
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Set
Mn—l,l — L(Qn—l 1)

)

M”f272 = L(Qn72,2)
M’n*21171 = L(Qn—Q,l,l)'

1. We have the following decomposition into irreducibles
Mnfl,l N o Snfl,l (328)

where S™ = Wy and S"~1! = W as in Examples 3.4.5 (c) and 3.13.6.
2. The orbits of S,,_1 x S7 (the stabilizer of {1}) on Q,,_2 2 are exactly
two, namely {{1,5}:j€{2,3,...,n}} and {{i,j}:4,5€{2,3,...,n},
i#j}-

In virtue of Remark 3.11.2 the trivial representation S™ appears with
multiplicity one in M™~22. Also, by (3.28) and Exercise 3.13.5 we have
that the number of (S,_1 x Sy)-orbits on Q, 22 equals D, ;- min;
(here we use the notation from Exercise 3.13.5) so that, necessarily |I N
J| =2 (thus I C J) and m; =n; = 1 for all i € I. This shows that also
Sn—11 s contained in M"™~%2 with multiplicity one.

But the orbits of S,_s x Sy (stabilizer of {1,2}) on Q,_22 are ex-
actly three, namely {{i,j} € Qn_22: [{7,5} N{1,2}| =k}, £ = 0,1,2.
Therefore, by Wielandt’s lemma, M"™ 22 decomposes into three distinct
irreducible representations:

MP22 = g g gn 11 g gn—2:2 (3.29)

where S”~22, the orthogonal complement of S™ @ S”~ 1! in M"~22 i

a new (irreducible) representation.

3. The orbits of S,—1 x S1 (the stabilizer of {1}) on Q,,_2 1,1 are exactly

three, namely {(1,7) : j # 1}, {(j,1) : j # 1} and {(4,j) : 4,5 # 1}.
Therefore, by Exercise 3.13.5, and recalling that S™ has multiplicity

one, one deduces, as before, that
S"~11 has multiplicity two in M™%, 3.30)

(
Also, Sy,—2 2 has exactly four orbits on §2,,_2 1 1, namely {(1,2), (2,1)},

{(1,5),(2.5) -5 # 1,2}, {(:1),(45,2) : j # 1,2} and {(3,]) : 4,5 # 1,2}
Therefore, from (3.29) and (3.30) it follows that

S"~%2 has multiplicity one in M™~ %11, (3.31)

On the other hand, S;,_2 xS7 x.S1 has exactly seven orbits on 2,21 1,

namely {(172)}7 {(27 1)}’ {(17]) E 1}7 {(37 1) 1J# 1}7 {(Qa]) E 2}7
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{(4,2) : 7 # 2} and {(4,4) : 4,5 # 1,2}. Therefore, by Wielandt’s lemma,
(3.30) and (3.31), as 1 +22 + 1 = 6 (the first term corresponds to S,
the second one to S~ 1! and the last one to S"~22), we have

Mn2LL = g g ggnThl g gn22 g gnoB Ll (3.32)

where S”211, the orthogonal complement of S™ @ 28" 11 @ §7~22 in
M"=22 is a new (irreducible) representation.

Exercise 3.14.1 Let Xy, Xn—1,1,Xn—2,2 and xn—2,1,1 be the charac-
ters of the irreducible representations S™,S?~ 11 §7=2.2 and S7—2 L1
respectively.

For g € S,, we denote by a1(g) the number of fixed points of g and by
as(g) the number of two cycles in g; in other words we have

g = (i1) - (la,(g)) - (J1,J2) - - - (J2as(g)=1> J2as(g)) (K1 kaks - -+ ) - -+

(1) Show that

® xn-1,1(9) = a1(g) — 1 (see also Exercise 3.7.10)
* Xn-22(9) = 5 (a1(g) — 1) (a1(9) = 2) + az(g) — 1
* Xn—21,1(9) = 3 (a1(g) — 1) (a1(g) — 2) — az(g)

e Deduce that, in particular,

dimS™ Ml =n -1

dimS" 22 = <Z) —-n

dimS™ 1 = (n — 1) (n — 2)/2.
(2) Show that
(anl,l)Q = Xn T Xn—1,1 T Xn—2,2 + Xn—2,1,1- (3.33)

Exercise 3.14.2 Set Q,,_x 1 = S,/ (Sn—kxSk) = {k-subsets of {1,2, ...
n}} (we regard S,_j x Si as the stabilizer of the k—subset {1,2,...,k})
and denote by M" %k = L(Q, ) the corresponding permutation
representation.

Let now k € {0,1,...,[n/2]}.

(1) Show that

)

® Sp_k+1 X Sig—1 has k orbits on Q,,_j x
® S,_i x S has k+ 1 orbits on Q,,_ .
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(2) Use the previous part and the decomposition M"~ 11 = S" @
Sn=L1 (ie. (3.28)) to prove, by induction on n, that

o M™ F* decomposes into k+1 distinct irreducible representations;
o M™ F* contains all the irreducible representations in M7~ k+1.k-1
together with just one new irreducible representation, say S™ %%,

(3) Show that €,_j  is isomorphic to Q n,—k as S,-homogeneous
spaces and deduce from (2) that

Mok — @Ikni%{”*hvh}sn—k,k
for all h =0,1,...,n. Moreover dimS" %+ = (Z) - (kfl)

The results of this section will be generalized and completed in Chap-
ter 10 (see Example 10.5.15). See also Chapter 6.
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Finite Gelfand pairs

This chapter contains an exposition on the theory of (finite) Gelfand
pairs and their spherical functions. This theory originally was developed
in the setting of Lie groups with the seminal paper by I. M. Gelfand [98]
(see also [23]); another earlier contribution is the paper by Godement
[100].

Expositions of the theory in the setting of locally compact and/or Lie
groups are in Dieudonné’s treatise on analysis [71] and in the mono-
graphs by: Dym and McKean [82], Faraut [386], Figa-Talamanca and
Nebbia [91], Helgason [117, 118], Klimyk and Vilenkin [146], Lang [149]
and Ricci [180]. See also the papers by Bougerol [30].

Recently, finite and infinite Gelfand pairs have been studied in asymp-
totic and geometric group theory in connection with the so-called branch
groups introduced by R.I. Grigorchuk in [107] (see [15, 19]).

Several examples of finite Gelfand pairs, where G is a Weyl group or
a Chevalley group over a finite field were studied by Delsarte, Dunkl
and Stanton (see the surveys [77, 209, 211] or the book [146] by Klimyk
and Vilenkin). Delsarte was motivated by applications to association
schemes of coding theory, while Dunkl and Stanton were interested in
applications to orthogonal polynomials and special functions. For the
point of view of the theory of association schemes see the monographs
by Bailey [7], Bannai and Ito [12]; see also the work of Takacs [216], on
harmonic analysis on Schur algebras, that contains several applications
to probability.

Our exposition is inspired to the book by Diaconis [55] and to Figa-
Talamanca’s lecture notes [88]. The finite case is also treated in the
monographs by: Bump [37], I.G. Macdonald [165] and Terras [220]. See
also the papers by Garsia [97] and Letac [152, 153].

117
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Persi Diaconis used Gelfand pairs in order to determine the rate of
convergence to the stationary distribution of finite Markov chains. More
precisely, given a Markov chain which is invariant under the action of a
group G, its transition operator can be expressed as a convolution oper-
ator whose kernel can be written, at least in theory, as a “Fourier series”
where the classical exponentials exp(inz) are replaced by the irreducible
representations of the group G. This would, in theory, yield an analysis
of the convolution powers of the kernel and therefore of the powers of
the transition operator, in order to determine their asymptotic behav-
ior and related problems as the rate of convergence to the stationary
distribution.

This program, however, is not easy to handle, because on the one
hand, the irreducible representations of a finite group, although “known”
in theory, most often are in practice not suitable for concrete calculations
and, on the other hand, because the representations, being not neces-
sarily just one-dimensional, cannot lead to a complete diagonalization
of the transition operator, but just to a block decomposition.

There are however some cases where this Fourier analysis of the action
of a group over a finite set can be easily handled and reduced to an
essentially commutative analysis, even if the representations involved
still remain of dimension higher than one. This is indeed the case when
the action of the group on the set corresponds to a Gelfand pair.

4.1 The algebra of bi-K-invariant functions

Let G be a finite group and K < G a subgroup of G. We say that
a function f € L(G) is K-invariant on the right (resp. on the left) if
flgk) = f(g) (resp. f(kg) = f(g)) for all g € G and k € K. Denoting by
X = G/K the corresponding homogeneous space, one can identify the
space L(X) = {f : X — C} of all complex valued functions on X with
the L(G)-subspace of right- K-invariant functions; the isomorphism is in-
duced by the map in (3.3). It is given by the map f — fwhich associates
with f € L(X) the right-K-invariant function f € L(G) defined by

f(g) = f(gzo) (4.1)

where zg € X is the point stabilized by K.

We then say that f is bi-K -invariant if it is both K-invariant on the
right and on the left, that is f(kgk') = f(g) for all ¢ € G and k, k' €
K; in analogy with the previous situation, the space of bi-K-invariant
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functions can be identified with the space L(K\G/K) = {f : K\G/K —
C} of complex valued functions on K\G/K, the set of double cosets
KgK, g € G. In view of this identification, we denote by L(K\G/K) the
space of bi- K-invariant functions on G. Note also that in virtue of (4.1),
L(K\G/K) coincides with the subspace of K-invariant functions on X,
that is with L(X)X = {f € L(X) : f(kz) = f(z), Vz € X,k € K}. In
other words, the map KgK +— Kgxg is a bijection between K\G/K and
the set of K-orbits on X; compare with Corollary 3.13.2.

It is easy to see that given f1, fo € L(G), the convolution f1  f3 is left
invariant if fi is left invariant, it is right invariant if f5 is right invariant.
As a consequence of this, the right (resp. left) invariant elements in
L(G) form a subalgebra (indeed a right (resp. left) ideal) of L(G). The
same is true for bi-invariant elements (in this case we have a two-sided
ideal).

Note that if f1, fo € L(X) and ﬁ are the associated right- K-invariant
functions in L(G) given by (4.1), i = 1,2, then

(1, F2) ey = |K s f2) pix)- (4.2)
For f € L(G) set

1
(g) = ] > Fgk).

keK

The map f +— fX is the orthogonal projection of L(G) onto L(X).

Similarly we may define the map f +— ¥ & where
1
SO = gE 2 Sk, (4.3)
k' €K

This is a conditional expectation of L(G) onto L(K\G/K) (that is £ (f;
f*fo)E = fix KK« fy forall f1, f» € LIK\G/K) and f € L(Q)).

Remark 4.1.1 In the sequel we shall make use of the following ex-
pression for the total mass of a function in L(X). For f € L(X) we
have

1
> fw) = T > f(hao).

yeX heG
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Indeed, if hq, ho, ..., h; is a set of representatives for the right cosets of
K in G, so that G = H§=1 h; K, then

D fhao) =Y f(hikao)

heG i=1 keK

=3 fhizo)

i=1 keK

= |K\Zf(hixo)
= K> fy).

yeX

4.2 Intertwining operators for permutation representations

Given two representations (p1, V1) and (p2, V) of a group G we denote by

Homg(V1, Vo) ={T:V; = Va:
p2(9)[Tv] = Tlpi(g)v] for all g € G,v € Vi}  (4.4)

the space of operators intertwining (or, briefly, intertwiners of) the rep-
resentations (p1, V1) and (p2, Vo). T € Homg(V1, Va), we also say that
T is G-equivariant. Note also that if Vi3 = Va, then Homg(V1, V1) is an
algebra (see Definition 2.1.5): indeed it is closed under composition of
maps.

In our context we have the following important fact. First recall that
given two algebras A and B, an anti-isomorphism is a linear bijection
7 : A — B such that 7(aa’) = 7(a’)7(a) for all a,a’ € A.

Proposition 4.2.1 The algebra of operators intertwining L(X) with it-
self is isomorphic to the convolution algebra of bi-K -invariant functions;
in formulae: Homa(L(X), L(X)) =2 L(K\G/K).

Proof An operator T : L(X) — L(X) is expressed by a complex ma-
trix (r(z,9)), yex in the sense that T'f(z) = > v r(z,y)f(y). T
is an intertwiner or, what is the same, it is G-equivariant, it satisfies
the condition [A(g)(T'f)] = T[\(g)f] which yields r(g~'2,y) = r(z, gy),
equivalently, r(x,y) = r(gz, gy) for all z,y € X and g € G. This means
that r is constant on the orbits of G on X x X. Therefore, if x( is
the point stabilized by K, in virtue of Corollary 3.13.2, the function
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¥: X — C defined by ¢(z) = r(z,x¢), for all z € X is constant on the
orbits of K on X.
Hence, recalling Remark 4.1.1, if z = gz, one has

l‘ JL‘O i)
hxo) f(h
heG
|K\ > r(h™ gao, o) f (hao) (4.5)
heG
TS ‘Zf hao)yp (b~ gxo).
heG

If ¢ € L(G) is defined as in (4.1), the correspondence T = (r(z, Y) e yex

+ 1) is an anti-isomorphism. Indeed if S = (s(z,¥)), yex = ¢, where
¢ € L(X) is defined by ¢(x) = s(z,x0), then, for x = hay and z = tay,
one has

Zr(x,y)S(y, ) |K‘ Z th,ngO) (gxo,tl'o)

yeX g€G
|K\Z (9~ hag, o)s(t™ go, o)
9€G
|K\ 20
geG

In order to have an isomorphism, set, for all £ € L(G), £(g) = &(g~");
then the correspondence T + (1) is the desired isomorphism (note
that ¢ — ¢ is an anti-automorphism of the group algebra L(G) with
L(K\G/K) an invariant subspace). O

Exercise 4.2.2 Let ¢ € L(G). Using the notation from Example 3.4.1
and Exercise 3.4.2, show that

(1) Ag(g)f =04 f for all f e L(G) and g € G;

(2) pc(g)f = fxdg— forall feL(G)and g € G.
Then deduce the following.

(3) The operator T : L(G) — L(G), defined by T'f = f 1, for all
f € L(G), commutes with Ag.

(4) The operator T : L(G) — L(G), defined by T'f = ¢ * f, for all
f € L(G), commutes with pg.
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This explains the reason why the map T +— {/; in the proof of Propo-
sition 4.2.1 is an anti-isomorphism: T acts on the “left”, while the
convolution is expressed as multiplication on the “right”.

Remark 4.2.3 (4.5) may be written in form of convolution

e

Tf = gl ¥

where we used the notation in (4.1). The function v is called the
convolution kernel of T.

In the following exercise we sketch an alternative and more combina-
torial description of Homg (L(X), L(X)).

Exercise 4.2.4 Let G be a group acting transitively on a set X. Let
©9,01,...,0N be the orbits of G on X x X (with ©g = {(x,2) : x € X})
and set

Af@)= Y )

yeX:(2,y)€0;

for f € L(X). Define
Eij(r,y) ={z€X:(z,2) €0, and (2,y) € ©,}.
Show that
(1) Ag,Aq,...,An constitute a basis for Homg ((L(X), L(X)).
(2) |Z;(z,y)| =: &,;(s) only depends on the G-orbit ©, containing
(z,9).

(3) AA; = Zivzo & j(s)Ag and Ay is the identity.
(4) There is a bijection i — ¢’ such that AF = A,

Exercise 4.2.5 Suppose that G acts transitively on X = G/K and Y =
G/H. Show that the vector space Homg(L(X), L(Y)) is isomorphic to

L(K\G/H)={f € L(G) :
f(kgh) = f(g) for all g € G,k € K and h € H},

the space of K-H-invariant functions on G. Compare with Exercise
3.13.5.
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4.3 Finite Gelfand pairs: definition and examples

Definition 4.3.1 Let G be a finite group and K < G a subgroup.
The pair (G, K) is called a Gelfand pair if the algebra L(K\G/K) of
bi- K-invariant functions is commutative.

More generally, if G acts transitively on a finite space X, we say that
the action defines a Gelfand pair if (G, K) is a Gelfand pair, when K is
the stabilizer of a point zg € X. Note that if gzg = = then K’ := gKg~!
is the stabilizer of z and (G, K) is a Gelfand pair if and only if (G, K')
is a Gelfand pair (as it easily follows from the definition of convolution):
the algebras L(K\G/K) and L(K'\G/K') are isomorphic (exercise).

Example 4.3.2 (Symmetric Gelfand pairs [153]) Let Gand K < G
be finite groups. Suppose that for any g € G one has ¢~ ! € KgK. Then
(G, K) is a Gelfand pair. In this case we say that (G, K) is symmetric.

Proof Observe that if f € L(K\G/K), under our hypothesis we have
f(g7") = f(g). Then for f1, f» € L(K\G/K) we get

1% f2l(9) = filgh) (™)

heG

= Z f1(gh) f2(h)

heG
setting t = gh

=" h®)fa(g7

teG
=Y folg ')A
teG
= [fax Aillg™") = [f2* fill9),
showing that L(K\G/K) is commutative. O

A straightforward generalization is the following:

Exercise 4.3.3 (Gelfand’s lemma [55]) Let G and K < G be finite
groups. Suppose there exists an automorphism 7 of G such that g~ ! €
K7(g)K for all g € G. Show that (G, K) is a Gelfand pair. We then say
that (G, K) is weakly symmetric.

In Example 9.6.1 we present an example of a finite Gelfand pair which
is not weakly symmetric.
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We now use the following notation: if a group G acts on a set Y, for
two elements x,y € Y we write z ~ y if there exists ¢ € G such that
gr =y (equivalently if  and y belong to the same G-orbit: Orbg(z) =
Orbe(y))-

Lemma 4.3.4 Let X be a finite set and G a group acting transitively
on it. Let xg € X and K = Stabg(xo) = {k € G : kxg = x¢} be a point
of X and its stabilizer. The following are equivalent:

(i) For allz,y € X one has (z,y) ~ (y, ) with respect to the action
of G on X x X.
(i) g7' € KgK for all g € G.

Proof (i) = (ii): As (w0, 9™ 'w0) = g~ (920, 20) ~ (920, 20) ~(i) (0, 920),
there exists k € G such that k(zo, g 'z0) = (20, gz0), that is kg~txg =
gxo and kxg = x0, i.e. k€ K. The first condition then gives g kg~ 'zg =
xg ie. g7'kg™! € K and thus ¢~ ! € KgK.

(ii) = (i): Let t, s € G be such that x = tzy and y = tsxg. Moreover
let ki, ks € K be such that s~! = kysks. Then:

( ) (‘T()v ) (:C07t71y) = (IONSIO)
= s(s 'wo, o) ~ (s wo, o) = (k1skawo, o)
( 181’0,1’0) = kl(s:vo, k;lfL'o) = kl(sxo,ito)
~(

ST, Z‘Q) (t_ly,xo) ~ t(t_ly,xo) = (ya x) O

Exercise 4.3.5 With the notation of Exercise 4.2.4 show that
(1) (Orbit criterion) (G, K) is a Gelfand pair if and only if

§i7j(s) = fj,i(s) for all i = 0, 1, ey N. (46)

(2) (G, K) is symmetric if and only if ¢/ = ¢ for all4 =0,1,..., N.

Definition 4.3.6 Let (X,d) be a finite metric space and G a group
acting on X by isometries (i.e. d(gz,gy) = d(z,y) for all z,y € X and
g € G). The action is 2-point homogeneous (or distance-transitive) if for
all (z1,y1), (z2,y2) € X x X such that d(z1,y1) = d(x2,y2) there exists
g € G such that gr; = x9 and gy; = yo.

From Example 4.3.2 and the previous lemma one deduces immediately
the following.
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Example 4.3.7 Let (X,d) be a finite metric space on which a finite
group G acts isometrically and 2-point homogeneously. Fix x¢g € X and
denote by K = {g € G : gxo = zo} the stabilizer of this point. Then
(G, K) is a symmetric Gelfand pair. Indeed d(x,y) = d(y,z) and thus
(z,y) ~ (y,z) for all z,y € X.

We observe that the K-orbits of X are exactly the spheres {x € X :
d(x,z9) = j}, 7 = 0,1,2,... Therefore a function f € L(X) is K-
invariant if and only if it is constant on the spheres (i.e. it is radial).

In this setting we can introduce the Markov operator M : L(X) —
L(X) defined by

Mfl(@) = e dmy) o 2 (4.7)

d(z,y)=1

Exercise 4.3.8 Show that M is the convolution operator (see Re-
mark 4.2.3) with kernel Ig—lﬂlgl, where O = {z € X : d(x,x0) = 1}
is the unit sphere centered at xzg.

4.4 A characterization of Gelfand pairs

Definition 4.4.1 A representation (p, V') of a group G is multiplicity-
free if all the irreducible subrepresentations are pairwise nonequivalent,
in symbols p = @, p;, p; irreducible, p; o p; if @ # j.

We can now prove the following fundamental characterization of
(finite) Gelfand pairs.

Theorem 4.4.2 Let K < G be finite groups. Set X = G/K. The
following are equivalent:
(i) (G, K) is a Gelfand pair, i.e. L(K\G/K) is commutative;
(i) Homg(L(X), L(X)) is commutative;
(iii) the permutation representation L(X) is multiplicity-free.

Proof The equivalence (i) < (ii) follows immediately from Proposi-
tion 4.2.1.

(iii) = (ii): Suppose now that L(X) is multiplicity-free, that is L(X) =
®N Vi with Vg, Vi, ..., Vy inequivalent irreducible representations. Let
T € Homg(L(X), L(X))
to V;. If T; is not trivial, then as Vj; is irreducible, it has to be injec-
tive and therefore {Tv : v € V;} is a G-invariant subspace isomorphic
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to V;. Hence, by multiplicity-freeness, it coincides with V; and by Schur’s
lemma (Lemma 3.5.1), there exists A; € C such that Tv = \;v for all
v eV

Since any f € L(X) decomposes uniquely in the form f = vy +
v1 + -+ 4+ vy, with v; € V;, by the above we have that for every
T € Homg(L(X), L(X)) there exist Ag, A1,..., Ay € C such that

N
Tf=) X\ (4.8)
=0
If S € Homg(L(X), L(X)), say Sf = 32N pivi, then

N
STf = pirv; =TSf
i=0
for all f € L(X), showing that Homg(L(X), L(X)) is commutative.
(ii) = (iii): Suppose that L(X) is not multiplicity-free. Thus there
exist two orthogonal irreducible isomorphic subrepresentations V' and
Win L(X); let R: V — W be such an isomorphism. Denote by U the
orthogonal complement of V@& W, so that L(X)=VeoWaU.
We define two linear operators S, T : L(X) — L(X) by setting

T(v+w+u)=Rov

S(w+w+u) =R tw
forallv e V,w € W and v € U. We have that T,S € Homg(L(X),
L(X)); for instance

TA(g)(v+w+u) =T(A(g)v+ Ag)w + A(g)u)
Ag)v
(9)

= A9)

[
> X

Rv
T+ w+ u).

But ST # TS (for instance, (ST)|lw = 0 and (7'S)|lw = Iw) and
therefore Homa(L(X), L(X)) is not commutative. O

From Theorem 4.4.2 and its proof, we can deduce further important
facts. Regard the N + 1 dimensional space CV*1 as an algebra under
the coordinatewise multiplication

(ao,01,...,an) - (Bo,B1,...,0n) = (aofo,01B1, ..., anfN)

for any (0070‘15"'aa1\7)7(605517" 761\/) € (CN+1'



4.5 Spherical functions 127

Corollary 4.4.3 Let (G, K) be a Gelfand pair and L(X) = ®N.,V; be the
decomposition of L(X) into irreducible inequivalent subrepresentations.
Then
(i) If T € Homg(L(X), L(X)) then any V; is an eigenspace of T'.
(ii) If T € Homg(L(X),L(X)) and X; is the eigenvalue of the re-
striction of T to V;, then the map

T’—)()\o,)\l,...,)\]v)

is an isomorphism between Homg(L(X), L(X)) and CN*+1,
(ifi) N + 1 = dim(Homg(L(X), L(X))) = dim(L(K\G/K)) = num-
ber of orbits of K on X.

Proof It suffices to observe that any (Ao, A1,...,Ax) € CNVT! defines,
via (4.8), a (unique) T' € Homg(L(X), L(X)). O

We end this section with a useful criterion for Gelfand pairs.

Proposition 4.4.4 Let G be a finite group, K < G a subgroup and
denote by X = G/K the corresponding homogeneous space. Suppose
we have a decomposition L(X) = ®F_,Z; into pairwise inequivalent G-
subrepresentations with h+1 = the number of K-orbits on X. Then the
Zy’s are irreducible and (G, K) is a Gelfand pair.

Proof Refine if necessary the decomposition with the Z;’s into irre-
ducibles as in the statement of Wielandt’s lemma (Theorem 3.13.3).
Then h+1 < % m; < TN m2 (the first inequality comes from the
refinement) and the Wielandt lemma forces h = N and m; = 1 for all
1’s, concluding the proof. |

4.5 Spherical functions
From now on we suppose that (G, K) is a Gelfand pair. The purpose
of this section is to introduce the spherical functions and to charac-

terize the multiplicative linear functionals on the commutative algebra
L(K\G/K).

Definition 4.5.1 A bi-K-invariant function ¢ is called spherical if it
satisfies the following conditions:
(i) for all f € L(K\G/K) there exists Ay € C such that ¢* f = \;¢;
(i) ¢(lg) = 1.
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Remark 4.5.2 The constant function ¢(g) = 1 is clearly spherical. The
condition (i) means that ¢ is an eigenfunction for every convolution op-
erator with a bi-K-invariant kernel, equivalently, by Proposition 4.2.1,
for every T' € Homg(L(X), L(X)). From (ii) it follows that the corre-
sponding eigenvalues are the numbers Ay = [¢ * f|(1¢) = T[¢](1c).

We will show that nonconstant spherical functions exist and we will
describe all of them. In particular spherical functions are matrix coeffi-
cients of irreducible representations and form an orthogonal basis of the
space L(K\G/K) of all bi-K-invariant functions.

Spherical functions may be characterized in terms of a functional
equation as follows.

Theorem 4.5.3 A bi-K-invariant nonidentically zero function ¢ is
spherical if and only if

% " 6(gkh) = 6(g)6(h) (4.9)

keK
forall g,h € G.

Proof Suppose that ¢ € L(K\G/K) satisfies the functional equation
(4.9). Taking h = 1¢ yields

6(g) = ﬁ S 6(gk) = 6(9)6(10)

keK

so that ¢(1g) =1 as ¢ is not identically zero.
If f € L(K\G/K), then, for any k € K

6% fl(g) = > dlgh) f(h™")

heG

= 3" lgh) f(h k)

hed

(setting t = k~1h)

= dlgkt)f(t™)
teG

(averaging over K)

- % SOS blgkt) £+

teG keK

=¢(g9) > o) f(t™)

teG

= {lo* f1(1e)}¢(9)-
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Vice versa, if ¢ € L(K\G/K) is a spherical function and g, h € G, set

= > ¢(gkh).

keK

With f € L(K\G/K) and g¢,¢g; € G we then have

[Fox fllg) =D > dlgkgh) f(h")

heG keK

= (¢ fllgkg)

keK (4.10)
=6+ f1(1c) Y b(gkg1)

keK

=[x fl(1a) Fy(g1)-

On the other hand the function

= > f(hkg)

keK

is also bi-K-invariant and

[ Jgl(1e) = > o(h™) > f(hkg)

heG keK

=2 > o7

k€K heG
= |K][¢* f1(9)-

Therefore,

[Fy* f1(g1) Zz¢gkglh )

heG keK

=3 dgh)f(hkgr)

heG keK
= [0 Jp)(9) (1)
=[¢+ J5,](16)9(9)
= |K[[¢* fl(91)¢(9)
= |Kl[¢* fl(1a)¢(91)9(9)-
Since for some f € L(K\G/K) the value [¢ * f](1g) # 0, from (4.10)

and (4.11) we conclude that F,(g1) = |K|o(g1)#(g), i.e. that ¢ satisfies
the functional equation (4.9). O
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Lemma 4.5.4 Let ¢ be a spherical function and let ® be the linear
functional on L(G) defined by

o(f)=>_ flg)olg™ ). (4.12)

geG

Then ® is multiplicative on L(K\G/K), that is, for any fi1,fs €
L(K\G/K),

Vice versa every nontrivial multiplicative linear functional on L(K\G/K)
is determined by a spherical function as in (4.12).

Proof Let ® be as in (4.12), with ¢ spherical. Note that ®(f) = [f *
®](1g). Then, for any k € K,

O(f1* fo) = [(fr * f2) * 8](1c)
= [fix(f2*9)l(1c)
={fix[(f2x8)(1c)¢]} (1c)
= [fi x¢l(1c)[f2 = ¢](1c)
= O(f1)®(f2).

Conversely, suppose that ® is a nontrivial multiplicative linear func-
tional on L(K\G/K). Observe that ® may be extended to a linear
functional on the whole L(G) by defining ®(f) = ®(X f&) (see (4.3)).
Therefore there exists an element ¢ € L(G) such that

H=> floeg™

geG
If f is bi-K-invariant then

- X S e = s XY etk

k,k'eK geG geG k,k'eK

Therefore, the function ¢ may be replaced by the function ¥ ¢%, that
is we may suppose that ¢ is bi-K-invariant. Since ® is multiplicative
on L(K\G/K),
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O(f1x f2) = > [f1* fal(g7)e(9)

geG

= > Alg ' W (7 )él9)
g,heG

= Y [6x Al LM
heG

must equal

O(f1)2(f2) = Y B(f1)p(h) fo(h ™)

heG

for every bi-K-invariant function fy. Therefore the equality [¢* f1](h) =
®(f1)¢(h) holds. Taking h = 1, and observing that, by definition,
[¢* f1](1g) = ®(f1), one also obtains ¢(1g) = 1. In conclusion ¢ is a
spherical function. O

Remark 4.5.5 Some authors, for instance Dieudonné [71], define the
multiplicative functional in (4.12) with g in place of g~!, in other words
(f) = Xyec f(9)9(g9). Note that, however, the two definitions are
in fact equivalent, up to exchanging the spherical function with its
conjugate (cf. Proposition 4.5.7 and Remark 4.8.5).

Corollary 4.5.6 Let (G, K) be a Gelfand pair. The number of dis-
tinct spherical functions equals the number of distinct irreducible sub-
representations in L(X) and therefore equals the number of K-orbits
on X.

Proof Let N +1 denote the number of irreducible subrepresentations in
L(X). Then, by Corollary 4.4.3, L(K\G/K) is isomorphic to CN*1 as
algebras. Now a linear multiplicative functional ¥ on CV*1! is always of
the form

U(ag,aq,...,0aN) = ;

for some j = 0,1,..., N (by linearity, ¥(ag, a1, ...,an) = Zz]io a; o)
then the multiplicativity implies that there exists j such that a; = 1 and
a; = 0if i # j). Therefore L(K\G/K) = CN*! has exactly N + 1 mul-
tiplicative linear functionals. Thus, by the previous lemma, the number
of spherical functions is exactly N + 1. O
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We end this section by proving that distinct spherical functions are
orthogonal; indeed we show even more. We state all these important
properties as follows.

Proposition 4.5.7 Let ¢ and 3 be two distinct spherical functions.
Then

(i) o(g™") = dlg) for all g € G;

(i) ¢ =0;

(iii) (A(g1)@, A(g2)¥) =0 for all g1, 92 € G;
(iv) ¢ and ¢ are orthogonal (i.e. {(p,v) =0).

Proof Set ¢*(g) = ¢(g—') and observe that, by definition of spherical
functions, one has ¢* x ¢ = [¢* * ¢](1g)¢ = ||#]|?¢. On the other hand,

[0 % 6)(9) = [0 * ¢l(g71) = [9* x ¢](1c) - 6(g1) = | 8lI*d(g~")

and we get (i).

Let now ¢ and v be spherical functions. By commutativity, [¢px](g) =
[@ * ¥](1g)¢P(g) must equal [t * @](g) = [¢ * d](1g)¥(g). Therefore, if
b # 1, necessarily [¢+ $](1g) = [1 * ¢](1g) must vanish (which, by (i),
is nothing but (iv)) and therefore ¢ x 1) = 0 that is (ii).

(iii) follows immediately from (i) and (ii) as

(A(g1)¢, Mg2)¥) = (6, Mgy ' 92)v) = [& * ¥ (91 " g2)-

4.6 The canonical decomposition of L(X) via
spherical functions

Suppose again that (G, K) is a Gelfand pair. In what follows, L(X) will
be systematically identified with the space of K-invariant functions on G.
Let N + 1 denote the number of orbits of K on X. We know that
L(X) decomposes into N 41 distinct irreducible subrepresentations and
that there exist distinct spherical functions, say ¢g = 1, ¢1,..., 0N
Denote by V,, = (Mg)¢n : g € G) the subspace of L(X) spanned by
the G-translates of ¢,,, n =0,1,..., N.

Theorem 4.6.1 L(X) = EBQ;O Vi, is the decomposition of L(X) into
irreducible subrepresentations.

Proof Each V,, is G-invariant and, by Proposition 4.5.7, if n £ m then
V,, is orthogonal to V,,,. By the above comment we have that the V;’s are
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distinct and that they exhaust the whole L(X): in other words ®@2_,V,,
is the direct orthogonal sum of N + 1 invariant subspaces. |

The representation V,, is called the spherical representation associ-
ated with the spherical function ¢,. In particular, Vj is the trivial
representation. Note that we are still dealing with equivalence classes
of representations. Therefore V,, is a concrete realization of an irre-
ducible representation as a subspace of L(X). However, any other
irreducible G-representation which is isomorphic to some V,, will still
be called spherical.

Let (p, V') be a representation of G. For a subgroup K < G denote by

VE ={veV:pkw=uv, forall k € K}

the space of K-invariant vectorsin V.

Theorem 4.6.2 (G, K) is a Gelfand pair if and only if dimV% <1 for
all irreducible G-representations V.
If this is the case, then V is spherical if and only if dimVFE = 1.

Proof Suppose that (G,K) is a Gelfand pair and let (p,V) be an
irreducible G-representation with dimVE > 1.

Fix a nontrivial invariant vector v € V¥. Then the linear oper-
ator T : V. — L(X), defined by setting Tv(g) = (v, p(g)u)y, is in
Homeg(V,L(X)). Indeed Tv is a right K-invariant function and

[Tp(h)v](g) = (p(h)v, p(g)u)v
= (v, p(h ' g)u)y (4.13)
= [A(h)(T)](9)

)

for all v e V and h,g € G.

In virtue of Schur’s lemma, V' ~ V,, for some spherical representation
V.

But if L(X) = ®X _,V,, is the decomposition of L(X) into irreducible
sub-representations, then N+41 equals the dimension of the space L(X)%
of K-invariant vectors (Corollary 4.4.3) and must be equal to S _ VX

m=0 "m

Since for all m, dimV,X > 1 (recall that the spherical function ¢,, € V.X)

m —
we have that dimV,X = 1 for all m so that dimV¥ = dimV X = 1.

Conversely, suppose that dimV® < 1 for all irreducible representa-
tions V. If L(X) = ZhH:O mp Wy, is the decomposition into irreducible
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sub-representations, where the my’s denote multiplicities, and N + 1 is
the number of K-orbits on X, then

H H H
Zm% =N+1= thdimW,f( < th
h=0 h=0 h=0

where the first equality holds in virtue of Wielandt’s lemma (see (3.27))
and the inequality comes from the hypothesis that the dimension of W/
is at most one. This forces my, =1 for all h =0,1,..., H so that L(X)
is multiplicity-free and, by Theorem 4.4.2 we are done. O

Remark 4.6.3 As L(X)X = @) VX we deduce that the spherical
functions ¢g, ¢1, ..., ¢ constitute a basis for the space of bi- K-invariant

functions in L(G) or, what is the same, of the K-invariant functions in
L(X).

From the above proof, we can extract a few more important results.
Often (see for example Sections 6.1 and 6.2) a spherical representation V'
is not directly realized as a subspace of L(X). Therefore it is important
to study the immersion of V into L(X).

Corollary 4.6.4 Let (p, V') be a spherical representation of the Gelfand
pair (G, K) and fiz a K-invariant vector u € VE of norm one: ||uly =
1. Then, the following holds.

(i) The map T : V — L(X) defined by

To)(g) = w@,mg)wv

is an isometric immersion of V into L(X);
(i1) @(g) = (u, p(g)u)y is the spherical function in T(V) < L(X)

associated with V ;

(ii1) 11613 x) = gy

Proof (i) We already proved that T intertwines the representations V'
and L(X) in (4.13). Now, set d = dimV and fix an orthonormal basis
{uy,us,...,uq} for V- with u; = u. Then, setting for all j =1,2,...,d,
a; = (v, u;), we have that for any v € V
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1707 x (v, p(g)u)v |?
LX) = |K| |X\ Z

G| Z Z aiaj(ug, p(g)ur)v(p(g)u1, uj)v

geGi,j=1
nmm
e
= |lvll¥

where the last but one equality follows from the orthogonality rela-
tions for matrix coefficients in Lemma 3.6.3 and the equality ||v]|3, =

d 2
Zj:l |aj |

(ii) In virtue of the preceding theorem, the spherical function ¢ in
the spherical representation T'(V) may be characterized as the unique
left K-invariant function in T'(V') such that ¢(1¢) = 1. Therefore ¢ =

Xy = ¢.

(iil) is an immediate consequence of (i) and (ii). O

4.7 The spherical Fourier transform

Let (G, K) be a Gelfand pair and X = G/K the corresponding homo-
geneous space. In this section we regard L(X) as the space of complex-
valued functions on X.

Let L(X) = @ ,V; be the decomposition of L(X) into irreducibles.
Fori=0,1,2,..., N, let ¢; be the spherical function in V;, also viewed
as a (K-invariant) function on X, and set d; = dimV;. As a consequence
of Proposition 4.5.7 and Corollary 4.6.4 (see also Remark 4.6.3) we get:

Proposition 4.7.1 The spherical functions form a basis for the space
of K-invariant functions in L(X) and satisfy the orthogonality relations

— X
> gilx)gs(x) = |dl‘5ij i,j=0,1,...,N. (4.14)
zeX o

The spherical Fourier transform Ff of a K-invariant function f in
L(X) is defined by:
i)=Y f@)@), i=01,...,N
reX

ie. (Ff)(@) = (f,¢:), where i indicates the ith irreducible G-sub-
representation (namely V;).
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The inversion formula

N
fm:§2Mﬂmmm (4.15)
1=0

and the Plancherel formula
(fi, f2) = ‘X|Zd (F 1)) (Ff2) (i)

(in particular, | f||* = ﬁ Eij\io d;| Ff(i)|?) are easy consequences of
Proposition 4.7.1.

We now show how the above inversion formula can be deduced from
the Fourier inversion formula presented in Theorem 3.9.8.

Proposition 4.7.2 Let f be a bi-K -invariant function on G and (p;, V;)
an irreducible spherical representation, with dim(V;) = d;. Then there
exists an orthonormal basis in V; such that the matriz representing the
operator J/"\(pl) takes the form

£ 0 - 0
0 o0

and the nontrivial entry is nothing but |K|F f(i). Moreover if (m,W) is
an irreducible nonspherical representation then f(mw) = 0.

Proof First observe that the operator ﬁ > kex Pi(k) is the orthog-
onal projector onto the one-dimensional subspace VX. Therefore if
{v1,v2,+++ ,v4,} is an orthonormal basis of V; with v; € V;X and (I,m) #
(1,1) we have, for any bi-K-invariant function f,

o~

(Flpiosvm) =D (f(9)pilg)vr, vm)

geG

(K1gka)pi(9)v1, vm
-2 Z T 32 sk )
—Zf LMZM%MW‘thW
9'eG ko€ K kieK

=0.
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Moreover

< pi)v1,v1) Zf ¢z = |K[Ff(i).

geG

The fact that f(ﬂ) vanishes if 7 € G is not spherical can be proved
similarly and this ends the proof. Ul

Exercise 4.7.3 Prove that the above properties of the Fourier trans-
form of an irreducible representation characterize the bi-K-invariant
functions.

Exercise 4.7.4 Deduce the (spherical) Fourier inversion formula for
bi- K-invariant functions from Theorem 3.9.8.

Now we give the spectral analysis of a G-invariant operator on L(X) in
terms of the spherical Fourier transform of its convolution kernel (see
Remark 4.2.3). Recall (Corollary 4.4.3) that each subspace V; is an
eigenspace for every T' € Homg(L(X), L(X)).

Proposition 4.7.5 Suppose that T € Hom(L(X),L(X)) and that ¥
(which is a K-invariant function in L(X)) is its convolution kernel.
Then, the eigenvalue of T corresponding to V; is [Fu](1).

Proof To compute the eigenvalue of Ty, it clearly suffices to compute
T(¢;). From Remark 4.2.3 and Definition 4.5.1 it follows that (using the
notation from (4.1))

[T'¢:](gz0) = i x1)(g)

1
&

_ ﬁ@- «90)(16)bi(9)

me )i (h™1)éi(9)

heG
= [FY](i)¢i(go)
where the last equality follows from (i) in Proposition 4.5.7. |
Remark 4.7.6 In particular, if ¢ is the characteristic function 1q of a

K-orbit € in X, then the eigenvalues of the corresponding convolution
operator are given by

[FLo](i) = |26i(x) (4.16)

where  is any point in Q (recall that ¢, is constant on ).
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Exercise 4.7.7 Deduce Remark 4.7.6 from the functional equation (4.9)
in Theorem 4.5.3.

Definition 4.7.8 If fi, fo € L(X) are K-invariant, we can define their
convolution as the K-invariant function on X corresponding to ﬁ fixfo.

With the same argument in the proof of Proposition 4.7.5 one can
prove the following.

Proposition 4.7.9 F(f1 x f2) = F(f1)F(f2).

We end this section by giving a formula for the projection onto the
irreducible subspaces V;’s.

Proposition 4.7.10 The orthogonal projection E; : L(X) — V; is given
by the formula:

(Eif)(gzo) = \X|< Ag)di) Lx) (4.17)
for every f € L(X) and g € G.

Proof Define E; by the above formula. From Proposition 4.5.7 it follows
that if j £ ¢ and h,g € G then
d;
(A(h)¢;, Mg)¢i) L(x) = 0.

{Ei[Ah)¢;]}Hgzo) = X

Therefore, since V; is spanned by the functions A(h)¢;, this proves
that ker F; O @;+;V;. Moreover

(A(h) i, N9) i) Lix) = (Dis AT 9) i) 1ox)
= |K|Z<z>z )bi(g~1ht)

teG
(by Proposition 4.5.7)

|K| Z(bl (bl t_lh g)

ted
= ﬁ[@ *$i](h"g)
(by Definition 4.5.1)

- %[&i « 6i(16)6i(h )
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Cil?
- i (h
K| Gi(h™g)

IXI

(')
(by Corollary 4.6.4)
= Hlpmsiige
and this proves that E;[A(h)é:] = A(h)d; for every h € G, and then

E;f = f for every f € V;. Hence the above defined FE; is the orthogonal
projection from L(X) to V;. O

Formula (4.17) may also be written in the following convolution form
di v ~
(Eif)(gzo) = @f * ¢i(g).

The G-invariant matrix (r;(z,y)) +yex representing the operator E;
is given by 7;(gzo,y) = &ﬁ@(g_ly)a Le. (Eif)(x) =3 exri(z,y)f(y).
Moreover, since F; is an orthogonal projection, r; is selfadjoint: r;(x,y) =
ri(y,x) and idempotent: 3y 7i(z,y)ri(y, 2) = ri(x, z). The following
formula is an immediate consequence of these properties:

(Eifi,Eifo) = > [ fa@)ri(z,y). (4.18)

z,yeX
Let now Qp,Q1,...,Qx be the orbits of G on X x X (with Qg =
{(z,z) : x € X}). Define a function d : X x X — {0,1,2,...N} by
setting d(z,y) = j if (z,y) € Q;. For instance, if X is a distance-
transitive metric space, we can assume that d is the distance function.

In any case, we can define a function w; : {0,1,2,..., N} — C by setting,
for (z,y) € X x X, w;(d(z,y)) = ri(z,y) and we have
d;
wi(d(z,x0)) = mqbz(m) (4.19)

Under these assumptions, the formulas for F;f and (4.18) become
respectively:

N
S D )| wi) (4.20)

J=0 \y:d(z,y)=j

(Eif1,Eifs) = > AW fa() | wi). (4.21)

J=0 \z,y:d(z,y)=j

M=
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Formula (4.20) is studied from an algorithmic point of view in [67];
see also [188].

In [56] and [67] a spectral analysis that consists in the decomposition
f=fo+ fi+ -+ fn and the analysis of the most relevant projections
was suggested. For instance, it may happen that a few of the projections
are much larger than the others, and so their sum is a good approxima-
tion of f. From this approximation, it is often possible to derive many
properties of the data represented by f. In Section 6.4, we shall treat a
specific example.

4.8 Garsia’s theorems

In this section we show how the machinery that we have developed can
be used to prove two characterizations of Gelfand pairs due to Adriano
Garsia [97]. Here we shall regard spherical functions as bi- K-invariant
functions on G (rather than functions on X).

A real form of L(K\G/K) is a subalgebra A of L(K\G/K) such that
dimpA = dimcL(K\G/K) and L(K\G/K) = A+ iA. There are two
canonical examples of real forms of L(K\G/K):

(1) A; = the space of real valued bi-K-invariant functions;

(2) As = the real linear span of the spherical functions (this is a real
form because the spherical functions satisfy the identity ¢; * ¢; =
16ill>$idi 5)-

In this section an R-linear anti-automorphism of the group algebra
L(G) will be an R-linear map 7 : L(G) — L(G) such that 7(f1 * f2) =
7(f2) *7(f1) for all f1, f2 € L(G).

With each real form defined above we associate an R-linear anti-
automorphism. For f € L(G) and g € G we set, with the notation
of Theorem 3.9.8,

|G| Zd Z >uip,j(gil)

pe@ L=l
|G|Zd Z (f,ul )ul (9);
peG 1,7=1

and
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It is obvious that f — f” is an R-linear anti-automorphism, while for
f — f% this follows from the Fourier inversion and the properties of
the matrix coefficients. Indeed for fs € L(G), s = 1,2, formula (3.18)
becomes

(o) |G|zd S (1)@

1,j=1

and therefore, taking into account Lemma 3.9.14 we have

(f1 % f2)* |G|Zd i <f1,@><f2,%>ufym(g)

i,j,m=1
1 de
= @ de Z <f17u7lp)]> <f27u57m>u£171(g)
PEé 7,7,m=1

= i+ JT

Theorem 4.8.1 (G, K) is a Gelfand pair if and only if there exists an
R-linear anti-automorphism 7 : L(G) — L(G) of the group algebra L(G)
and a real form A of L(K\G/K) such that 7(f) = f for all f € A.
Moreover, we can always choose A both as Ay and As.

Proof If Ais areal form of L(K\G/K), thenevery f and h € L(K\G/K)
can be expressed as f = f1+ify and h = hy+iho with fi, h; € A,i=1,2.
Therefore if 7 is an anti-automorphism fixing any element f € A we have
(fl *hy — faxho) +i(f1# ha + f2 % hy)

= (7(f1) * 7(h1) = 7(f2) * 7(h2)) + i(7(f1) * T(h2) + 7(f2) * 7(h1))
= (7(h1* f1) = 7(ha * f2)) + i(7(h2 * f1) + 7(h1 * f2))

= (h1 % fi — ha* fa) +i(ha x fi + hy* fa) = h* f,

showing the commutativity of the subalgebra L(K\G/K).

Vice versa suppose that (G, K) is a Gelfand pair. Then recalling that
for a spherical representation p; € G one has ¢; = ul'] and ¢;(g71) =
¢i(g), for all g € G, it is easy to check that for f € L(K\G/K) and
g € G, one has




142 Finite Gelfand pairs

and from the Fourier inversion formula (4.15) it follows that the map
f — f* fixes any element of A;.

Again, the identity ¢;(¢~!) = ¢;(g) immediately implies that all
elements in Ay are fixed under the map f — f°. O

Theorem 4.8.2 A Gelfand pair is symmetric if and only if the spherical
functions are real valued (i.e., if and only if A1 = As).

Proof Let 1x4i be the characteristic function of the double coset KgK.
Its spherical Fourier transform is given by:

Flrgr)(i) = > ¢i(z) = |[KgK|di(g),

reKgK
while
Flgg-1x)(i) = [Kg ' Klgi(g") = |[KgK|pi(g),

where the last equality follows from Proposition 4.5.7. By the inversion
formula it follows that KgK = Kg~ 'K for every g € G if and only if
the spherical functions are real valued. |

Example 4.8.3 (Non-symmetric Gelfand pairs) The simplest
Gelfand pair, namely (Cy,{e}), where C,, denotes the cyclic group of
order n and e is the unit element, is nonsymmetric for n > 3; note that
the spherical functions are the characters ¢;(z) = exp(2mijz/n).

Another example of a nonsymmetric Gelfand pair is provided by
(A4, K) where A4 is the alternating group on {1,2,3,4} and K =
{e,(1,2)(3,4)}. Indeed, letting A4 act on the set X of all 2-subsets
of {1,2,3,4} we have that this action is transitive and K is the stabi-
lizer of the point {1,2}. By simple calculations one shows that there are
exactly four K-orbits on X, namely

Ao ={1,2}

Ay ={{2,3},{1,4}}

Ay = {{1,3},{2,4}}

As ={3,4}.
From Wielandt’s lemma (Theorem 3.13.3) one deduces that (G, K) is a
Gelfand pair (in fact 4 = 1—|—Z§:1 m? = my = mg = ms3 = 1). However

it is not symmetric as ({1,2},{1,3}) and ({1, 3},{1,2}) do not belong
to the same G-orbit in X x X.
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Exercise 4.8.4 Show that the Gelfand pair (A4, K) of the previous
exercise is weakly symmetric.

Remark 4.8.5 Suppose that (G, K) is a Gelfand pair and let N + 1 de-
note the number of spherical functions. Observe that if ¢; is a spherical
function, then also ¢; is a spherical function: this follows immediately
from the definition. Therefore there exists a bijection {0,1,...,N} >
i+ i’ € {0,1,...,N} such that ¢; = ¢;. Clearly, by Theorem 4.8.2,
this map is the identity if and only if (G, K) is symmetric.

A spherical representation V; is said to be real if the corresponding
spherical function is real, equivalently if i’ = 7. In general, we call the
representation Vs the conjugate (or the adjoint) of V;. This notion will
be explored in Chapter 9.

We say that a K-invariant function ¢ € L(X) is a symmetric when
W(g) = P(g™t) for all g € G.

Exercise 4.8.6 Let ¢ € L(X).

(1) Show that % is symmetric if and only if the corresponding con-
volution operator T : L(X) — L(X) is selfadjoint.

(2) Show that if ¢ is real valued, then 1 is symmetric if and only if
its spherical Fourier transform F1) is real valued.

4.9 Fourier analysis of an invariant random walk on X

Let G be a finite group, K < G a subgroup and denote by X = G/K
the corresponding homogeneous space.

We say that a matrix P = (p(,y)), ,cx 18 G-invariant stochastic if
it satisfies the following conditions

p(r,y) >0 VryeX
p(gz,9y) = p(z,y) Vr,ye€ X,g€q.

For instance, if G acts isometrically on a metric space (X,d) and
P = (p(z,y)), yex is a stochastic matrix, then P is G-invariant if and
only if the transition probability p(x,y) only depends on the distance
d(z,y) for all z,y € X.

Let 29 € X denote the point stabilized by K and set v(z) = p(zo, z).
Then v is a K-invariant probability measure on X. Moreover, recalling
Definition 4.7.8, it is easy to check that
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P (o, ) = v**(x)

for all x € X and k = 0,1,2,..., that is, the distribution probability
after k steps of the Markov chain with initial point zy and transition
probability matrix P coincides with the kth convolution power of V.

We denote by 7 the uniform distribution on X, that is m(x) = =] XI for
all z € X.

From now on we suppose that (G, K) is a Gelfand pair. Let ¢g =
1,¢1,...,¢N be the associated spherical functions and dg,dq,...,dyN
the dimensions of the corresponding spherical representations.

Proposition 4.9.1 (k-step iterate)

() v = 3y il & [(Fr) ()" i
(i) (@) = 71} ) = ey iy il (F) ().

Proof (i) This is just an immediate consequence of the inversion formula
(4.15) and of Proposition 4.7.9.

(i) As w(z) = Id’—"l, from (i) and from the fact that dy = 1, one
deduces that

N
v (z) — Z v( )

and therefore (ii) follows from the orthogonality relations for the spher-
ical functions (4.14). O

We can now give the upper bound lemma for Gelfand pairs (compare
with Corollary 1.9.2).

Corollary 4.9.2 (Upper bound lemma)

N
7 = wlldy < 3 D dil(Fr) @), (4.22)

i=1
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Proof
*k 2 _ 1 *k 2
v Ty = 4”’/ s x)
1
by Cauchy—Schwarz < ZHV*k -l |X]|

1 N
= > dif (Fv) (i),
=1
O

Exercise 4.9.3 Show that a G-invariant stochastic matrix P is re-
versible if and only if it is symmetric: p(z,y) = p(y,z) for all z,y € X.
Compare with Lemma 2.1.13.

Remark 4.9.4 Suppose that (G, K) is not symmetric and that the G-
invariant stochastic matrix P is not reversible. Set Pf(z) = >_ v p(,y)
f(y) and v(z) = p(zo,x) for all € X, as before. Then, following the
notation introduced at the end of Section 4.8, (Fv) (i) is the eigenvalue
of P corresponding to the conjugate spherical representation V;,. Indeed

Poy(x0) = Y v(z)pi(x) = Y v(w)di(w) = (Fv)(i)ds (o).
reX zeX
Note that v is the convolution kernel (cf. Remark 4.2.3) of the trans-
posed P! of P and (Fv)(i) is the eigenvalue of P! corresponding to V;
(compare with Proposition 4.7.5). Moreover, P is normal (P and its
adjoint P! commute: we are in a Gelfand pair) and the spectrum of P
is the conjugate of the spectrum of P?.

Exercise 4.9.5 Suppose that P is reversible.

(1) Show that if f € V; is orthogonal to ¢; then f(xo) = 0.
(2) Use the above result to derive (i) in Proposition 4.9.1 from Propo-
sition 1.5.5.

Let Qo = {z0},Q1,...,Qn denote the orbits of K on X. Denote by
L([N]) the space L({0,1,...,N}) and set (f1, fo)in] = Soneo [l f1 (k)
fa(k) for all f1, fo € L([N]). Also set $:(j) = ¢;(x) whenever z € Q;
and 7(i) = % i,j=0,1,...,N.

Suppose that P = (p(z,9)), ,c
Assume also (to avoid technicalities) that P is reversible. We show that

x is a G-invariant stochastic matrix.

P is lumpable (see Section 1.10) and even more.
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Set Pf(x) = ZyeX p(z,y)f(y) and denote by \; the eigenvalue of P
corresponding to the spherical representation V;.

Proposition 4.9.6

(i) P is {Q0,Q1,...,Qn}-lumpable.

(ii) Let p(i,j) = p(x,%), @ € Q; (recall Definition 1.10.1) be the
lumpedfhaz'n and set Pf(i) = Z:;V:O (%,5) f(4) forall f € L([N]).
Then, ¢; is an eigenvector of P with eigenvalue A;.

(iii) o, 1,...,¢n constitute an orthogonal basis for L([N]). More-
over, ||¢i\\%([N]) = % for all i’s.

(iv) If 7F)(5) = p*)(0,4) (the distribution probability after k steps,
given that we started from 0), then

HV*k - 7T||%(X) = ||5*k - %HzL([N])'

The proof is just an easy exercise. The main point in the above state-
ment is that the spectral analysis of the lumped matrix Pis equivalent
to that of the original chain P (note that this is in fact much more than
just lumpability).



5

Distance regular graphs and
the Hamming scheme

In this chapter we explore a theory which gives an alternative approach
to some of the diffusion processes presented in the introduction (namely
the random walk on the discrete circle, the Ehrenfest and the Bernoulli—
Laplace models). In some sense, this can be regarded as a theory of
(finite) Gelfand pairs without group theory. Thus, Sections 5.1, 5.2
and 5.3 (as well as Sections 6.1 and 6.3 in the next chapter) do not
rely on group representation theory and can be read independently of
Chapters 3 and 4. The connection with group theory will be presented
in the final part of Section 5.4 and in Section 6.2.

)

5.1 Harmonic analysis on distance-regular graphs

In this section we focus our attention on a remarkable class of finite
graphs for which it is possible to develop a nice harmonic analysis. Our
exposition is inspired to the monographs by Bailey [7] and by Bannai
and Ito [12]. We would like to mention that during our preparation
of this book we attended a minicourse by Rosemary Bailey on associ-
ation schemes [8] which undoubtedly turned out to be very useful and
stimulating for us.

We shall denote by X a finite, connected (undirected) graph without
self-loops. Recall that given two vertices x,y € X, their distance d(z,y)
is the length of the shortest path joining x and y. This way, (X,d)
becomes a metric space. Its diameter is the integer number

diam (X) = max{d(z,y) : x,y € X }.

Definition 5.1.1 A graph X is distance-regular if there exist two se-
quences of constants by, by, ..., by and cp, ¢1, ..., cy, where N=diam(X),

147
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such that, for any pair of vertices x,y € X with d(x,y) = ¢ one has

{z € X :d(z,2) =1,d(y,2) =i+ 1} =¥,
{zeX:d(z,z) =1,d(y,z) =i— 1} =¢

for all # = 0,1,...,N. In other words, if d(z,y) = ¢, then x has b;
neighbors at distance ¢ + 1 from y and ¢; neighbors at distance i — 1
from y. In particular, taking = =y we get by = [{z € X : d(z,2) = 1},
for all x € X, that is X is regular of degree by.

Exercise 5.1.2 Let X be a distance-regular graph. Then
(1) by =0 = cp;
(2) C1 = 1;
(3) for z,y € X with d(x,y) = ¢ one has

|{Z €X: d(LE,Z) = 1,d(y,2) :Z}| = bO _bi — G-

More generally one has:

Lemma 5.1.3 For any x € X, the cardinality of the sphere of radius
i centered at v is given by {y € X : d(x,y) = i}| = k;, where k; =
bobl"‘bifl/CQCg"'Ci, Z:2,3,,N

Proof Let k; = |{y € X : d(z,y) = i}|. For any = € X,
{(y,2) € X x X 2 d(z,y) =i, d(x,2) =i+ 1,d(y,2) = 1}

equals both k;b; (choose first y and then z) and k;;1¢;41 (choose first
z and then y). Therefore k;b; = k;11¢;41 and since k1 = by, the lemma
follows. |

In the following we shall use the convention that b_1 = c¢y41 = k-1 =
kny1 = 0.

On the vector space L(X) we define the linear operators Ag, Aq, ...,
Ay : L(X) — L(X) by setting

AN @= > f (5.1)
yeX:d(z,y)=j
for all f € L(X) and z € X.

Note that, for 7 = 0, the operator Ay is nothing but the identity
operator I : L(X) — L(X). On the other hand, for j = 1 the operator
A1, often simply denoted by A, is called the adjacency operator or the
Laplace operator of the graph.
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Proposition 5.1.4
(i) For j=0,1,...,N one has
AjAL=bj1Aj1 4 (b = bj = ¢j)Aj +ciniAja (5.2)

where An41 = 0.
(ii) For j =0,1,...,N there exists a real polynomial p; of degree j
such that

Ay = pi(Ay). (5.3)

Proof (i) For f € L(X) and y € X one clearly has

DA = > (Af)(2)

zeX:
d(z,y)=j

= > > fw

zeX: reX:
d(z,y)=j d(z,z)=1

= Y Yo f@+ Y f@+ Y f@)
reX:

zeX: rxeX: rxeX: €
d(z,y)=j d(z,z)=1 d(z,z)=1 d(z,z)=1
d(z,y)=7-1 d(z,y)=j d(z,y)=7+1
= bj1 Z f(z)
reX:
d(z,y)=j—1
+bo—bj—c) Y, flx)
reX:
d(zy):g
+ i Z f(z)
reX:
d(z,y)=7+1

=bj—1 (Aj—1f) () + (bo — bj — ¢;) (A; f) (y)
+¢j1 (Aj11f) (v)

because for any x with d(z,y) = j — 1 there exist b;_; elements z € X
such that d(z,z) = 1 and d(z,y) = j, and therefore f(x) appears b;_;
times in the above sums. A similar argument holds for d(x,y) = j or
j +1 (also recall (3) in Exercise 5.1.2).

(i) From (i) we get

A% = boAg + (b() — b — Cl)Al + g (54)



150 Distance reqular graphs and the Hamming scheme

that is
1 bo — by — b
Ay = 7A%_07101A1_701
C2 C2 C2
and the general case follows by induction (note that as X is connected,

one always has co,c3,...,cy > 0). O

Definition 5.1.5 The algebra A generated by the operators Ag = I,
Ay, ..., Ay is called the Bose-Mesner algebra associated with X.

Theorem 5.1.6
(i) A ={p(A1) : p polynomial over C}.

(ii) A is commutative and its dimension is N + 1.

(iii) There is an orthogonal decomposition L(X) = ®&N ,V; such that
Vo, Vi,..., VN are the distinct eigenspaces of Ay. The V;’s are
also invariant for all operators A € A. Moreover, if Vi is the
subspace of constant functions, the eigenvalue Ao of Ay corre-
sponding to Vi is equal to the degree of X: Ao = by.

(iv) Denote by E; the orthogonal projection onto V; and let \; denote
the eigenvalue of A1 corresponding to V;. Then,

N
=0

where p; is the polynomial in (5.3). Similarly, the projection
E; = ¢;(Ay) for some polynomial g;.

Proof (i) This is an immediate consequence of Proposition 5.1.4.

(ii) From (i) it follows that A is commutative. Moreover {Ay =
I,Aq,...,An} is a linear basis for A. Indeed, for any polynomial p
one has that p(A1) is a linear combination of Ag = I, Aq,..., Ay (this
is a converse to (ii) in the previous proposition: as in (5.4) it follows
from a repeated application of (5.2)). Moreover, if ag,a,...,any € C
and z,y € X, one has

N
D aiNsy | () = gy
7=0

thus showing that Ag, A1,..., Ay are also independent.
(iil) First note that A; is selfadjoint with respect to the scalar product

(fi, f2) = Dpex fi(x) fa(z), for all fi, fo € L(X). Let then L(X) =
@M, V; be the decomposition of L(X) into eigenspaces of A; and denote
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by Ag > A1 > ... > Ay the corresponding distinct (real) eigenvalues.
Since A = p;(A1) we have that V; is also an eigenspace of the selfadjoint
operator A; with corresponding eigenvalue p;();) (below we shall prove
that M = N).

The last statement, that is that the eigenvalue \y corresponding to the
eigenspace V| consisting of constant functions equals the degree of X, is
nothing but a reformulation of the fact that a graph X is connected (if
and) only if 1 is an eigenvalue of multiplicity 1 of the Markov operator
M= %Al (see Proposition 1.7.3).

(iv) Denote by E; the orthogonal projection onto V;. From the pre-
ceding facts we deduce that A; = Eij\io pj(N)E; for all j =0,1,...,N.
As the spaces V;’s are orthogonal, the corresponding projections F;’s

)

are independent. Moreover they belong to A as they are expressed as
polynomials in Ajy:

Hj;éi(Al B )‘jI)
Hj;éi(/\i - /\j) ’

Indeed, if E; is defined as in (5.6) then, for v € V; we have Ajv = \jv
so that F;v = v whereas, if v € V}, with j # 7, Ajv = Ajv so that
EZ"U =0.

As a consequence of this, the operators Ey, E1q,..., Ey constitute
another linear basis for A and therefore M = N. 0O

E; = (5.6)

Set d; = dimV;. From the above theorem it follows that there exist
real coefficients ¢;(j), 4,5 = 0,1,..., N such that

d
E; = m;@(])AJ’ (5.7)

for i =0,1,...,N. The function ¢; is called the spherical function of X
associated with V;. The factor \C)lél is just a normalization constant.
The matrices

P = (pj()‘i))j’i:(),l,.“,N

and

di , .
Q—(m‘“”)i,j_o,l ,,,,, y

are called the first and the second eigenvalue matriz of X, respectively.
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Remark 5.1.7 In the book by Bannai and Ito [12], @ = (d;¢:(j ))” o>
while P is as above. In Bayley’s book [7], P and @ are denoted by C
and D, respectively.

Lemma 5.1.8
() P~ = Q (that is & SNy 6:)ps () = b1
(i) ¢:(j) = kjpj()\;), where k; is as in Lemma 5.1.3, for all i,j =
0,1,...,N.
(iil) ¢o(j) =1 forallj=0,1,...,N.
(iv) ¢;(0) =1 for alli=0,1,...,N.
(v) Xi =bopi(1), for alli=0,1,...,N.
(vi) (Fide)(y) = leqﬁZ( (z,y)), forallz,y € X andi=0,1,...,N.

Proof (i) This is an immediate consequence of (5.7) and (5.5).
(if) We shall compute the trace of E;A; in two different ways. First,
from (5.5) we get
N
tr(E:id;) =tr()_ pj(An)EiEn)
h=0 (5.8)
= tr(p; (M) E)
= p;(\i)d;
where we used the facts that E;Ej, = 6,,;F; and tr(E;) = d;. On the
other hand, using (5.7) we get

Z |X| ttr(ALA;). (5.9)

But using the orthonormal basis {J, : x € X} we get

tr(AA;) = > (DA, 0,)

zeX

= (Do, AS,)

rzeX
= bik;
rxeX

where we used the fact that A; is selfadjoint and Ajd, is the character-
istic function of {z € X : d(x,2) = j}, the sphere of radius j centered
at « whose cardinality is equal to k; (cf. Lemma 5.1.3). It follows that
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the right hand side in (5.9) equals d;k;¢;(j) and, comparing with (5.8),
one obtains ¢;(j) = k%,pj()\i)-
(iii) From (5.7) we have By = SOV =00(j)A;.  Setting E =

§=0 TX]
N
—l)lq > =0 A we have

1 Y 1
(Ef) (z) = @;(Ajf) (z) = X > fw)

yeX

so that £ = E; as both are the orthogonal projection onto the space V}
of constant functions. Then, necessarily ¢o(j) = 1forall j =0,1,...,N.
(iv) As

tr(A;) = Y (A6, 6,) = [X[0;,
zeX

from (5.7) we obtain

di = t’l“(Ei) =

di
] 2 GDir(8y) = dii(0).
j=0

This gives ¢;(0) =1 for all i = 0,1,..., N.

(v) From(ii) and the fact that p1(\;) = A; (cf. (5.5)) we get \; =
k1¢i(1) = bogi(1).

(vi) From (5.7) one has

(Eb)0) = 2 3" 6:0) (A8 ) = - gu(d(y, ).
02 ) = 1] 2, 9B ) = ol

Corollary 5.1.9

(i) The spherical functions satisfy the following orthogonality rela-
tions:

ZN 1X|
kj¢i(3)on(j) = d- 0
=0 :

foralli,h=0,1,... N.
(ii) We have the following finite difference equations:
¢j®i(j —1) 4 (bo — bj — ¢;)¢i(j) + b;ds(j + 1) = Xips(j) (5.10)

for alli,7 = 0,1,...,N (we use the convention that ¢;(—1) =
¢i(N+1)=0).
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(iii) A function ¢ : {0,1,..., N} — C is the spherical function asso-
ciated with V; if and only if for any fixed xg € X the function
o(x) = ¢(d(zo, z)) satisfies

() lzo) = 1;
(b) Arp = N

Proof (i) This is easily established by explicitly writing the coefficients
in QP = I and then using Lemma 5.1.8 to express p;(A;) = k;;(7).
(ii) From (5.5) and Lemma 5.1.8 one obtains

N
= k;di(§)Ei. (5.11)

=0

From Proposition 5.1.4 and (5.11) we deduce
A1Aj =bj18j-1+ (bo —bj — ¢)A; + ¢l

N
= Z [bj—1kj—10i(j — 1) 4+ (bo — bj — ¢;)k;¢i(j)+ (5.12)

1=0
+cjpiki10i(J + 1) E;.

On the other hand, as A\E; = E;Ay = ME; (recall that A; =
Zf\;o M E;), multiplying both sides of (5.11) by A; we obtain

N
AA; = kidi(H)NE;. (5.13)

i=0
Equating the two expressions of A;A; in (5.12) and (5.13) we obtain
ki _ k; _ :
b1 =01 = 1) + (bo = by = ¢)&i(4) + €1 = 0 + 1) = Nidi().
J J
Then (5.10) follows from Lemma 5.1.3. Note that for j = 0 (5.10)
corresponds to (v) in Lemma 5.1.8.

(iii) If we set ¢; (@) = ¢ (d(w0, z)) then ¢;(zo) = 1 ((iv) in Lemma 5.1.8)
and (E;dz,)(z) = |d ‘@( z) ((vi) in Lemma 5.1.8) so that ¢; € V; and
A1 = Xidi. o N

On the other hand, the functions ¢q, ¢1,...,¢n clearly form an or-
thogonal basis for the functions in L(X) that are radial with respect to
xg, that is whose values at € X only depend on the distance d(x, x¢)

(recall that N = diam(X)). Therefore, all radial functions in V; are
multiples of ¢;. UJ
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Remark 5.1.10 By abuse of language, the function 5 is called the
spherical function in V; with respect to the fixed point zg € X. Indeed,
it is often useful to think of a spherical function as a function defined
on X.

Exercise 5.1.11 (1) Prove the dual orthogonality relations:

de )it —'X' i

(2) Prove that the polynomials p;’s in (5.3) satisfy the following recur-
rence relation:

bj—1pj—1(x) + (bo — bj — ¢;)p; (%) + cj1pj+1(x) = 2p;(2)
with po(xz) =1 and p;i(z) = z.

Using the orthogonality relations in Corollary 5.1.9 we can define a
Fourier transform for functions f € L({0,1,...,N}) by setting

N
i)=Y 6i(§) )k
j=0

forall e =0,1,..., N, with inversion formula
1
1@) = 57 224 (FH @65):
i=0

We now apply this theory to a class of random walks on X.

Let p = (p(2,9)), ,ex be a stochastic matrix on X. We say that p
is invariant if p(x,y) depends only on the distance d(z,y). This means
that there exist coefficients 7(0),7(1),...,7(N) such that

p(z,y) = v(d(z,y)) (5.14)

for all z,y € X. Note that ) . p(xo, ) = 1 yields Z;V:o kiv(j) = 1.
For xg,z € X denote by uélz)(x) = p) (29, z) the probability of going
from zy to x in k steps, also denote by P : L(X) — L(X), where
(Pf) (z) = >, ex (@, y)f(y), the corresponding operator and by m(z) =
4l X‘ for all x € X, the uniform measure.
Clearly, p is reversible: indeed it is symmetric (p(z,y) = p(y,z)).
Thus it is in detailed balance with 7.
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Theorem 5.1.12 (k-step iterate) If U is as in (5.1/) one has

(i) Fori=0,1,...,N, V; is an eigenspace of P with corresponding
eigenvalue (Fv)(i) and

(i) [[vis’ =7l = gy i, & [(FP) (D))"

Proof 1t is easy to check that P = Z o 7(J)A;. Therefore, in virtue of
Theorem 5.1.6, V; is an eigenspace of P and the corresponding eigenvalue
is

Mz

N
2PN =

Jj= Jj=0

)kj¢i(3) = (FP)(0),

where the first equality follows from Lemma 5.1.8.
This means that P = Z o(FD)(4)E; and P* = ZZI\LO[(}T)(Z)]’“E
But then

vy (@) = p™ (xo,2) = (P*6,)(20) = Z[(ff)(i)]k(Eﬁx)(xo)

1 N
=5 > (F) ()" digi(d(zo, )
=0

where the last equality follows from (vi) in Lemma 5.1.8. This proves
(i)-

Observe that 7 may be written
do
m(x To, 1))
(@) = {3 9old(z0,2)
so that
Va(ro)(x) - ﬂ— :E |X| Z¢Z( (1'07 ))

and one can then apply the orthogonality relations for the ¢;’s. |

Corollary 5.1.13 (Upper bound lemma)

18 — x|y < iZdi[(ﬁ)(i)]%.

i=1
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Proof We have

1 a
HVy(gﬁ) —7lrv = ZHZ/Q(E? - 7TH%1(X) see (1.26)

IN

1
ZHVCE? —7|?|X| (by Cauchy-Schwarz)

WEIGIES

IN

O

Suppose again that p(z,y) is invariant. We now examine the lumpa-
bility of p (cf. Section 1.10). Fix o € X and denote by Q) = {z € X :
d(xo,x) = h} the sphere of radius h centered at xg, for h = 0,1,2,..., N.
Set [N] = {0,1,...,N} and on L([N]) introduce the scalar product
(f1, f2) = SN o (D) F2(0) ] (vecall that || = ki; see Lemma 5.1.3).
Also set 7(i) = I&" fori=0,1,...,N.

Theorem 5.1.14 With the above notation we have the following.

(i) pis {Q0o,, ..., QOn}-lumpable.

(i) Let p(i,5) = p(z,Q;), for x € Q,;, be the lumped chain and
set (ﬁf) (i) = XN o Bi,5)f(j) for all f € L(N]). Then the
spherical function ¢; is an eigenvector 0f16 with eigenvalue \;.

(iil) ¢o,P1,..., 0N constitute an orthogonal basis for L([N]) and
ol = 5L, fori=0,1,....N.

(iv) If v®)(5) = p*)(0, ) denotes the distribution probability after k
steps given that we start from 0, then ||v** — 7r||2L(X) = ||pR —

7NTH%([N])'

The proof is just an easy exercise. The main fact is that the spectral
analysis of the lumped matrix p is equivalent to that of the original chain
p (this is even more than lumpability). In other words, the eigenvalues
are the same, only the corresponding multiplicities do change.

Exercise 5.1.15 Let K,, denote the complete graph on n vertices (see
Example 1.8.1).

(1) Show that K, is distance-regular and that L(K,) = Vo & V; —
with V) the space of constant functions and V; = {f : K,, = C:
> wek, f(x) = 0} the space of mean zero functions — is the
decomposition into eigenspaces of Aj.
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(2) Show that ¢y = 1 (constant function) and

¢1(x)—{1 1 if z =z

—— ifz#x

are the spherical functions.
(3) Deduce the results in Example 1.10.5 from the previous theorem.

In the final part of this section we analyze the connections with group
theory and finite Gelfand pairs. We will also briefly give the more general
notion of an association scheme.

Let X be a finite, simple, connected graph without loops. Denote by
E its edge set. An automorphism of X is a bijection o : X — X such
that {a(x),a(y)} € E if and only if {z,y} € E, for all z,y € X.

Example 5.1.16 Consider the graph with vertices 1,2,3,4 and edges
{1,2}, {2,4}, {2,3} and {3,4} (see Figure 5.1). Then the map « :
X — X given by a(1) = 1, a(2) = 2, «(3) = 4 and «(4) = 3 is an
automorphism.

Figure 5.1.

The set of all automorphisms of a graph X is clearly a group and it
is denoted by Aut(X).

An isometry of the graph X is a bijection 8 : X — X such that
d(B(z),B(y)) = d(z,y) for all z,y € X. Since we have excluded the
presence of loops in X, it is clear that § is an isometry if and only if it
is an automorphism; in other words, the notions of automorphism and
isometry coincide.

Exercise 5.1.17 Show that for X as in Figure 5.2 one has Aut(X) = {1}
and that X is, in fact, the smallest (i.e. |X| minimal) graph with no
nontrivial automorphisms.

N

Figure 5.2.
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Exercise 5.1.18 ([25]) Show that for n > 7 the graph in Figure 5.3
has trivial automorphism group.

Figure 5.3.

Definition 5.1.19 A graph X is distance-transitive if for any (z,y) and
(u,z) € X x X with d(z,y) = d(u, z) there exists o € Aut(X) such that
(a(2), aly) = (u,2).

If G is a group of isometries of X (i.e. G < Aut(X)) and the isometry
« above can be found inside G, we say that the action of G on X is
distance-transitive.

We then know that if we fix 2o € X and set K = {k € G : kxg = x0},
then (G, K) is a symmetric Gelfand pair (see Examples 4.3.2 and 4.3.7).

Exercise 5.1.20 Show that a distance-transitive graph is also distance-
regular. Check that the harmonic analysis on distance-regular graphs
developed in this section coincides with that developed in Chapter 4
when the graph is distance-transitive. Show, in particular, that the sub-

spaces Vp, Vi,...,Vy in Theorem 5.1.6 are the spherical representations
of the pair (G, K) (in particular they are irreducible G-representations).
Moreover, ¢q, ¢1,...,¢n are the spherical functions on the Gelfand pair
(G, K).

The “new” aspect in the harmonic analysis on distance-regular graphs
is that the algebra Homg(L(X), L(X) & L(K\G/K) is singly generated
(it is the polynomial algebra in Ay).

Exercise 5.1.21 ([1, 25]) Let X be the graph with vertices z1, 2o, ...,
13, Y1,Y2,---,Y13 and edge set

E={{z;,z;}:]i—j|=1,3,4 mod 13}

U{{yiayj} : |ij| =2,5,6 mod 13}
U{{zs,y;}:i—7=0,1,3,9 mod 13}.
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Show that X is distance-regular with diameter N = 2 and by = 10,
by = 6,c1 = 1,co = 4 but it is not distance transitive (there is no
automorphism carrying z; to y;).

Let X be a finite set. A symmetric association scheme on X is a
partition of X x X

XXX:COH(leHCN

where the sets C; (called the associate classes) satisfy the following
properties:

(i) Co=A{(z,z) :x € X}.
(ii) Fori=1,2,...,N, C; is symmetric, that is (z,y) € C; if and only
if (y,z) € C;.
(iii) There exist nonnegative integers pﬁj, i,j,k = 0,1,..., N, such
that, for all (z,y) € Cx we have

[{z € X : (2,2) € Ci, (2,9) € C}| =1l

Exercise 5.1.22

(1) (1) Let X be a distance-regular graph with diameter N. Show
that, taking C; = {(x,y) : d(z,y) = i}, ¢ = 0,1,..., N, then
Co,Cq,...,Cn form a symmetric association scheme over X.

(2) Suppose that (G, K) is a symmetric Gelfand pair. Set X = G/K
and let Co,Cy,...,Cn (with Co = {(z,z) : x € X}) be the orbits
of G on X x X. Show that Cy,Cq,...,Cny form a symmetric
association scheme over X (cf. Exercise 4.2.4).

The peculiarity of a distance-regular graph is that its Bose-Mesner
algebra is singly generated, namely by A;. This is no longer true for
general symmetric association schemes: see Chapter 7.

The fundamental reference on association scheme is Delsarte’s epochal
thesis [51]. A recent survey by the same author is [54]. Another useful
survey is Bannai’s [11]. There are many books devoted to this subject,
or with some chapters devoted to it: we mention, among others those by
Bannai and Ito [12], Bayley [7], Godsil [102], van Lint and Wilson [156],
Cameron [39] Cameron and van Lint [40], MacWilliams and Sloane [159]
and by P.-H. Zieschang [234]. Also, the book by Browuer, Cohen and
Neumaier [36] is an encyclopedic treatment on distance-regular graphs.
A very interesting paper on random walks on distance-regular graphs
is [22)].
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5.2 The discrete circle

As a first example of distance-regular (but in fact of a distance-transitive)
graph we examine the discrete circle (see Example 1.2.1 and Sections 2.1
and 2.2), also called the cycle graph (cf. Biggs [25]) or the regular n-gon
(cf. Stanton [208]).

As we have already studied this example, one should regard this sec-
tion just as an exercise of translation of the concepts into the new
setting.

Observe that C,, has diameter N = [%] Moreover it is distance-
regular: it is easy to check that by = 2,6y = by = ... = by_1 = 1,
c1=cy=...=cny—1 =1 and, finally, cy = 1if n is odd and ¢y = 2 if
n is even.

In this case, the operator A; coincides with 2P where P is the operator
associated with the simple random walk on C),. Therefore if we set
(according to the notation of Sections 2.1 and 2.2) V; equal to the space
spanned by x; and x_;, then Vo, Vi,..., Vx are the eigenspaces of Ay
and the corresponding eigenvalues \; = 2005(%) for j =0,1,...,N.

Moreover, the spherical functions are

¢;j(h) = % (x;j(R) + xj(—h)) = cos (”’U> ,

n

Indeed, ¢; € V; and it is radial with respect to the base point 0
(¢;(h) = ¢j(—h)) and ¢;(0) = 0. Note also that ¢; coincides with the
function c; in Section 2.6.

The graph C,, is also distance-transitive with automorphism group
given by the dihedral group D,, = {a,b: a®> = b" = 1,aba = b~!). Note
that a is the reflection with respect to the diameter passing through 0,
that is a(h) = —h mod n for h = 0,1,...,n — 1, and b is the rotation
b(h)=h+1modn for h=0,1,...,n— 1.

The stabilizer of 0 is the cyclic group of order two Co = (a) and clearly
(Dy, Cs) is a Gelfand pair. Moreover, Vp, Vi, ..., Vy are all irreducible
representations of D,,.

Exercise 5.2.1 Show that, with the notation in Example 3.8.2 and in
Exercise 3.8.3 and Exercise 3.8.4, that the representation on Vj coincides
with xq, the representation on V;, i =1,2,..., N — 1, coincides with p;
and the representation on Vy coincides with x3 if n is even and with py
if n is odd.
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5.3 The Hamming scheme
Set Xpm+1 = {(z1,22,...,2y) : 21,...,2, € {0,1,...,m}}. In other
words, X, m+1 is the cartesian product of n copies of {0,1,2,...,m} =
Xl,m+1~
Define the Hamming distance d on X,, ;41 by setting

d((w1,22,. .., 20), (Y1, Y2, YUn)) = [{k : Tx # yr}|

that is, the distance between two points equals the number of coordinates
at which they differ.

We can define on X, ,,+1 a graph structure by taking {(z,y) : d(z,y) =
1} as the set of edges, that is, two points x,y € X,, ;41 are connected
if and only if they differ in exactly one coordinate. It is easy to check
(exercise) that such a structure induces exactly the metric d.

Proposition 5.3.1 X, 11 is a distance reqular graph with diameter n
and coefficients

¢ =1, i=1,2,....,n

b = (n —i)m, 1=0,1,...,n—1.

In particular, its degree is by = nm.

Proof Let z,y € X, 41 with d(z,y) =14. Set A= {j :2; =y;}. Then
|A] =n —iand any z € X, ppy1 with d(z,2) =1 and d(y,2) =i+ 1 is
obtained by changing a coordinate ; with j € A; there are |A| = (n—1)
such coordinates and m different ways of performing such a change. This
gives b; = (n —i)m. The other cases are similar and left to the reader
as an easy exercise. UJ

Note that X ,,4+1 coincides with the complete graph K,,,;1 onm + 1
vertices. Moreover, in this case we always have b; + ¢; = by (cf. Exer-
cise 5.1.2).

Let A denote the adjacency operator, that is, (Af)(z) =
Zy:d(mﬂ):l fy) for all x € Xy my1 and f € L(Xpmt1). We have
already seen that the harmonic analysis on X, ;41 is equivalent to the
spectral analysis of A.

Therefore our task is to obtain the decomposition of L(X,, m+1) into
eigenspaces of A. For fi, fo,..., fn € L(X1 m+1), define their coordi-
natewise product f1® fo®- - -Qfn, € L(Xy m41) by setting: (f1®f2®---®
fo)(@1, 2o, .. xn) = fi(zy) fo(xe) -« fu(a,). We recall the following
orthogonal decomposition: L(X7 m+1) = Vo @ Vi where Vj is the space
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of constant functions and Vi = {f : Y.7*; f(i) = 0}, see Example 1.8.1
(Vo and V4, in the representation theory of the symmetric group Sy,+1,

are usually denoted by S™*! and S™!, respectively; see, for instance,
Section 3.14).

The weight of (i1,d2,...,4n) € {0,1}" is w(i1, dg,...,0n) = {k 1 ix =
1}|. Define W; as the subspace of L(X,, ;1) spanned by the products
f1®f2®"'®fn with each fi € Vg or Vi and |{Z : fi S Vo}| =n—7j and
{i: fi € Vi}| =j and set T = (0,0,...,0).

Taking into account Remark 5.1. l(J (Wlth the fixed point zg replaced
by Z) we have the following;:

Theorem 5.3.2

(1) L(Xpm+1) = ®f_oW; is the decomposition of L(Xnm+1) into
distinct A-eigenspaces. The eigenvalue corresponding to Wy is
equal to nm — j(m + 1) and dimW; = mJ (7;)

(ii) The spherical function ®; € W; is given by

min{¢,j}

®;(z) = (311) Z (i) (’;_f) (—;L)tif d(z,7) = L.

t=max{0,j—n+£}

Proof First of all note that for f1, fo,..., fa, f1, f4,---s [} € L(X1,m+1)

we have

(i®f® @ fu, i@ f3 @ @ f1) L(Xnmsr)
= > filzi) fa(@2) - fulan) fi(z1) f3(22) - £ ()

:H Z filws) fi(s)

=1 \z;€X1,m+1

=TI D rxamn (5.15)

=1

It follows that if g, 41, ..., 9 is an orthonormal basis in L(X7q ;1)
with ¥y € Vy and ¥, v, ..., Y, € Vi, then

{wh ®¢i2®"'®¢in :i1;i27~"7in€{Oala"'am}}

is an orthonormal basis in L(X,, m+1)-
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It is also clear that the set {1);, @i, ®- - - @, : {k : i, = 0} = n—j}
is an orthonormal basis for W;. This shows that L(X,, m11) = ®7_oW;
with orthogonal direct sum and that moreover dim(W;) = m/ (?)

Now observe that if f € Vo then 3 . f(y) = mf(z) while if f € V4

then >° . f(y) = —f(z). Therefore if w(iy,...,in) = j and fi € Vi,
k=1,2,...,n, then

A1 @@ f)l @ wn) = (S, 101) falwa) - falen)
+11@1) (S S202)) F3(s) -+ fuln)
+ PN +
@) Sae1(@a-1) (24, 0, Jalun))
=[nm—jm+1D]-[(f1® @ fu)(@1,...,2,)]
and (i) is proved.

Now define ¢g, 1 € L(X1 m+1) by setting ¢o(z) =1 for z =0,1,. ..,
m, $1(0) = 1 and ¢ (z) = —% forz =1,2,...,m. Clearly ¢y € Vjy, 1 €
V1 and they are the spherical functions on X ;41 (see Exercise 5.1.15).

Set

(I)j: (n) ( Z ‘¢i1®¢i2®'”®¢in'

W(i1,eeyin) =]

Then ®; € W;; moreover, if d(z,T) = ¢ then

T AN N
=gy > WG )
77 t=max{0,j—n+L}

Indeed, the number of (i1,...,4,) € {0,1}" such that w(iy,...,i,) =j
and [{k : ¢;, (v3) = — L} =t is equal to (f) (?:f): this corresponds to
choosing ¢ indices {k : xj # 0 and i, = 1} inside the set (of cardinality ¢)
{k : z1, # 0} simultaneously with other j—¢ indices {k : 2, = 0 and i}, =
1} inside the set (of cardinality n — ¢) {k : x; = 0}.

In particular, ®; is constant on the spheres {z € X,, yp41 : d(z,T) =
0}, 0=0,1,2,...,m; it is obvious that ®;(Z) = 1 and therefore (Corol-
lary 5.1.9) it is the spherical function in Wj. O

Remark 5.3.3 Setting

w5 8 Q602

t=max{0,j—n+L}
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then {K;(-;m/(m+1),n):j=0,1,...,n} are orthogonal polynomials
on {0,1,...,n} with respect to the mass () (m-‘,—l)" at £ € {0,1,...,n},
normalized by K;(0;m/(m + 1),n) = 1; they are called Krawtchouk
polynomials (see also Section 2.6).

Indeed, from Corollary 5.1.9 (i), since K;(¢;m/(m+1),n) is the value
of ®; at a point x with d(x,Z) = ¢, we have

> it + 1) (e G-+ D () =

£=0

as |{z : d(z,7) = £}] = m*(}).
Moreover, again from Corollary 5.1.9, it follows that A®; = [nm —

j(m + 1)]®; may be translated into the second order finite difference
equation for the Krawtchouk polynomials:

(K;j(t—1,m/(m+1),n) + £L(m—1)K;((,m/(m+1),n)
+ (n-— )mK(€—|—1 m/(m+1),n)
= [nm—j(m+1)]K;(¢,m/(m+1),n).

5.4 The group-theoretical approach to the
Hammming scheme

In this section, we reformulate the results of the previous section in
the setting of Gelfand pairs. We first need a suitable group action on
Xn,m+1~

Let S,,+1 and S,, be the symmetric groups respectively on {0, 1,2, ...,
m} and {1,2,...,n}. The wreath product of Sy,11 by S, is the set
Smt1 1Sn = {(01,09,...,00;0) : 01,...,00 € Spuy1,0 € Sy} together
with the composition law

(0-170'27"'30-71;9) : (T1a7—27"'?7—71;§)

= (0'17'9—1(1), 0'27'9—1(2), N ,O’nTg—l(n); 95)

Lemma 5.4.1 S, 1115, is a group with respect to the above defined
composition law.

Proof The identity element is clearly (1s,..,,1s,.,1s---> 18,415 1s,)-
The inverse of (01,09,...,0,;0) is (a;d), Ugé), .. ,J;(;); 6~1). For the
associativity check that
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(01,09, ,00;0) - (71,72, T3 )] - (1,12, -+ s 1)
= (0170—1(1)775—1(9—1(1))70270—1(2)775—1(9—1(2))7
S OnTo-1 () g1 (91 (n)); OE 1)
= (o1,02,...,00:0) - [(T1, 72, ., T3 §) - (M1, M2, -, s 1)
O

Lemma 5.4.2 The set X, my1 = {(z1,22,...,2n) : 21,...,2, € {0,
1,...,m}} is a homogenous space for S,,1+1 1Sy, under the action

(0’170'2, . .,on;9)(x173:2, N ,,Tn) = (0137971(1)70'25(:971(2), .. .7O'n$9—1(n))

(i.e. z; is moved by 0 to the position 6(i) and then it is changed by the
action of og(;))-

Proof This is indeed an action:

(0150—23 cee 7Un;9) : [(TlaTQa s 77—77,;5)(27171'27 ce ;xn)]
= (0’1,0’2, ey Opy 9) : (7’11‘5—1(1),7'2.’13571(2), ey Tn$£71(n))
= (01T9-1(1) Te-1(0-1(1)), T2To-1(2) T¢—1(9-1(2))

ey O'nTg—l(n)l'E—l(g—l(n))),

while
[(01,02,...,00;0) - (T1, T2, ..., T; O (®1, T2y . .., Tp)
= [(0’17‘9—1(1), 0'27'9—1(2)7 N 7(J’nTg—l(n); 95)](1’171‘2, e ,,Tn)
= (01791 (1) Te=1(6-1(1))5 2701 (2)Te—1 (91 (2))
ey UnTg—l(n)x§—1(9—1(7l))).
It is easy to check that this action is transitive. |

Note that the stabilizer of T = (0,0,...,0) € X, m+1 coincides with
the wreath product S, ! .S,, where S,, < S,,41 is the stabilizer of 0.
Therefore we can write X, m+41 = (Smt10Sn)/(Sm 1Sh).

The group Sy,4+1 1S, acts isometrically on X,, 41 and the action
is distance transitive. Indeed, suppose that z,y,u,v € X, n+1 and
d(z,y) = d(u,v). If we set A ={k: xx = yi} then there exists § € S,
such that {k : ug-1(4) = vg-1(1)} = A. Therefore it is possible to find
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01y...,0n € Spmy1 such that zp = OLUg—1(k) and Yy, = OkVo-1(k), k=
1,2,...,n. Then (01,092,...,0n;0)u =z and (01,09,...,0,;)v =y. It
follows that (S,,412Sn, Sm 1S,) is a (symmetric) Gelfand pair.

Combining the above discussion with Theorem 5.3.2(i), we conclude
that

Proposition 5.4.3 L(X, m+1) = &7 _oW; is the decomposition of
L(Xpn,m+1) into its (Sma1 0 Sn)-irreducible pairwise inequivalent repre-
sentations.

Remark 5.4.4 Let S,,11 act on L(X1 41) by (0f)(x) = f(o~'z) for
any ¢ € Spt1, € € X1 m+1 and f € L(Xy m41). Then, it is easy to
check that the action of an element (o1,...,0,;0) € S;p11 1S, on a
tensor product f; ® -+ ® f, is given by: (01,...,0,;0)([1 Q- @ fn) =
(01fo-1(1)) ® -+ ® (0nfo-1(n)). This directly shows that each W; is
Sm+1 U Sp-invariant.

Note that the hypercube @, coincides with X,, ; (in particular it is a
group). Moreover, So 1S, is the group of all isometries of @, and the
simple random walk on @,, (the Ehrenfest diffusion model) is (St Sy )-
invariant. Compare also with Section 2.6. For a similar situation for
classical Fourier analysis we refer to Section 4.15 in the book by Dym
and McKean [82].
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The Johnson scheme and the
Bernoulli-Laplace diffusion model

As mentioned in the preceding chapter, Sections 6.1 and 6.3 below do
not use group representation theory and only rely on harmonic analysis
on distance-regular graphs (Section 5.1).

6.1 The Johnson scheme

In this section we present the Johnson scheme. The main sources are
Delsarte’s thesis [51] (see also [53]) and the papers of Dunkl [73, 75, 76]
and Stanton [209, 210, 211].

Fix once and for all a positive integer n and, for 0 < m < n, denote by
O, the family of all m-subsets of {1,2,...,n}. Asusual, L(£2,,) denotes
the space of all complex valued functions defined on €2,,,. If A € Q,,, then
04 denotes the Dirac function centered at A and therefore any function
f € L(Q),) may be expressed in the form f =3, f(A)da.

A standard notation ([182]; see also Chapter 10) for the space L(2,)
is M= clearly M™ ™™™ is isomorphic to M™~"™™ (via 4 > dac,
where A¢ € Q,,_,, is the complement {1,2,...,n}\ A of A).

On ,,, we introduce the Johnson distance § by setting

5(A,B)=m—|ANB|, A,BeQ,

that is (A, B) = |A\ B| = |B\ A|. It is easy to check that (£,,,0) is a
metric space.

Moreover, €2, may be endowed with the graph structure whose edges
are the (A4, B) with §(A, B) = 1; this way ¢ coincides with the geodesic
distance in this graph. Note that 2y is nothing but the complete graph
K,, (see Example 1.8.1).

168
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Lemma 6.1.1 2, with the above defined graph structure is a distance-
regular graph with diameter min{m,n —m} and with parameters c; = i?
and b; = (n—m —i)(m—1) fori=0,1,...,min{m,n —m}. Moreover,
the map

QndA— A€ Qp_m (6.1)

18 a graph isomorphism.

Proof Suppose that A, B € Q,, are at distance §(A, B) = m—|ANB| = i.
Then the number of C' € Q,, such that §(A,C) =i+ 1 and §(B,C) =1
is equal to (n —m — i)(m — 7). Indeed any such C is of the form

C = (B\{b})U{a}

withb€ BNAanda€ {1,2,...,n}\(ANB) = (AUB)°. As |BNA| =
m—i and |(AUB)¢| = n—m —i we have exactly m — i ways of choosing
b and n —m — ¢ ways for choosing a. We leave to the reader as an easy
exercise to check that ¢; = 2.

Finally, if A, B € Q,, then
(A, B) = |A\ B| = [B®\ A°| = §(A°, B°)
and therefore the map (6.1) is an isometry. O

We now introduce some important linear operators between the spaces
Mn=™m  The operator d : M?~™™m — Mn—mthm—1l ig defined by
setting

(df)(A) = Y f(B) (6.2)

BEQ,:
ACB

for all A € Q,,_1 and f € M™ """, In other words, the value of df at
A is equal to the sum of all the values of f at the points B € (), that
contain A.

The adjoint operator d* : Mn—m+Lm=1 _ pn=m.m ig then given by

(@ HB) = > fA (6.3)

AEQm_1:
ACB
for all B € Q,, and f € M~ ™*+Lm=1 TIndeed, it is easy to check that
(df1, fo) pn—m+1m—1 = Z J1(B) f2(A) = (f1,d" f2) pyn—m.m

(A,B)EQm _1 X
ACB

for all fi € M™~™™ and f, € M~ LML
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Using Dirac functions as bases for the spaces M"™~ "™ the operators
d and d* have the following alternative (equivalent) description.

dip =Y 0a=) dn
AEQ _1: JjEB
ACB

and

d*o, = E op = E dAu{j}
BeQy,: Jj¢A
ACB

for all B € Q,, and A € Q,,_1, that is dép is the characteristic function
of the set {A € Q,,—1 : A C B} and d*d4 is the characteristic function
of the set {B € Q,,, : A C B}.

Remark 6.1.2 We denote by d the linear operator

n n—1
d: @ MR @ MrTem
m=0 m=0

defined by setting, for f=3"" _ fm, fm € M"™™™,

df = dfm
m=1

where df,, is as in (6.2). In a similar way one has the adjoint

n—1 n
d @@ mrmm s g
m=0 m=0

Moreover, for f € M™° we set df = 0; similarly, for f € M%" we set
d*f=0

The adjacency operator A on §2,, is given by

Af(A) = Z f(B), for every A€ Q,, and f € M"~™™
BEQ,:56(A,B)=1

that is, if A € Q,,, the A-image of d4 is given by the characteristic
function of the set consisting of all B € ,, such that §(4, B) = 1.

Lemma 6.1.3 Let 0 < k <n. For f € M 5F we have

(i) dd*f = Af +(n—k)f,
(i) d*df = Af + kf.
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Proof If A € Qy, then

dd*6a =d Y Saugyy

iga
=D 04+ DD Savmin
JEA JEAIEA

=(n—|A]|)da + Ada.
This proves (i); (ii) is proved similarly. O

In the sequel we shall use the following notation (Pochhammer symbol)
fora € Candi € N: (a); = ala+ 1)(a+2)---(a+i—1). In particular,
(1), =nland (}) = (”727?%)’“ Also note that (a + 1);—1a = (a);.

Lemma 6.1.4 Let f € M" %% and 1 <p<q<n—k. Then

(i) d(d*)9f = (d*)9df + q(n — 2k — q + 1)(d*)T1f;
(i) if df =0, then dP(d*)1f = (q—p+1)p(n — 2k — g+ 1), (d*)TPf.

Proof In the case ¢ = 1, the first identity immediately follows by sub-
tracting (ii) from (i) in the statement of previous lemma. The general
case of (i) then follows by induction on g¢:

d(d*)9f = d*d(d*) I f + (n — 2k — 2+ 2)(d*)7 1 f
= (d*)%df + q(n — 2k —q+ 1)(d*)* ' f

where in the first equality we have applied the case ¢ = 1 to (d*)?~1f
and in the second equality we have applied the inductive step (namely,
case ¢ — 1) directly to f.

Regarding (ii), the case p = 1 reduces simply to (i) and, again, the
general case follows easily by induction on p. |

We are now in position to decompose the space M™ ™™ into the
A-eigenspaces.

Definition 6.1.5 For 0 < k < n/2 define S"~%* = Mn=*kkn Ker d =
{f € M" % . df =0}. Also set S™9 = M™O.

Clearly, since dim M™% = (Z) > (kfl) = dim M"~k+LF=1 (50 that

—k.k
, 9"

d cannot be injective!) is a nontrivial subspace of M™%k,
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Theorem 6.1.6 We have:

(i) dim S™ Mk = (1) = (")), 0 <k <n/2.
(i) If0<m <n, 0<k<min{n—m,m} and f € S"~%* then

@)™ * IR g = (m = k)10~ b — 110+ D)1 g5

in particular (d*)™~F is injective from S"=KF to pn—mm,

(i) For 0 <m <mn,

min{m,n—m}
AT @ (d*)m—rgn—hok
k=0
18 the decomposition of M™~ ™" into the A-eigenspaces.
(iv) The eigenvalue of A corresponding to (d*)m—kgn—Fk
m)—k(n—k+1).
(v) If 0 <m <n and max{1,1 — n+ 2m} < p then

is m(n —

min{m,n—m}
Ker (d) N M™ ™™ = @B (@)mrsmhR
k=max{m—p+1,0}

Proof First of all, note that from Lemma 6.1.4 (ii) it follows that, for
fi1€ Sn—h:h and fo € Sn—kk (< h <k <m <n, we have

(@)™ fr, (@)™ F fo) pgmemom = (™R " f1 f2) ppuci

= (k —h+ 1>mfk(n —h—m+ 1)mfk <(d*)k_hf17 f2>Mn—k,k . (6’4)

Then, identity (ii) is an easy consequence of (6.4) for h = k.
Moreover (iv) is a consequence of Lemma 6.1.4 (i) and of Lemma 6.1.3
(i): if f € M™®F and df = 0 then

A )" f = dd (@) f (0= m)(d)" 7 f

6.5
— fm(n—m) — kn— k4 )@yt O

Suppose now that 0 < m < n/2. To get the decomposition in (iii), first
observe that

Mn—Ll _ Sn—l,l ey d*sn,O (66)

coincides with the decomposition into constant and mean zero functions:
f € M 11 and df = 0 implies that (df)(0) = >, f({4}) = 0; com-
pare with the spectral decomposition for the simple random walk on the
complete graph (Example 1.8.1).
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More generally, we have the orthogonal decomposition
MrTmem — gnem,m ey d*Mnfm+1,mfl’ (67)

Indeed, a function f; € M™™ ™™ belongs to S™~ ™™ if and only if
0= <df1,f2>Mn—m+1,m—1 = <f1,d*f2>Mn77n,7n for all f2 S Mn—m—i—l,m—l,
that is if and only if f; is orthogonal to d*Mm—m+bLm—1,

Then the decomposition M"™*~™™ = @Z‘Zo(d*)m_ksn_k’k may be ob-
tained by induction on m, starting from (6.6) and using (6.7). The
orthogonality of the decomposition also follows from (6.7) and (6.4).

Note also that the function k +— [m(n—m)—k(n—k+1)] is decreasing
for 0 < k <n/2and so (iv) gives m+1 distinct eigenvalues. As M"~"™
decomposes into m + 1 = diam(€,,,) A-eigenspaces (cf. Theorem 5.1.6),
this ends the proof of (iii). Note that by (6.7) and the injectivity of
d* : MnRFTLE=L o A=k for 0 < k < /2, we have

dimS"~F* = dim(M"~FF N kerd) = dimM" % — dimd* M RHLAT

— dimM™ %k — gim MR LR (Z) — (k f 1).

This proves (i).

Finally, (v) is a consequence of (ii), (iii) and of Lemma 6.1.4 (ii). The
case n/2 < m follows from the isomorphism between ,,_,, and £2,,, and
applying again (6.4), (6.5), (i) and (iii). O

If AC{1,2,...,n} and ¢ is a nonnegative integer not greater than
the cardinality of A, we denote by o¢(A) the characteristic function of
the set {C € Qp: C C A}, that is 0¢(A) = 3 ccq, ccadc. We have

dog(A) = (|A] = £+ D)oy (A). (6.8)

Indeed, for any C" C A with |C’| = £—1, there exist |A|—{+1 = |A\C'|
many C’s with C' C C C A and |C| = ¢. This follows from the fact that
any such C is of the form C' = C" U {j} with j € A\ C".

Once and for all in this section we fix an element A € €, and denote
by B = A° its complement. Let 0 < h < n. For max{0,h — m} <
¢ < min{n — m, h}, we use the product o4(B)on—_¢(A) to denote the
characteristic function of the set {C' € Qy, : |[BNC| =¢, |ANC| = h—{}.
We also set 0_1(B)oy(A) = 0x(B)o_1(A) = 0. In other words,

U((B)Uh_g(A) = Z 50.
CeQp:
|BNC|=¢,
|[ANC|=h—¢
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If C satisfies the conditions expressed in the above sum, we say that
dc appears in oy(B)op—¢(A). Note also that for h = m we have that
{0¢(B)om—¢(A) : £=0,1,...,m} are the characteristic functions of the
spheres in €, centered in A.

Lemma 6.1.7 d[o;(B)ok—;(A)] = (n—m—i+1)o;—1(B)og—i(A)+(m—
k + /) + 1)01'(3)0']@,1',1(14).

Proof If C" € Qp_1, |C'NB| =i—1and |C’'NA| =k — i, then there
are |[B\ (C'NB)l|=n—m —1i+ 1 many C’s in Q such that C' C C,
[CNB|=iand [CNA|l=k—i.

Analogously, the coefficient m—k+i+1 is equal to [A\C'| if |C'"NA| =
k—i—1 (and |C' N B| =1). O

Corollary 6.1.8 If 0 < k < min{n—m, m}, the solutions of the equation

k

43" ¢i)os(B)or—i(4) = 0

=0

with ¢(0), ¢(1),...,¢(k) € C, are given by the multiples of the vector

k
> = Z”_;;;l)“ oi(B)ok—i(A). (6.9)
i=0 -

Proof From the previous lemma it follows that

k k
4 ¢(i)oi(B)or—i(A) = > _ ¢(i)(n—m —i+1)o;1(B)ok—i(A)
=0 =1
k—1
+ Z o(i)(m — k+ i+ 1)0i(B)o—i—1(A)
1=0
k—1

=D [(n=m—=i)¢(i+1) + (m —k+i+1)¢(i)]oi(B)or—i-1(4)

%

I
o

and therefore dZ?:o ¢(i)o;(B)ok—;(A) = 0 if and only if
m—m—i)p(i+1)+(m—k+i+1)¢(t) =0, fori=0,1,2,....,k—1

(the functions o;(B)oj_;(A) are clearly linearly independent). The so-
lutions of this recurrence relations are given by the multiples of the
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function ¢ defined by setting ¢(k) = 1 and

mn—-m—-k+1)n—-m-k+2)---(n—m—1)

o) = Cm)(—m+1)- (—mtk—i—1)
k—1 .
_ H (n—m—j)
Lk
fori=0,1,2,...,k — 1, as one easily checks. |
Lemma 6.1.9

(i) If C € Qi and k < h, then ﬁ(d*)hikéc equals the character-
istic function of the set of all D € Qy, such that C' C D.
(ii) For max{0,k —m} <i < min{k,n —m},

1
(h— k)
min{h—k+i,n—m}

= > (f) <Z B f) oo(B)on_(A). (6.10)

{=max{i,h—m}

(d*)""oi(B)ok-i(A)

Proof (i) The value of (d*)"*6c on D (with |D| = h) is equal to
the number of ordered sequences (of distinct elements) (i1,42,...,4h—k)
such that one can express D in the form D = (--- ((C'U {i1}) U {i2}) U
-+ JU{ip—x} (that is, D is obtained by sequentially adding the elements
i1,12,...,in—k to C) and therefore it equals |[D \ C|! = (h — k)!.

(ii) If 6 p appears in o4(B)op_¢(A) then |DNB| = £ and |[DNA| = h—¢.
Thus the number of §¢’s appearing in o;(B)ok—;(A) such that C C D
is (f) (Z:f), since any such a C is the union of an i-subset of D N B and
of a (k — i)-subset of D N A. Then we can apply (i). O

We can now calculate the spherical functions. Taking into account
Remark 5.1.10 (with the fixed point zy replaced by A) we have the
following:

Theorem 6.1.10 Fiz A € Q,, and set B = A°. For(0 < k < min{m,n—
m} the spherical function in (d*)™~*S"=*k is given by

min{m,n—m}

o(n,m k)= Y $(n,m, k;)oe(B)om_(A) (6.11)
£=0
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where
min{¢,k}

i 5 TE ()

(nzm) i=max{0,—m+k}

Proof Apply the operator (=l k), (d*)™~* to the function (6.9) obtained
in Corollary 6.1.8; by (ii) in Lemma 6.1.9 we have

TG e Dy

(m —k)! et (=m)k—i
_ min{mzn_m} mi%“ (m — E) (4) (n—m—Fk+1),_
=0 i=max{0,l—m+k} k—i v (_m)k—i

. O'g(B)O‘m,g(z‘D
(6.12)

since

k min{m—k+i,n—m} min{n—m,m} min{¢,k}

XX - X

=0 i=max{0,{—m-+k}

Corollary 6.1.8 ensures that ®(n,m, k) € (d*)m-ksn=—kk C ppn-—mm,
But ®(n,m, k) is constant on the spheres of ), centered at A (recall
that o¢(B)om—¢(A) are the characteristic functions of these spheres) and
therefore, in order to apply Corollary 5.1.9, it suffices to prove that the
value at A is equal to 1, that is the coefficient of o (B)o,(A4) is 1. Since
the coefficient of oo(B)oy,(A) in (6.12) is equal to ('} )w =

(=m)k

(=1)*("™), the proof follows. 0

6.2 The Gelfand pair (S,,S,—m X Sm) and the associated
intertwining functions

In this section we give the group theoretic approach to the Johnson
scheme. Let S, be the symmetric group. Then £2,, is an S,,-homogeneous
space. The action of S, on €, is given as follows: for g € S, and
{i1,%2,...,im} € Qu, onehas g{i1, 2, ..., im} = {9(i1),9(i2), ..., g(im)}.
Therefore, if A € Q,,, then the stabilizer of A is S,,_,, X S, where S,, is
the group of all permutations of the elements of A and S,,_,,the group
of all permutations of the elements of A€ (cf. Section 3.14).

The action of S,, on the metric space (Q,,,d) is 2-point homogeneous:
if A,B, A', B" € Q,, are such that 6(A, B) = 6(A’, B’), then there exists
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g € S, such that gA = A’ and ¢B = B’. Indeed such a g may be
constructed by taking a bijection between A\ B and A’ \ B’, a bijection
between B\ A and B’ \ A’ a bijection between BN A and B’ N A’
and finally a bijection between (A U B)¢ and (A’ U B’)¢. Therefore
(Sny Sn—m X Spm) is a Gelfand pair. Viewing S,,_,, X Sy, as the stabilizer
of a point, say Ag in Q,,, the orbits are the spheres {A € Q,, : 6(A4p, A) =
r} for r=0,1,2...,min{m,n — m}. It follows from the general theory
(see Section 4.6) that M™ ™™ decomposes into min{m,n — m} + 1
irreducible and inequivalent representations of S,. It is easy to check
that the operators d and d* intertwine the permutation representations
of S,, on Q,, and Q,,_1.

Now we give the decomposition of M™~ ™™ into its irreducible com-
ponents. The following is the group theoretic analog of Theorem 6.1.6
(compare also with Exercise 3.14.2).

Theorem 6.2.1 We have:

(i) {Sn=Fk .0 <k <n/2} is a family of distinct irreducible repre-
sentations of the symmetric group S,.
(ii) For 0 <m <mn,

min{m,n—m} min{m,n—m}
Mrmmm @ (d*)mfksnfk,k o~ @ Snfk,k
k=0 k=0

18 the decomposition of M™~""™ into its irreducible components.

Now we fix an h-subset A of {1,2,...,n}, that is an element of Qj,, and
suppose that S,,_p X S}, is its stabilizer; if B = A° is the complement of
A, then B is also stabilized by S,,_x X Si. In the notation of the previous
section, the characteristic functions of the orbits of S,,_,, X .S,, on €}, are
then given by the products o¢(A)oy,—¢(B), for max{0,m—n+h} < £ <
min{m, h}. Then Corollary 6.1.8 may be reformulated in the following
form:

Lemma 6.2.2 If 0 < k <min{n — h,h}, A€ Q, and B = A®, then the
space of Sp_p, X Sp-invariant vectors in S"7*F consists of the multiples
of the vector

k
(n—h—k—&-l)k_i ) o )
Z (—h)x oi(B)og—i(A).

i=0 —i
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Proof A function ¢ € M™ ** is S,,_}, x Sp-invariant if and only if there
exist coefficients ¢(0), ¢(1),...,¢(k) such that ¢ = Zf:o ¢(k)o;(B)
or—i(A). If we impose diy = 0 then we can conclude as in Corollary 6.1.8
(with m replaced by h). O

Theorem 6.2.3 If0 < k < min{h,n—h,m,n—m}, A € Qp and B = A°
then the space of all S,,_p X Sp-invariant functions in the subspace of

M"=™™ jsomorphic to SR consists of the multiples of the function

min{m,n—h}

®(n, h,m, k) = > ¢(n hymk; 0)oy(B)om—i(A)
{=max{0,m—h}

where
min{¢,k}
(="
¢(n? h7 m? k? E) = (n_h)
k i=max{0,{—m-+k}

m—L0\[(0\(n—h—k+ 1)k
k—1i/)\id (—=h)k—i '
In particular, ®(n,h, h, k) is the spherical function of (Sp, Sn—n X Sh)

corresponding to the representation S™ % : in other words, it coincides
with ®(n, h, k) (see (6.11)).

Proof Apply the operator (mik)!(d*)m’k to the function obtained in
Lemma 6.2.2; by (ii) in Lemma 6.1.9 we have

# *\m—Kk k (n_h_k—’_]-)kfio_' . ‘
(m—k)!(d ) ; (—h)k—i i(B)ok—i(A)

B min{gfl—h} miﬁk} <m - g) (z) (n—h—Fk+1);
¢=max{0,m—h} |i=max{0,0—m+k} k—i)\i (=h)g—i
~0y(B)om—e(A).

(6.13)

Theorem 6.1.6 and Lemma 6.2.2 ensure that the S,,_; x Sj-invariant
functions in the subspace of M™~ ™™ isomorphic to S*~%* are all mul-
tiples of the function (6.13). Observe that the factor (—1)k/(”;h) is just

a normalization constant (see Theorem 6.1.10). O

Clearly, if k£ does not satisfy the conditions in the statement of Theo-
rem 6.2.3, then S"~%* is not contained in M™~™™ and/or S"** does
not contain nontrivial Sj, x S,,_p-invariant vectors (cf. Theorem 4.6.2)
and so (6.13) is identically zero.
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Note that from (6.13) and the definition of ®(n,h, m,k) in Theo-
rem 6.2.3 it follows that

1

®(n,h,m, k) = Rl

(d*)"*®(n, h, k, k). (6.14)

Remark 6.2.4 The coefficients ¢(n, h, m, k) can be expressed by means
of the Hahn polynomials. These are defined, for integers m,a,b with
a>m,b>m >0 by setting

Qr(z;—a—1,-b— Ek: (" kﬂ) (Z:j) _ (m)

J

for k = 0,1,...,m and z = 0,1,...,m; see [135] and [75]. These,
as functions of z, form a set of orthogonal polynomials of a discrete
variable. We limit ourselves to observe that

m
o(n, hym, k; 0) = #Qk(& —n+h—1,—-h—1,m)
(&)
and that most of the properties of the Hahn polynomials, i.e. the coef-
ficients ¢(n, h,m, k; £), may be easily deduced from their interpretation
as intertwining functions. See also [78].
For instance, it is easy to check that the second order finite difference
equation

[(n—=h =00+ (h—m+L)(m —L0)]p(n, h,m,k; L)
+(n—h—0)(m—0¢n,h,m,k;{+1)
+ (h—m+ 0)Lp(n, h,m, k; £ — 1)
=[m(n —m) —k(n —k+ 1)]p(n, h,m, k; )

corresponds to
Ad(n,h,m, k) = [m(n—m) —k(n—k+1)]®(n, h,m, k)

and this follows from Theorem 6.2.1 and Theorem 6.2.3. The orthogo-
nality relations

min{m,n—h} e N
> ( , ) (m B £> d(n, b, m, k; €)p(n, h,m, t; £)

£=max{0,m—h}
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which coincide with those for the Hahn polynomials @y, follow from
<(b(n7 ha m, k)7 (I)(TL, h7 m, t)>Mnfmvm

(h=Rln—h=k ()

k=l = B () - ()

To obtain the norm of @, first note that by Corollary 4.6.4

1 (n, by by )| = <Z)C§—}(’L)'

k k—1

Then, using (6.14) and Theorem 6.1.6 (ii) we can first compute the
norm of ®(n, h, k, k) and then the norm of ®(n, h, m, k).

6.3 Time to reach stationarity for the Bernoulli-Laplace
diffusion model

In this section €2,, will denote the family of all n-subsets of {1,2,...,2n}.
It is clear that the Bernoulli-Laplace diffusion model coincides with the
simple random walk on §2,, equipped with the graph structure of the
Johnson scheme (see Exercise 1.8.4). Therefore the corresponding linear
operator coincides with A/n?. The corresponding eigenvalues are

i(2n —i+1)

Ai=1- ;

n
with multiplicities d; = (21") — (127"1) for all : = 0,1,...,n. Denote by 7
the uniform distribution on €, (that is 7(A) = ﬁ for all A € Q,,) and

(k

by v A) the distribution probability of the Bernoulli-Laplace diffusion

0
model after k steps (Ap is the starting point corresponding to the initial
configuration).

Now we show that the Bernoulli-Laplace diffusion model has a cutoff

after k = %log(?n) steps. First we give an upper bound.

Theorem 6.3.1 (Diaconis and Shahshahani [70]) There exists a
universal positive constant a such that if k = % (log(2n) + c) with ¢ > 0,
then we have

W = xlry < ae=e/2.
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Proof In virtue of the upper bound Lemma (Corollary 4.9.2 or, equiva-
lently, Corollary 5.1.13) we must estimate the quantity

édi/\?k = z": Kin) - (zQ—nlﬂ {1 - w . (6.15)

i=1

To bound (6.15) we first observe that
ifz <1+e 2 then |l —z| <e ™. (6.16)

Indeed, if x < 1 this is just elementary calculus: 1 —z < e *. If
1 <z <1+ e 2 then ﬁ > ¢2 > ¢ and therefore we still have
l—z|=z—-1<e =

M is <1 for i < 2""'1_‘/@ but in any case
ntl
n

The quantity

“27:7;'“) is increasmg for i < n+ 5 and for i = n takes the value

(in other terms, the negative eigenvalues are bounded from below by
—1). It follows that for n > 8 > e* we can apply (6.16) to |\;|, with

i(2n—i+1)
nZ

T = , obtaining for ¢ = 0,1,...,n

A2k < exp [_21“(2””1)} _

n2

This estimate together with

=) ()] =%

for all i = 0,1,...,n, ensures that (6.15) is bounded from above by

2ki(2n — 1
Zexp [ w +ilog(2n) — log(i!)} . (6.17)
The first term in (6.17) is

4
exp [—k + log(2n)]
n

which becomes e™¢ if we set & = % (log(2n) + ¢). If k is equal to this
critical value, then (6.17) may be written in the form

where
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Since a(i) is decreasing for i < 2Lt we have that a(i) < a(1) = —c for
all i =1,2,...,n. We are left to show that Y7 exp(b(i)) < B with B
independent of n. Observe that

log(2
b(i)gﬂ%”)—ilogiﬂ
n

as follows from the inequality

log(i!) = log(i) +log(i — 1) +- - - +1og(1) > / log(z)dz =ilogi—1i+1.
1

On the other hand if 22 < i < n we have
2 log(2n)
2n

Indeed, the derivative of f(x) = % is negative for > €3 so that if
n>1i> 21 > e we have

—ilogi+i < —i. (6.18)

logi —2 1 -2
0g i ,, logm .

1 n
Since the right hand side of the last inequality is bigger than log(2n)/2n
if n > 110 > 2e* we get (6.18). Thus

n 110 0o
> exp(b(i)) <Y exp(b(i)) + Y exp(—i) < B,
i=1 i=1 i=111
and this ends the proof. |

We now show that if we make less than in[log(Qn)] switches we are
not close to the uniform distribution.

Theorem 6.3.2 For n large, if k = {n[log(2n)—c] with 0 < ¢ < log(2n),
then we have

V) =7l =1 - 32e7¢

Proof 1t suffices to find a subset A C 2, such that 1/( )(A) is close to 1
and 7(A) is close to 0.

For f € M™" denote by Ey(f) = > peq. f(B )1/1(4]?( ) and by Varg(f)
= En(f2) — Ey(f)? the mean value and the variance of f with respect
tov Ako , respectively. Observe that if ¢; is a spherical function then from
the orthogonality relations and Proposition 4.9.1 (or, equivalently, from
Theorem 5.1.12) we get

Ex(d:) = A7 (6.19)
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We recall the explicit expression of the first three spherical functions (cf.
Theorem 6.1.10 with n in place of m, 2n in place of n and k = 0, 1, 2):

Po(l) =1
o =1-=
_n=On—L—-1) 2(n—-0f (L—-1)
92(0) = n(n—1) o2 + n(n —1)
from which we deduce
2 ¢)0 2n — 2
=g —7t5. 1% (6.20)
Let f = (2n — 1)'/2¢,. Then, by (6.19), we obtain
k
En(f) = (2n —1)'/? (1 — i) . (6.21)

Moreover in virtue of (6.19), (6.20) and the fact that Ej is linear we
have that

B(7) = 2n -0 (500 + 520 )

2(2n—1))k

=1+2(n—1) (1— pe

and therefore

Varg(f) = Ex(f?) — Ex(f)?

=1+2(n—1) <1—2(222_1>>k—(2n—1) (1—73)% <1
(6.22)

Now we can proceed as in the last part of Theorem 2.4.3. Set A, =
{B€Q,:|f(B)|] <a} where 0 < a < Ey(f). From Markov’s inequal-
ity (Proposition 1.9.5) and the orthogonality relations for the spherical
functions, it follows that

m(Ay) =1—m{B€Q,: f(B)*>a?}
>1- éEﬂ(fQ) _- % (6.23)
From Chebyshev’s inequality (Corollary 1.9.6), the inclusion A, C {B €
Q. |f(B) — Ex(f)] > Ex(f) — a} and (6.22) we get
Varg(f) < 1
(B(f) —a)* = (Ex(f) —a)*

V(AL < (6.24)
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Now set k = 1n(log(2n) — ¢), with 0 < ¢ < log(2n). From the Taylor
expansion of the logarithm it follows that
2
log(l —z) = —x — ?w(x) (6.25)
with w(z) > 0 and lim,_,ow(z) = 1. Then applying (6.25) to the right
hand side of (6.21) we get

Er(f) = (2n — )Y exp {log (1 - i) . in(log(Zn) - c)}
— (2n— 1) 2exp K_fl - n22w(2/n)> - in(log(Qn) - c)]

- m ¢“/2 exp {C - 1;%(2"%(2/@}

and therefore for n large we obtain

m—1 3 1
En(f) > Zet? > Zell2,
K 2 5 ¢ 2 50

60/2

Choosing a = S~ we have Ey(f) > 2« and therefore (6.24) yields

1
k
Vit (o) < 75
this and (6.23) imply that
k k 2 e
iy =l = m(Aa) = i) (Aa) 21— = =1-32¢".
O

Remark 6.3.3 Observe that A, in the preceding proof is the set of all

B € Q,, such that [0(B, Ag) — 5| < 2\/72%'

6.4 Statistical applications

In [55] and [56] Diaconis developed a spectral analysis for data on groups
and permutation spaces, inspired by the classical analysis of time series
and the analysis of variance (ANOVA). We will describe a particular
case which is an application of the Gelfand pair (S, Sp—r X Sg).
Consider an election where there are n candidates. Each voter must
indicate k candidates, without ranking within (thus each voter chooses
a k-subset between the n candidates, or he/she indicates k preferences).
Therefore the data is a function f : Qi — N where (), as in Section 6.1,
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is the homogeneous space of all k-subsets of {1,2,...,n} (the set of
candidates). If A € Qy, then f(A) is the number of voters that have
chosen A. The winner (or the final ranking of the candidates) is usually
determined by the number of preferences taken by each candidate.

Fort =1,2,...,n, define v; as the characteristic function of all A €
containing t. Then {vy,vs,...,v,} is clearly a basis for the subspace of
M™%k isomorphic to S™ @ S"~ 11 = M™~L1 It is not an orthogonal
basis:

(04, v5) = {(T’H) = (6.26)

(372)  otherwise.

The number of preferences taken by the candidate t is clearly equal

to
= > f(A) = (fiv)

AEQy:

teA
Moreover, if P is the projection from M" %% to " @ Sn~1L1 (P =
Ey+ E; in the notation of the end of Section 4.7), then 3, = (P f,v;), i.e
the value of B is determined only by the projection of f on S @ S"~ 11,
Since the outcome of the election is determined by the values of the
coefficients 3, a lot of (possibly relevant) information (that contained
in the projection on the subspace orthogonal to S™ @ S™~1:1) is lost.
Now we give an elementary formula that expresses Pf in terms of the
values ;. A generalization will be given at the end of Section 6.5.

Theorem 6.4.1 Pf(A) = (n T ZtGA By — m Eng B

First proof It Pf = Y1 | ayvy then from (6.26) it follows that 8, =
(fyve) = (Pfove) = (7))o + (322) > st @s. Then an elementary but

k—1
tedious calculation shows that
nk — 2k +1
Qy = P By — B
K=k (2) k= k) (32 2 !

and therefore

nk 2k+1
Z Z —k(n 1>ﬂt k?( —k‘(nl Zﬁu

teA teA —1/ u#t
= In— 1 Z/Bt To— 1 Zﬂw
(k 1) teA (n— ( - ng
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Second proof In this case, the function wy of formula (4.19) is given by:
wi () = ’E;)l — ﬁ; see Theorem 6.1.10. Therefore, applying formula
k

k—1

(4.20) we obtain that

Pf(A) = Eof(A) + E1f(A)

k
=Eyf(A +Z f(B) n;lntg]
=0 Ber 5( \B)= () (r1)
= Bof(A)+ = > f(B
’ (k) BeQy,

k
Zf > B

e:1 BEQ:6(B,A)=¢

Since

k(Z)EOf:k DIBY=D 8= B+ bu

BeQy, t=1 teA wgA

and Z]Z:lf (ZB:&(B,A):Z f(B)) = > wg¢a Bw, the formula of the theo-
rem follows from an easy calculation. O

Now we give an example that shows that if we analyze the results of
an election only counting the votes taken by each candidate we may not
understand how the voters are grouped or other structures of the data.

Example 6.4.2 Suppose that in an election there are N voters and
eight candidates (we indicate these latter by {1,2,3,4,5,6,7,8}). Each
voter must indicate two candidates, without ranking within (therefore
n = 8 and k = 2). Moreover, suppose that the voters are divided into
three groups: the first group (the smallest) has two leaders, 1 and 2, the
second group has one leader, 3, and two subordinates, 4 and 5 and the
third group (approximately equals to the second) has one leader, 6 and
two subordinates, 7 and 8. To fix things up and simplify calculations,
we suppose that the first group consists of M members and they all
vote {1,2}, the second group consists of 2M members: M of them vote
{3,4} and the others vote {3,5}, the third group is of 2M members: M
of them vote {6, 7} and the others vote {6, 8}; clearly N = 5M.
Therefore, the function representing the outcome of the election is f =
Mé{m} + M5{374} + M6{3,5} + M6{6,7} +M5{6,8}~ Clearly, ||f|l = \/EM,
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f =L | foll* = 25, M?. Moreover, By = B = 84 = 5 = 37 = B3 =
and (03 = fg = 2M. From Theorem 6.4.1 it follows that

PI{iI ) = 26+ B) — 35 O B

wH#t,J
and therefore
3
P({3,6)) = SM
o 11 . .
Pf({z,j}):EM if {i, 7} N{3,6}] =1
. 2 . o
PIidl) = oM i {i)0 {36} =0
It follows that ||Pf] = %M and thus || f1|| = VIPFII?Z = I foll? =
iM and || fol| = /I FII? = [ PfIPM = %M This means that the most

relevant component of f (the largest) is fao: counting the preferences,
most of the information contained in f, that is the structure of the set
of voters, is lost. By counting the preferences, one can only say that 3
and 6 have taken 2M votes, and all the other candidates have taken M
votes.

6.5 The use of Radon transforms

In the general case k > 2, the spectral decomposition f = fo+fi+- -+ fx
has a simple interpretation: fy is the mean value, f; is the effect of
the popularity of individual members, f5 is the effect of the popularity
of pairs, f3 is the effect of the popularity of triples, and so on. Note
that such effects are “pure”: fy + fi1 + fo is the projection onto the
subspace isomorphic to M™~ 22 and thus it represents the most natural
dat on pairs; therefore, fo is depurated by the effect of the popularity of
singles. We end this section by giving a generalization of Theorem 6.4.1.
Suppose that 0 < j < k < n/2 and define the intertwining operator
D : M™kk 5 M"=3J by setting

Df(A)= > f(B) (6.27)

BeQ,:ACB

for every f € M™ %% and A € ;. In the notation of Section 6.1,
D = g (@),
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We also define the intertwining operator D~ : M™ =77 — M"~FFk by
setting

k
ZM > A

£ J L A€Q;:|B\A|=¢

for every f € M" 77 and B € Q.

We show that D~ is a right-inverse of D and that D~ D projects
M"™kF onto its subspace isomorphic to M 77, We first give the fol-
lowing elementary combinatorial lemma (see identity (5.24) in [104]).
Recall that, by definition, (Z) =0if kK <0.

Lemma 6.5.1 For integers m,r,s,t with t > 0 we have

if Fly(tf) (gts) = (—1)** (;;2) (6.28)

{=max{s,m+r}

In particular, if m < t then the left hand side is equal to zero.

Proof We prove this identity by induction on t. For ¢ = 0 it is trivial.
The inductive step from t—1 to t is an easy consequence of the elementary

identity
O-C:)-6) e

s (G0

f{=max{s,m+r}

SR S (g [

{=max{s,m+r}

S (0N

f=max{s+1,m+r}

Indeed,

by induction

— +1-—7
— (_1)t+s—1 §—T _1)t+s s
(=1) <m—t+1 +(=1) m—t+1
by (6.29)

— (—1)** (;__Tt) .

where the first equality follows from (6.29).
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If m < ¢ then (S_T):O. O

m—t
Theorem 6.5.2 (i) D~ is a right-inverse of D, i.e. DD~ is the identity
of M"=9:J;
(ii) Q; = D™D is the orthogonal projection from M"~%* onto the
subspace isomorphic to M™ 77,

Proof (i) If f € M™~7J and A € Q; then

(DD f)(A)= Y D f(B
BeQy:
ACB
k _
DD B S
BeQy: {=k—j Z CeN;:
ACB |B\C|=¢
j k4-t—j ( t )(n—j—t)
k—0—j+t —t
= ( Z Z (*1)6 2(n—j)
t=0 ¢=max{t,k—j} 4
> @)
CEQJ‘:
5(C,A)=t

because, once we fixe A, C' € Q; such that §(A4, C) = ¢, then the number
of B € Q such that A C B and |B\C| = / is equal to (k_ét_jﬁ) ("2,
But the expression

k4+t—j t n—j—t
EIS ST SRS UER (6.30)

n—j
{=max{t,k—j} é( L )
is equal to 1 for ¢t = 0; for ¢ > 1, by mean of the elementary transforma-

tion
(el (209 (21) (i)

(") (- t+ (1)

is reduced to

<n(y)—ktjik1>(.)) by} 1) (s )

{=max{t,k—j}

which is equal to zero in virtue of the preceding lemma. It follows that
(DD~ f)(A) = f(A).

(ii) From (i) it follows that D™D is idempotent (i.e. D~"DD~D =
D~D), D™ is injective and D is surjective (the last assertion has been
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also proved in Theorem 6.1.6). If f € M™%k and f = f; + fo with f; €
S0p S hblg...gS" 9 =Im D™ and fo € SP I Litlg... gn—kk —
ker D = (Im D~)* then there exists f3 € M 7J such that D~ f3 = fj.
Therefore

D™Df=D"Dfi + D" Dfs =D DD™ fs =D~ fs = f

and D™D is the orthogonal projection onto the subspace of M"~FFk
isomorphic to M" 97, |

The last lemma was proved in [105] and [67], but working with the
adjoint of D. See also [188]. The formula

k
Q;f =D Df(B)= >
(—=k—

L

—1)ked(k— 5
e X 0w
j 4 A€Q;:|B\A|=¢

(6.31)
is clearly a generalization of Theorem 6.4.1: Df(A) =) pcq, .acp [(B)
are the votes taken by the subset A; they correspond to the (§; in the
case j = 1.

Therefore we have the following practical way to analyze the data f
of an election. First of all, one can compute the values (6.27) for every
Ae U?:()Qj: (6.27) represents the votes taken by A. It is a very simple
and natural operation: (6.27) is the number of ballot cards that contain
all the candidates in A. Then one can use (6.31) to find the projection
onto the subspace isomorphic to M"~7J. Finally, Q; f—Q;_1f is exactly
the projection onto S™ 77,

Remark 6.5.3 The operator D (together with its adjoint action (Eiklkjg,] :

Mn"=3 — M™ %) is usually called the Radon transform [29], a name
that comes from classical integral geometry; see [212] and the recent
monograph [161].
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The ultrametric space

This chapter is based on the papers by Letac [153] and Figa-Talamanca
[90]. An earlier appearance of the spherical functions related to the
ultrametric space is also in Mauceri [162]. See also the papers by Nebbia
[170], Figa-Talamanca [89] and Stanton [210].

7.1 The rooted tree T, ,

Let ¥ = {0,1,...,q — 1}, where ¢ € N. We call the set ¥ the alphabet.
A word over ¥ is a finite sequence w = o103 --- 0 where o; € X for
i =1,2,... k. The quantity {(w) = k is called the length of w. We
denote by @ the empty word (which clearly has length £(0) = 0), by
Y* the set of words of length k > 0 (in particular, 2% = {0}), and by
¥ = [Ip—, X" the set of all (finite) words over .

If X is a graph, a circuit in X is a closed path p = (zg, z1,...,)
with zg = z¢, £ > 3 and such that zg,x1,...,2s_1 are all distinct. A
tree is a (finite) simple connected graph without loops and circuits.

The g-homogeneous rooted tree of depth n (where n € N) is the graph
T,.» whose vertices are the finite (possibly empty) words w € £* of
length not exceeding n. Moreover two vertices u = o103 --- 0 and
v = p1p2 - - pp, are neighbors, i.e. they form an edge and we write u ~ v,
if |k—h|=1and o; = p; for all i = 1,2,... , min{h,k}. If u~v and
£(u) < £(v) (thus, necessarily, £(v) = ¢(u)+1), we say that u is the father
(or predecessor) of v and, conversely v is a son (or successor) of u; also, if
v and u have the same predecessor (so that, in particular, {(u) = £(v)),
we call them brothers. This way, @), the vertex corresponding to the
empty word, the common ancestor, is called the root of the tree and the
vertices at distance k from (), which correspond to the kth generation,
constitute the kth level of the tree T, ,. These are clearly identified

191
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with ¥*. The vertices at distance n (the maximum distance from ())
are called the leaves of the tree. Recall that the degree deg(v) of a
vertex v in a graph G = (V, E) is the number of neighboring vertices,
namely deg(v) = |[{u € V : u~wv}|. In our setting we have deg(f)) = ¢,
deg(v) =g+ 1,if 1 </l(v) <n—1 and deg(v) =1 if v is a leaf.

If v=0109---0p € XF, we denote by T, = {w : w = p1pa---pn,h >
k, p; = o; for all 1 < i < k} the subtree rooted at v.

We finally denote by d’ the geodesic distance on T ,.

00 01 02 10 11 12 20 21 22

Figure 7.1. The rooted tree T3 2

7.2 The group Aut(T,,) of automorphisms

Let Aut(T,,,,) denote the group of all automorphisms of T, ,,.

Note that an automorphism necessarily preserves the degrees of the
vertices: deg(g(v)) = deg(v) and preserves the distances, namely it is an
isometry: d'(g(v),g(uw)) = d'(u,v) for all u,v € Ty,,. Therefore, if g €
Aut(T,,,) one necessarily has g()) = () and, more generally, g(X*) = X*
for all k’s, that is, g globally fixes the levels of the tree.

Denote by S, the symmetric group on ¢ elements. Observe that if
g € Aut(T,,) then g is uniquely determined by a labeling, that we
continue to denote by g, namely by a map g : Tgn—1 2 v — g, € Sy
such that

g(w122 - 21) = go(T1) 9w, (T2) - - - Gy wpemzyy (Th) (7.1)

k=12,....,n—1 zyz3- -2 € Ty,. Indeed, if g € Aut(T,,) and
g(x129 - Tp—1) = Y1Y2 -+ - Yp—1, then, for any x5 € ¥ there exists y, € &
such that g(x122 - Tk_12k) = Y1y2 - - Yk—1Yx and the correspondence
T — Yy is a bijection of 3, that is an element of S;, and we denote it

by g$1$2"'aik—1 :
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For example, if ¢ = n = 3, so that Ty, is the binary tree of depth 3, an
automorphism g € Aut(Ts 3) is determined by the data (gg, go, 91, 92, oo,
.., g22) € S33 where gy is the permutation induced by g on the first level
»! = {0,1,2}. Then g; is the permutation induced by g on the first level
of the subtree rooted at gy(i), i = 0,1, 2, and so on.

g@ 20

1
20 81 82 z

2
800 | 8o1 802 [ 810 | 811 812 | 820 | 821 822 z

23

Figure 7.2. The labeling of an automorphism g € Aut(T3,3)

Conversely, it is clear that any labeling gives rise to an automorphism
of Ty, defined by (7.1). In particular, if h,g : Tq,—1 — S, are auto-
morphisms of T ,, represented as labelings, then the label of hg is given
by (hg)p = hp - gp and, for k > 1,

(hg>zlz2mk = hgw(m)gzl (x2)"'92112---z;€_1(Cbk)g$112"'$k
= hg(:m:cz...xk) ‘Yxixo...zp - (72)

This formula follows by a direct application of (7.1) to hg(ziza - - - xk):
for instance, if g(x122) = y1y2 and h(y1y2) = 2122, then gg(x1) = y1,
Gz, (T2) = Y2, hy, (y2) = 22 and therefore (hg)e, (v2) = 20 = hgy(z,) -
a4 (1‘2)

In other words, Aut(T,,) coincides with the set of all labelings en-
dowed with the composition law (7.2).

Finally, note that if v € ©* we have T, =2 Tyn—r and Aut(T,) =
A’U/t(Tq’n,k).

Exercise 7.2.1 (1) Directly verify that the set of all labelings with
composition law (7.2) indeed defines a group and that (7.1) is an action.

(2) Show that Aut(T,2) is isomorphic to the wreath product S, S,
(see Section 5.4).
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Remark 7.2.2 Aut(T,,,) is isomorphic to the n-iterated wreath product
Sq1Sq -+ 18g (see the monograph by Bass et al. [16]). The labeling
representation of an element in Aut(T,,) was introduced by Grigorchuk
[107].

7.3 The ultrametric space

The set X" of leaves of Ty ,, can be endowed with a metric structure as
follows. For © = x129 -z, and y = y1y2 - - -y, € X" define

d(z,y) =n —max{k : x; = y; for all i < k}. (7.3)

In other words d(x,y) is the distance from x and y of the most recent
common ancestor. It is easy to see that the distance d satisfies the
conditions

(a) d(z,y) >0 and d(z,y) = 0 if and only if z =y,
(b) d(z,y) = d(y, x),
(¢) d(z,z) < max{d(z,y),d(y, 2)}, for all z,y,z € X".

Condition (c) which is called the ultrametric inequality clearly implies
the triangular inequality

(") d(z,2) < d(x,y) + d(y, z) for all z,y,z € X"

thus (X", d) is a metric space; in particular, d is called an ultrametric
distance and (X", d) is called an ultrametric space.

We observe that in X" we have two metric distances: the one which
is induced by T, ,, we continue to denote it by d’ and the ultrametric
distance d defined above. We clearly have d = d’/2: this shows, in par-
ticular, that the action of Aut(T, ,) on (X",d) is isometric. In addition
we observe that the diameter of (3", d) is n and indeed the range of the
function d is precisely

d(=", =) = {0,1,...,n}. (7.4)

In Figure 7.3 we denote by Q; = {z € 3 : d(z,z¢) = j}, 0 < j < 3,
the sphere of radius j centered at the point zo = 000. Note that |2;] =
(¢—1Dg "

We now let Aut(T,,,) act on X": the action is clearly transitive. Let
2o = 00---0 € X" be the leftmost leaf and denote by K(g,n) = {g €
Aut(Ty ) @ g(xo) = o} its stabilizer. We now prove that (Aut(T, ),
K(g,n)) is a Gelfand pair by showing that the above action is indeed
2-point homogeneous (see Definition 4.3.6 and Example 4.3.7).



7.8 The ultrametric space 195

0 0
Z1
22
3
xo ® ® ® ® ® ® ® ® Z
~ ——
£2O £21 QZ Q}

Figure 7.3. The orbit decomposition of ¥

Lemma 7.3.1 The action of Aut(T,.,) on (X",d) is 2-point homoge-
neous.

Proof We have to show that given z,y,z’,y’ € X" such that d(z,y) =
d(z',y’), then there exists g € Aut(Ty ) such that g(x) = 2’ and g(y) =
y'. We proceed with an induction argument on the depth n of the
tree Tq .

For n =1 we have ! ={0,1,...,¢ — 1} and Aut(T, 1) = S, and the
statement is obvious: if d(z,y) = d(2’,y’) = 0 then x = y and 2’ = ¢/
and it suffices to take any g € S, such that g(z) = z’; otherwise we
have x # y and 2’ # 3 and therefore there exists a ¢ = g(z,y,2',y’)
(depending on z,y, 2’ and y') in S, such that g(z) = 2’ and g(y) = ¢/
(see Definition 3.13.7).

Suppose, by induction that the statement holds for Aut(T, ) with
1<k<n-—1. Set z=z122...2,, ' = xjxh -z, and similarly for y
and y'.

If d(z,y) = d(2/,y) = n, ie. z1 # y1 and 2} # ¥}, namely the
distance is maximal, let g € Aut(T, ) be an automorphism with label
g9 = g(x1,y1,21,v;) (where we used the notation from the above para-
graph) and with trivial label elsewhere. We now have that g(z) and 2’
belong to the same subtree rooted at a)} while g(y) and 3’ belong to
the subtree rooted at y; which is different from the previous one (as
x} # y}) and the statement follows by the transitivity of the action of
Aut(Tyn—1) = Aut(Ty; ) = Aut(T,;) on the leaves of Ty 1.

/
1
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Suppose now that d(x,y) = d(z’,y’) < n — 1, in particular 1 = 1
and z} =y}, that is z,y and 2/, 3’ belong to the same subtrees T}, and
T}, , respectively. By transitivity of S, on the first level, we may suppose
that z1 = zj. We can now apply induction to T,, = Tgn—1. This ends
the proof. |

Corollary 7.3.2 (Aut(T, ), K(g,n)) is a symmetric Gelfand pair.

Exercise 7.3.3 The ultrametric space is clearly a symmetric association
scheme (see Exercise 5.1.22). Show that the ultrametric distance is not
induced by a graph structure. See also Lemma 8.3.9.

7.4 The decomposition of the space L(X") and
the spherical functions
In order to describe the decomposition into irreducible subrepresen-
tations of the permutation representation L(X"™) we introduce some
subspaces. Note that a function f € L(X") may be regarded as a

function f = f(z1,z2,...,2,) of the ¥-valued variables x1,za, ..., z,.
Set Wo = L(0) =C and, for j =1,...,n, set

W, ={feLXE"):f=f(x1,22,...,2;) and

q—1
Zf(x17x27"'axj—lax)zo}- (75)

=0

Note that, for j > 1 one has dim(W;) = ¢’ ~1(q — 1).

In other words, W; is the set of all functions f € L(X") that only
depend on z1x2 - - - x; and whose mean on the sets {z129 - “Tj 1T X €
X}, is equal to zero for any iz xj_1 € »i-l,

In a more geometrical language, we can say that if xyzo---2;_1 €
Yland f € W, then, for each € X, f is constant on the set

A, = {.’1,‘131‘2 T 1TTj 41T j42 T P 41, T2y T € Z}
of descendants of z1xg - - - ;12 in X" and, if f; is the value of f on A,
-1
then 72— f, =0.
Theorem 7.4.1 We have that
L(E™ = EB;-’:OWJ-, (7.6)

is the (multiplicity free) decomposition into Aut(T,.,,)-irreducibles of
L(Z).
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Proof We first show that these subspaces are Aut(Ty ,)-invariant. The
first condition, namely the dependence of f € W; only on the first j
variables is clearly invariant as Aut(T, ) preserves the levels.

The induced action of Aut(Ty ) on L(X™) (cf. with (7.1)) is given by

[97 (@1, xa, . 20) = F(90(21), Gy (€2), Gara (€3)s -+ s Garar 1 (€0)
for f € L(X") and g € Aut(T,,,); thus if f € W; we have

q—1

Z[g_lf}(xl,xg, ey X1, )

z=0

—

q—
f(g@(xl)v 9zy (1’2), Gzyao-a5 o (xj—l)’ Gzywg- iy (x))

ing

8
I
,_.o

Z g(() xl) gﬂ?l(xQ) Jziza-aj_ z(z] 1) :L’/) = 0.

=

This shows that also the second defining condition for an f to be in W;
is invariant. This is also clear from the geometrical interpretation in
Figure 7.4.

We now show that these spaces are pairwise orthogonal: if f € W, f' €
W, then (f, f') = 0if j # j'. To fix the ideas suppose that j < j'. We
then have

X

XXy X (g—1)

Zn

Ao A A

q-1

Figure 74. fo+fi+ -+ f4-1 =0
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We now show that the W;’s fill up the whole space L(X"). We use
induction on n. For n = 1 it is a standard fact that any function f(x1)
can be expressed as f(z1) = ¢+ g(x1) where ¢ € C is a constant (indeed
c= % S2970 f(2)) and g is a function of mean zero: 3 9_{ g(x) = 0 (this
is again the decomposition in Example 1.8.1). Suppose we have the
assertion true for n — 1; analogously, a function f € ™ can be expressed
as f(x1,z2,...,2,) = c(z1,22,...,Tn—1)+g(x1,22,...,2p_1,2,) where
¢ does not depend on the last variable z,, and g has mean zero with
respect to x,,. Applying the inductive step to ¢ we are done.

Denote by Q; = {x € ¥" : d(x,29) = j} the sphere of radius j
centered at xp = 00---0; these clearly are the K, ,-orbits (recall that
K(g,n) is the stabilizer of the point x). In virtue of (7.4) we have that
the number of the K (g, n)-orbits is exactly n + 1.

In virtue of Wielandt’s lemma (Theorem 3.13.3) and Proposition 4.4.4
we have that the W}’s are irreducible subspaces and this ends the proof.

O

We remark that, incidentally, the previous arguments offer an alter-
native proof that (Aut(T,.), K(q,n)) is a Gelfand pair (compare with
Corollary 7.3.2).

Our next step is the determination of the spherical functions ¢q, ¢1, . . .,
¢n, relative to (Aut(Ty,), K(g,n)); we combine the defining conditions
of the W;’s with the K (g, n)-invariance (¢; is constant on the spheres
O’s centered at zo = 00---0).

Proposition 7.4.2 The spherical function ¢; € W; is given by

1 if d(x,zg) <n—j+1
¢j(x) = —q% if d(z,z0)=n—j+1 (7.7)
0 if d(x,zg) >n—j+1.

Proof 1t is clear that these functions are K (g, n)-invariant. We are only
left to show that ¢; belongs to W;. In virtue of (7.3) we can express the

¢, in (7.7) by
1 if.:IZl:JUQ:"':.Z‘j:O
zj—1=0and z; #0

oj(x1,29,...,2n) = = ifry=x0=---

0 otherwise.

Indeed, we first observe that if x12zo---2;_1 # 00---0 all the points
of the form x5 - - -z, have the same distance (> n — j 4+ 1) from the
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base point £y = 00---0 (in fact all the points in the spheres 2, with
h >mn —j+ 1 are of this type).

The spherical function ¢; in W; is constant on the {2;’s and thus if
z1®2...Tj—1 # 00---0, then ¢;(z1,x2, -+ ,x;_1,2) does not depend on
x because all the (z1,z2,...,z;-1,2)’s, with x =0,1,...,¢ — 1, belong
to the same €. This, coupled with the condition ZZ;B oj(z1, 22, ...,
xj_1,x) = 0, infers that ¢; vanishes on all points at distance > n—j+1
from xg.

Similarly, all the points of the form 00---0xyjt1---yn with z =
j—1

1,2,..., g — 1 constitute the ball of radius n — j5 + 1. Moreover,
since, by definition, ¢;(0,0,...,0,0) = 1 and ¢; depends only on the
first j variables (it belongs to W), the condition ¢;(0,0,...,0,0) +
Zg: i(0,0,...,0,2) = 0, coupled with the condition that ¢, is con-
stant on €,_;41, uniquely determines the value of ¢; on points at
distance n — j + 1, namely —q_%.

Finally, if d(z,20) < n—j+ 1, then z = 00---Qypt1 -+ yn with

h
h > j — 1 and therefore ¢;(z) = ¢,(00---0) = 1. O

7.5 Recurrence in finite graphs

In the next section we analyze a Markov chain on X". For this purpose
we need some more tools that we now independently develop in this
section.

Let X be a finite set and (p(z,y)), ,cx be a stochastic matrix on
X. We say that P is irreducible if for any pair z,y € X there exists
k = k(z,y) € N such that p®)(x,y) > 0. Observe that this condition
is weaker than ergodicity (cf. Section 1.4) where the k above can be
chosen independently on z,y € X. On the other hand, introducing a
suitable notion of period, then one has that P is ergodic if and only if it
is irreducible and aperiodic; in the setting of reversible Markov chains
this corresponds to Theorem 1.7.6. We shall not use the general notion
of period but we refer to the monographs by Behrends [18], Bremaud
[32] and Norris [172] for a more general treatment.

A path of length n in X is a sequence xgz1 - - - x,, of elements (states)
in X such that p(z;,2;41) > 0foralli =0,1,...,n—1. Now fix 2y € X.
We shall consider the Markov chain with transition matrix P and with
starting point xg.
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Let P,, denote the set of all paths of length n starting at 5. On P,, the
following is a natural probability measure P,, given by the construction
in Example 1.3.8

P (zozy -+ xp) = p(xo, 1)p(z1,22) - - - P(Xn—1,Tn)

for all zgx1 -2, € Pp.
Suppose now that Y is a proper subset of X. For all y € Y consider
the following subset of P,

PY ={xox1- - x, : thereexists 1 <k <ns.t. zp =y and
Llyeooy L1 ¢ Y}
In other words, PY is the set of all paths of length n in X such that

y is the first element of Y wisited by the path. Note that o may belong
to Y'; the visit is considered only at time ¢ > 1.

Theorem 7.5.1 The limit
p(y) = lim P,(PY) (7.8)

n—oo

exists for any y € Y and p is a probability measure Y .

Proof First of all note that if zoxy---2z, € PY, then all paths of the
form xgxy - - - x,z belong to Pg_H. Therefore we have

Pori(Pr) > ) Y Pu(wows - an)p(en, 2)

Tox1 T, €EPY  2zE€EX:
P(%n,2)>0

= Y Pu(zozi-an)

ToT1 Ty EPY

= PH(P'%)'

Thus the sequence (P,(PY)),, is increasing and bounded above (by 1).
This ensures that the limit in (7.8) exists. It remains to prove that

For z € X denote by d(x,Y) = min{d(z,y) : y € Y} the length of the

shortest path connecting x to Y and set
m = max{d(z,Y) :z € X} (7.9)
and

e =min{p(z0,21) - P(Zm—1,2m) : 20 * - Zm is a path in X of length m}.
(7.10)
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Also set
Cn ={x021 - Tp € Py :21,22...,2, ¢ Y}
so that
Po=C ]| TI P2
yey
To end the proof we show that lim,,_, o P, (C,,) = 0. Denote by
Cﬁ ={xox1 - TpTpi1 Tnik € Pn i Tox1 Ty €Cpt

the set of all paths in P, that do not visit Y in the first n steps.
Clearly

P”"‘k(cﬁ): Z Pn(x0x1~ : -:z:n)p(:cn,xn+1)~ . 'p($n+k—1,$n+k)
ToT1 - Tn€Cn
Tnt1yes Ttk €X

=P, (Cp). (7.11)

But if m is as in (7.9), then, for any = € X there exists a path
Zm(x) = 21+ 2m with p(z,21) > 0 which visits ¥ (i.e. there exists
i > 1 such that z; € Y). We thus have

Crim CCI\{xox1  Tpzm(xn) : Tox1 -y € Cp}
and therefore
Pn+m (Cn+m,)

<Prim(C) = Prgm ({xoz1 - Tp2m (Tn) : Tox1 -+ -y, € Cr})
(by (7.10) and (7.11))

Spn(cn) - Z Pn($o$1 xn) - €

Tox1 Ty E€Cy

= (1 —e)P,(Cp).
Thus, for any 0 <r <m and k > 1,
Pritom (Crakm) < (1= €)*Pr(Cr)
and this shows that P,(C,) — 0. O

There is a simple way to express the statement of the theorem: the
Markov chain will visit Y with probability 1 and u(y) is the probability
that y is the first state in'Y to be visited.



202 The ultrametric space

7.6 A Markov chain on X"

The ultrametric space (X",d) is not a graph, in the sense that there
is no graph structure that induces the ultrametric distance (see Exer-
cise 7.3.3). Moreover, given an invariant Markov chain on X", then
necessarily its transition probabilities are given by

1
Wu(d(xa y))

Py =
with p a probability measure on {0,1,...,n}. Set k = max{j : u(j) >
0}. If k¥ < n, then we have that starting from z one never reaches a
point y with d(z,y) > k. Indeed, given a path p = (z¢, 21, ..., Zmy) with
d(x;, 2i41) <k, for i =0,1,...,m — 1, then also d(xg, ;) < k for all ¢’s
(ultrametric inequality). Therefore we consider a Markov chain on X"
with k = n: it is taken from [90].

Consider the simple random walk on T, ,. It is clearly irreducible
(as Tg, is connected). If we start at a point x € X" and, with the
notation from the preceding section, take ¥ C Ty, equal to X", then
there is a probability distribution p, on X" such that, for y € X", u,(y)
is the probability that y is the first point in 3" visited by the random
walk. Setting P(z,y) = ps(y) we clearly have that (P(z,y)), ,exn
stochastic and Aut(T,,,)-invariant: the simple random walk on T, is

is

invariant.

Therefore, there is no loss of generality in considering g = 00---0 as
the starting point of the simple random walk on Ty, .

In order to avoid confusion between the random walk in T, ,, and the
Markov chain in ™ we concentrate only on a single step in the last one,
equivalently we think of 3™ as an absorbing subspace for the first one:
the walk stops if it reaches a point in X".

Also, we shall not develop all the theoretical background underlying
the analysis of this Markov chain. The interested reader can easily
fill in all the gaps of a theoretical nature using the tools developed
Theorem 7.5.1; see also Exercise 7.6.2 at the end of the section.

Set &, = 0 and, for 0 < i < n, & = 00---0 (n — ¢ times); this way
(o = w0,&1,- -+ ,& = () is the unique geodesical path connecting xg
with the root of T .

For j > 0 call «; the probability of ever reaching &1 given that &;
is reached at least once (recall that we assume that the random walk
stops whenever it reaches ™). This way, ap = 1 and a; = (¢ + 1)~
indeed with probability one £; is reached at the first step while, starting



7.6 A Markov chain on X" 203

from &;, with probability (14 ¢)~! one reaches & and with probability
q(1+ q)~! one returns to X" and the walk stops. Moreover oy, 11 = 0.
For 1 < j < n we have the recurrence relation

aj=(14+¢)7 " +aj1a;q(1+¢) 7" (7.12)

Indeed starting from &;, with probability (1 4+ ¢)~' one reaches in one
step &;41, otherwise with probability ¢(1 4 ¢)~' one reaches either &;_
or one of its brothers (with equal probability); but then with probability
aj_1 one reaches again £;_; and one starts the recursive argument. The
solution of (7.12) is given by
_ Pl .
aj_m, 1<j<n-1 (7.13)
Our next step is the computation of P(xg, z¢), namely the probability
that the first point of X" visited by the random walk is x¢. We have

P(l’o’xo) = q_l(]. — O[l) =+ q_2a1(1 — OéQ) + -+

41 _
+q¢ " g ap—a(1 = ap_1) + ¢ Mg .

Indeed the jth summand represents the probability of returning back
to xo if the corresponding random walk in the tree reaches &; but not
&;+1; observe that in this case, once &; is reached all the ¢’ leaves of
the subtree T¢; (namely all points € X" at distance d(z,z0) < j) are
equiprobable.

We now compute P(xg,x) where z is a point at distance d(xg,z) = j.
For j = 1 we clearly have P(xg,z) = P(xq, o).

Suppose that 7 > 1. We observe that, in order to reach x one is forced
to first reach ;. Therefore,

P(zg,z) = ¢ aqag---aj_1(1 —ay) + -+
+ C]_n+10410¢2 cee O(n_g(l — Oén—l)
+q "omag o
By the Aut(T, ,)-invariance of the random walk(s) we have
P(’Jj,y) :qiquOéQ © 'Oéj_l(l — Oéj) + -
+q " arag - an_o(1— an1)

+q " an— (7.14)

for all z,y € ¥ with 0 < d(z,y) = j.
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We now determine the eigenvalues of the transition matrix P(-,-).
In virtue of the equivalence between G-invariant operators and bi-K-
invariant functions, these eigenvalues are given by the spherical Fourier
transform (see Section 4.7) of the convolver that represents P, namely

A=Y Plzo,x)¢;(x),

TeEX™

forall j =0,1,...,n

For j = 0 we have ¢g =1 and A\g = )
stochastic.

For j = n from (7.7) we have that ¢, (xg) = 1, ¢n(z) = =1/(¢ — 1)
if d(z,z9) = 1 and ¢,,(z) = 0 otherwise. Since P(zg,z) = P(xo,xo) if
d(z,z) = 1, we conclude that A, =

For 1 < j < mn and choosing z; € £; we have

reX" P((Ijo,aj) = 17 as P(Z‘,y) is

Aj = qP(z0,21) + (¢* — q)P(zo, 22) + -+
+(q"7 = ¢" ) P(xo, )
+ (=g (¢" 7 = ¢" ) P(x0, 20 j11)
ZQ(P(ﬂfoaﬂfl)—P($07332)) 4> (P(xo,22) — P(xo,23)) + -+
+q" T (P (w0, 20— j-1) = P(20,n—j))
+q" I P(xg, Tpj)
+(1—q) g = ") P(w0, Tn—js1)

n—j

=> " q" (P(z0,xn) — P(xo,Tn11)) =)

=1
:*)(1 — 041) —+ 051(1 — OLQ) + -4 (65K RN Oén_j_l(l — an—j)
=1 - Q12 - Qp—j k)
eyl = (g =1)(¢" 7 —1)7,

where =,) comes from (7.14) and =, from the calculation for the a;’s
given by (7.13).

Exercise 7.6.1 Let m = (mg, m1,...,m,—1) be an n-tuple of integers
> 1. Denote by Ty, the spherically homogeneous rooted tree of type m.
In other words, denoting by @ the root of Ty,, then () has exactly myg
descendants, which constitute the first level of the tree, call it £*. Then
every element € X! has exactly m; descendants at level two, and so
on. Note that the set of leaves, that is the last level X", consists of
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exactly mgmy - - - my,_1 elements. When mg = m; = ---m,_1 = ¢ this
reduces to the g-homogeneous rooted tree Ty .

Denote by Aut(Ty,) the full automorphism group of Ty,. It is well
known that Aut(Ty,) is isomorphic to the wreath product Sy, , 1Sm,,_,1
++ USmy USmy, (see, e.g. [16, 114]). The definition of labeling for auto-
morphisms from the beginning of this chapter naturally extends to this
more general setting.

Work out the corresponding computations for a spherically homoge-
neous tree. See also [90, 153, 19].

Exercise 7.6.2 Justify the definition of the a;’s and the recurrence
equation (7.12) with arguments similar to those developed for Theorem
7.5.1.
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8

Posets and the g-analogs

All the examples of Gelfand pairs previously studied (the Hamming
scheme, the Johnson scheme and the ultrametric space) have an un-
derlying geometric/combinatorial structure that comes from an order
relation. In this chapter, we investigate closely these kinds of structures
and give further examples. Our main sources are the papers by Delsarte
[52], Dunkl [73, 74] and Stanton [206, 207, 210]. For general references
on posets and their combinatorial applications, see the books by Stanley
[204] and Aigner [3].

8.1 Generalities on posets

A partially ordered set (briefly, a poset) is a set X with a binary relation
= (the (partial) order) satisfying the usual axioms:

x =z (reflexivity)
z <y,y 2=z =y (anti-symmetry)
r =X y,y X z=x = z (transitivity)

for all z,y and z € X.

Let X be a poset. We assume that X is finite.

If x <y or y < x we say that x and y are comparable; otherwise we
say that they are uncomparable.

If x <y and = # y we write z < y. Moreover, if x <yand x < 2z <y
implies that z = y (in other words there exists no intermediate element
between x and y) we say that y covers x and x is covered by y and we
write z < y.

An element zy € X such that g <X « for all z € X is clearly unique
(if it exists) and it is called the 0-element (it is usually denoted by 0).

209
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A chain of length n in X is a sequence x1,xs, ..., Ty 1 of elements in
X such that z; < 29 < --+ < xp41. The chain is saturated if x; < x;11
for all : = 1,2,...,n. The chain is called mazimal if it is not contained
in any longer chain, that is it is saturated and there are no y,z € X
such that y < z; or 41 < 2.

The Hasse diagram of the poset X is the graph with vertex set X
and edge set E = {{z,y} :  <y}. In its graphical representation, the
Hasse diagram is drawn in such a way that if < y then the vertex z is
represented below the vertex y.

Example 8.1.1 The hypercube (s, that is the set of all subsets of
{1,2}, is a poset with respect to the inclusion and its Hasse diagram is
shown in Figure 8.1.

{1.2}
{1} {2}

0

Figure 8.1. The Hasse diagram of Q2

Let z,y € X. An element z € X such that
z=z and z =y (8.1)

and such that, for every other 2z’ € X satisfying 2/ <& and 2’ <y one
has 2’ < z, is called the meet (or the greatest lower bound) of x and y
and it is denoted by z A y.

If the meet (which is clearly unique) x A y exists for all z,y € X we
say that X is a meet semi-lattice.

Symmetrically, an element v € X such that

z=u and y=u (8.2)

and such that, for every other v’ € X satisfying z < «’ and y < u’ one
has u < v/, is called the join (or the least upper bound) of z and y and
it is denoted by x V y.

If the join (which is clearly unique) z Vy exists for all z,y € X we say
that X is a join semi-lattice.

Finally, if X is both a meet and a join semi-lattice we say that it is a
lattice.
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Exercise 8.1.2 Let X be a lattice. Show that the binary operations A
and V satisfy the properties:

(xAy)Az =xA(yAz) and (xVy)Vz =V (yVz) (associativity);

)
2) xAy=yAzand zVy=yVze (commutativity);
) zAx=xzand zVe =1z (idempotence);

)

4) AN (zVy)=zV(rAy)=x (absorbtion);

for all x,y and z € X.

Also show, by providing a counterexample, that the distributive laws
(8.3)

do not hold in general (hint: use the example in Exercise 8.1.12).

Exercise 8.1.3 Let X be a set with two binary operations A and V
satisfying properties (1)—(4) from the previous exercise. Show that X is
a lattice with respect to the binary relation < defined by setting z <y
if x Ay = x. Note that, a posteriori this is equivalent, by (5) in the
previous exercise, to defining x <y if x Vy =y.

Let X again be a finite poset.

Suppose that for all distinct z,y € X the following hold: if z € X
covers x and y, then there exists u € X covered by both z and y. We
then say that X is lower semi-modular. Symmetrically, if whenever
u € X is covered by x and y there exists z € X which covers both z and
y, we then say that X is upper semi-modular.

A poset that is both lower and upper semi-modular is termed modular.

Also, X is graded (or ranked) of rank N if there exists a positive integer
N and a surjective function (called the rank) r : X — {0,1,..., N} such
that if z < y then r(y) = r(z) + 1, for all z,y € X. If this is the case,
setting X,, = {z € X : r(z) = n} we have X = HnN:o X, the X,,’s are
called the fibers and Xy is the top level of X.

Clearly, if ¢ € X, and y € X with x < y then n < k.

Exercise 8.1.4 Suppose that X admits a 0-element. Show that X is
ranked if and only if it satisfies the Jordan—Dedekind condition: for all
x and y in X, all satured chains between x and y have the same length.
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Proposition 8.1.5 A finite ranked lattice X is lower semi-modular if
and only if the rank function satisfies the inequality

r(@) +r(y) <r(@Ay)+r@Vy) (8.4)
forallx,y € X.

Proof Let x # y belong to X and suppose that z € X covers both x
and y. Then, z =z Vy and r(z) =r(y) =r(z) — 1.
Suppose that (8.4) holds. Then,

rleny) zr(@) +r(y) —r(z) =r(z) -1

and z,y cover x A y. This shows that X is lower semi-modular.
Conversely let X be lower semi-modular. By contradiction suppose
that there exist z # y € X such that

r(z) +r(y) > r(x Ay) +r(zVy). (8.5)

We can choose z and y in such a way that firstly r(z Vy) —r(z Ay) is
minimal and then, in addition, r(x) + r(y) is maximal.

Clearly = and y cannot be both covered by = V y (otherwise (8.5)
would be violated by the lower semi-modularity of X) and therefore we
may suppose that there exists 2’ € X such that (up to exchanging the
role of & and y, if necessary) x < 2’ < zVy. Then, 2’ Vy =z V y and
x Ay <Xz’ Ay; in particular, (' Vy) —r(2' Ay) <r(zVy) —r(zAy)

XVy

XAY

Figure 8.2.
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and r(z') + r(y) > r(z) + r(y) and therefore, by the above minmax
assumptions, we have

r(z' ANy)+r(@ Vy) > () +r(y). (8.6)
Adding (8.5) and (8.6) together, after simplifications one gets
r(z) +r(z’ Ay) >r@) +r(xAy). (8.7)
Hence, setting ©« = x and v = 2’ Ay we have u Av = z Ay and
uVo=zV (' ANy) =<z and therefore
r(u) +rv)=rz)+r@@ Ay) >r@)+r(@Ay) > r(uVo)+r(uiv)

where the strict inequality follows from (8.7) and this contradicts the
minmax assumptions (because r(uVv) —r(uAv) < r(xVy)—r(zAy)).

O

Corollary 8.1.6 Let X be a ranked lattice. Then it is modular if and
only if r(x) +r(y) =r(x ANy) +r(xVy) for all z,y € X.

Proof State and prove the upper semimodular version of Proposition
8.1.5. ]

Exercise 8.1.7 Show that the ranked lattice in Figure 8.3 is lower
semi-modular but not modular.

w

Figure 8.3.
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Example 8.1.8 (The Boolean lattice) Let @, denote, as usual, the
family of all subsets of the set {1,2,...,n} (see Example 1.8.3). Then @,
is a poset by setting A < B if A is contained in B, for all A, B € Q,,. It
is easy to check that it is ranked (for A € @y, r(A) = |A|, the cardinality
of A), it is a lattice (AAB = ANB and AVB = AUB forall A, B € Q)
and it is modular.

Example 8.1.9 (The homogegenous rooted tree) Let T, ,, denote
the homogeneous rooted tree of degree ¢ and depth n (see Chapter 7).
The set X, ,, of vertices of the tree is a poset with the order z > y if
is a descendent of y, for all z,y € X. The corresponding Hasse diagram
coincides with the tree T, ,, itself but it is drawn with the root at the
bottom level and the leaves are at the top. It is easy to check that X ,, is
a ranked, lower semi-modular meet semi-lattice (but it is neither upper
semi-modular nor join).

Figure 8.4. The rooted tree T2 3

Example 8.1.10 Let n and m be positive integers and set
Onmi1 = {(A,¢): A€ Q, and ¢ € {0,1,...,m}*}.

In words, Oy, my1 is the set of all pairs (A, ¢) where A is a subset of
{1,2,...,n} and ¢ : A — {0,1,...,m} is a map. Setting A = dom(¢),
the domain of A, we can simply think of ©,, ,,,+1 as the set of all functions
¢ with domain dom(¢) € @, and with values in {0,1,...,m}. Oy i1 is
a poset with respect to the order defined by setting ¢ < ¢ if dom(¢) C
dom(v) and ¢(j) = 1(j) for all j € dom(¢) (that is if and only if
is an extension of ¢). O, m41 is graded: the rank function is simply
r(¢) = |dom(¢)|, the cardinality of dom(¢). It is also a meet semi-
lattice: if ¢,9 € O, 41 their meet n = ¢ A ¢ is given by dom(n) =
{j edom(g)ndom(y) : 6(j) = $(j)} and n(j) = 6(j) = ¥(j) for all j €
dom(n). It is lower semi-modular: if ¢ # ¢ € ©,, ;41 are covered by €
then, dom(¢), dom(y)) C dom(e), |dom(¢)| = |dom(e))| = |dom(e)| — 1,
(i) = €(i) for all ¢ € dom(¢) and ¥(j) = €(j) for all j € dom(¢p). It
follows that |dom(¢)Ndom(+))| = |dom(¢)| — 1 and ¢(j) = ¥(j) for all
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j €dom(¢)Ndom(tp). Therefore ¢ A 1) = 1 is given by the restriction of
¢ to dom(¢)Ndom () and 7 is covered by both ¢ and . We leave it as
an exercise to prove that ©,, ,,+1 is not upper semi-modular nor a join
semi-lattice.

Example 8.1.11 Let T(n,m + 1) denote the finite rooted tree of depth
two where the root has degree n and all vertices at level one have m + 1
children. Any element ¢ € ©,, ,,11 may be identified with a (rooted)
subtree Ty of T(n,m + 1) as explained below (see Figure 8.5):

B (x)

Figure 8.5. An element ¢ € ©y,m41 coincides with a subtree Ty of
T(n,m+1)

The root of Ty coincides with the root of T(n, m + 1) and the first level
of Ty is the subset dom(¢) inside the first level of T(n,m + 1); finally
the leaves of T are the leaves y in T(n,m + 1) whose fathers x belong
to dom(¢) and y = ¢(x). Note that this way the order relation < in
O, m+1 corresponds to the inclusion of subtrees.

Exercise 8.1.12 Let [ [, be the set of all partitions of the set {1,2,...,n}.
That is, an element 7 € [], is a family 7 = {A;, As, ..., Ay} of nonempty
subsets of {1,2,...,n} (the blocks of the partition) such that {1,2,...,n}

= A1 [TA2]] - 1] Ax (disjoint union). We introduce an order relation

in [],, by defining ¢ < 7 if any block of ¢ is contained in a block of 7

(that is if o is a refinement of w). Show that [], is a lattice, that it is

upper semi-modular, but it is not lower semi-modular.

Exercise 8.1.13 Let Y be the set of all partitions of nonnegative inte-
gers, that is an element p € Y is a finite sequence p = (1, p2, - - -, g ) of
positive integers such that p1 > g > -+ > py or p = (0). We introduce
an order in Y by setting p = (p1, pay ..., ) < v = (v1,v2,...,v,) when
h >k and p; <v; for j =1,2,...,k. Clearly Y is infinite but it is
locally finite: for any o,m € Y the set {v € Y : 0 < v <X 7} is finite.
Show that Y is a modular lattice with zero element. It is called the
Young lattice. More on this lattice can be found in Section 10.8.
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8.2 Spherical posets and regular semi-lattices

In this section we present two important classes of posets.

Definition 8.2.1 (Delsarte [52]) Let X be a meet semi-lattice. We say
that X is a reqular semi-lattice if it has a zero element, it is ranked and
the rank function r : X — {0,1,..., N} satisfies the following conditions

(i) if0 <r < N,y € Xn,z € X, and z < y then the number
of u € X, such that z < u < y is equal to a parameter u(r,s)
depending only on r and s;

(ii) if 0 < r < N and u € X, then the number of z € X, such that
z X u is a parameter v(r, s) depending only on r and s;

(iii) if @ € X,y € Xy and a Ay € X; then the number of pairs
(b,z) € X5 x Xy such that b < z,b < y and a < z is a parameter
7(j,7, s) depending only on j, 7, s.

any J

Figure 8.6.

The numbers pu, v, 7 are called the parameters of the regular semi-lattice.

Clearly, u(r,s) and v(r,s) are defined and positive whenever 0 < r <
s < N, while 7 is only defined when there exists a pair (a,y) with
a€X,,ye Xyand aAy € X;. Also note that pu(r,r) = v(r,r) = 1.
We set v(r,s) = u(r,s) =0if r > s.

Example 8.2.2 The tree T, , (see Example 8.1.9) is a regular semi-
lattice with N = n,

1 ifr<s

0 otherwise

p(r,s) = v(rs) = {
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and
g ifs<j<r
m(j,rs) =4q"° ifr=j5<s

0 otherwise.

Lemma 8.2.3 Suppose that any z € X may be written in the form
z=x Ay with x,y € Xy. Then in Definition 8.2.1 (iii) implies (i1) and
we have v(s,j) = 7(j, N, s).

Proof Take v € X;. By the assumptions, there exist a,y € Xy such
that w = a A'y. Observe that in (iii) of Definition 8.2.1 if a € Xy
we necessarily have z = a and therefore 7(j, N,s) = [{b € X : b =<
a and b < y}| which coincides with [{b € X5 :b < a Ay} =v(s,j). O

Lemma 8.2.4 Let X be a regular semi-lattice. Then
(i) If a € X, then |{z € Xy : a <X z}| is a constant equal to 6(r) =
w(r,r,0).
(i) Ifye Xn,ue Xsandu <y then|{z€ X, : 2y anduhz€
X} is a constant ¥ (j,r,s) depending only on j,r and s.

Proof (i) This is a particular case of (iii) in Definition 8.2.1, namely
when a <y and s =0 so that a Ay =a € X,.

(ii) For a fixed 0 < k < min{r, s}, the number of pairs (z, z) € Xi x X,
such that x < u and x < z < ¢y may be counted in two ways.

First of all, the number of z € X} with < w is v(k, s). For any such
an z, the number of z € X, with z < z < y is equal to u(k,r). Therefore
the number of pairs (z, z) with the above properties equals v (k, s)u(k, ).
On the other hand, we may first determine z: in particular the number of
z € X, with zAu € X, and z < y is equal to ¢(j,r, s); then for any such
a z there exist v(k,j) a’s with © < u A z. Therefore, if h = min{r, s},
the number of pairs (z, z) as above is also equal to Z?:k v(k, j)v(j,r,s).
From the identity

h

(I J)6 i, 8) = i, )k, 7) (.8)
j=k
one can get an expression of ¥ (j,r, s) in terms of the coefficients v(k, 5)
and p(k,7): the matrix (v(k, j))). j—o1. . s not singular since v(k, k) =
1 and v(k,j) = 0 if k > j. This shows that ¢ (j,r, s) only depends on
J,7 and s. O
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Let X be a poset. An automorphism of X is a bijection g : X — X
such that z <y if and only if g(z) < ¢g(y). The set of all automorphisms
of X is clearly a group. Moreover, any automorphism also preserves A
and V, when they exist.

Definition 8.2.5 (Stanton [210]) Let X be a ranked poset with
X = ]_[7]:[:0 X, the decomposition into fibers. Let G be the group of au-
tomorphisms of X. Fix (%) € Xy and set H = {g € G : g2(© = 20},
We say that X is spherical when

(i) X is a meet semi-lattice;
(ii) X is lower semi-modular;
(iii) G is transitive on X y;
(iv) the sets Q,,; :=={a € X, : anz® € X, ;}fori=0,1,...,n are
nonempty and they are the orbits of H on X,,.

The transitivity assumption ensures that the property of being spher-
ical does not depend on the particular choice of z(©).

Example 8.2.6 Let ), be the Boolean lattice. Set Q" = {4 € Q,, :

|A| < m}. Then for i = 0,1,...,[%], Q% is a spherical poset with
automorphisms group S,, (the action is as in the Johnson scheme). We
leave the simple check as an exercise. Moreover, for m > 3, Q' is

not spherical. Indeed if we fix A € Q,, with |A| = m we have that
Qi ={B€Q,:|Bl=mand |[ANB| =m—i} is empty for i > n—m.

Example 8.2.7 The tree T, , (see Chapter 7 and Example 8.1.9) with
group of automorphisms G = Aut(T,,,) is a spherical poset.

Example 8.2.8 Let O, ,41 be as in Example 8.1.10. We have seen
that ©y, m+1 is a lower modular meet semi-lattice. In order to identify
its group of automorphisms we first define an action of G = S,;, 11 1.5,
(cf. Section 5.4) on it. If (01,092,...,00;0) € Spy11Sn and ¢ € Oy, i1
we may define (01,09, ...,0,;60)¢ by setting dom[(o1,09,...,0,;0)¢] =
fdom(¢) (the action of S, on @, is as in the Boolean lattice) and
[(01,02,...,00;0)0](j) = o[ (071(j))], where 0; € Sp41 acts on
#9071 (4)) € {0,1,...,m} in the obvious way.

Exercise 8.2.9 Show that this is indeed an action of S,,4+1 ! S, on
O, m+1 and that Sy,11 15, is the group of automorphisms of ©, ;;,11.
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In this example, the fibers of the poset are
Xs = {¢ € 6n,m-‘y—l : |d0m(¢)| = 5}'

In particular the top level is X,, = {¢:{1,2,...,n} = {0,1,...,m}}
and coincides with the Hamming scheme X, ,,41: a function ¢ : {1,2,
...,n} —={0,1,...,m} is just an n-tuple (¢(1), $(2),...,0(n)) € Xnm+1-
Therefore the group H that stabilizes a fixed ¢g € X, is just S,, S,
(see Section 5.4). Using this fact it is easy to prove that Oy, 11 is a
spherical poset.

Figure 8.7.

Exercise 8.2.10 Prove that the poset in Figure 8.7 satisfies axioms (i),
(ii), (iii) in Definition 8.2.5, but not (iv).

Lemma 8.2.11 Let X be a spherical poset. Then

(i) for any a € X there exists x € Xy such that o < x;
(ii) G is transitive on X,, n=0,1,...,N;
(iii) X has a zero element, that is | Xo| = 1.

Proof (i) Suppose that o € Q,,; C X,,, that is o A 2@ e X, .. As
QN N-nti 1S not empty we can take an element x € Xy such that
zAz® € X, ;. Also consider a chain £,_; = 2 Az < B, 1 < - <
B1 < Bo=x. Then Bh_; Azl® =z A2 e X,,_; that is ,_; € Qi
and B,_; = . As H is transitive on €, ;, we can take h € H such that
hBn—; = a and we get a = hf3,—; = hx € Xy.

(ii) By definition 8.2.5, H is transitive on ), o and therefore it suffices
to show that for any o € X, there exists g € G such that ga € Q0.
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But a € Q,; for some i and, by (i), there exists x € Xn such that
o < x. Then if gr = 2(%) (such an element z exists since G is transitive
on Xy) we also have ga < z(© and therefore ga € Qno.

(iii) Observe that x = « for any a € Xy and € Xy, since X is a
meet semi-lattice and = A « is necessarily equal to . But Qn n # 0
and if z € Qn, v then z A z(© € X, and the uniqueness of z A 2(? force
| Xo| = 1. O

Corollary 8.2.12 For any o € X there exists x,y € Xy such that
a=TNy.

Proof Suppose that a € X,. Since Qn n_s # 0, there exists z € Xy
such that 3 := (9 A z € X,. Since G is transitive on X, there exists
g € G such that a = gf. Take z = gz(©) and y = gz. |

The group of automorphisms of a spherical poset X acts on each
cartesian product X,, x X}, by setting g(«, 8) = (9o, g8) for o € X,, and
0 € Xg.

Lemma 8.2.13 If X is a spherical poset then the sets A(r,N,s) =
{(a,z) v € Xpyx € Xy anda Nz € X} with0 < s <r <N are
nonempty and they constitute the orbits of G on X, X Xy.

Proof The set A(r, N, s) is not empty since it contains the (nonempty)
set {(a,z?) : a € Q,.,_,}. Moreover, if (a,z) € A(r,N,s) and g € G
then clearly g(a,x) is still in A(r, N, s). It remains to show that the
action of G on A(r, N, s) is transitive. Suppose that (o, z),(o/,2) €
A(r,N,s). Then we can first take g,¢’ € G such that gz = 2(0) = ¢’/
Then ga,¢'a € Q,,_s and the transitivity of H on Q, ,_, yields an
h € H such that hg'a’ = ga. Therefore

g~ thy' (o 2') = g (g 2 ?) = g7 (g, 2V) = (o, 2)
ending the proof. 0

Corollary 8.2.14 If X is a spherical poset, then (G, H) is a symmet-
ric Gelfand pair and L(G/H) decomposes in N + 1 distinct irreducible
representations.
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Proof The G-orbits on Xy x Xy are A(N, N, s) = {(z,y) € Xy x Xn :
x ANy € Xg} for s =0,1,...,N. In particular, (z,y) € A(N,N,s) <
(y,x) € A(N,N,s) and we can apply Lemma 4.3.4. O

Exercise 8.2.15 Set A(r,k,s) = {(o,8) € X; x X, : a A3 € X,} for
s =0,1,...min{k,r}. Prove that A(r, k,s) is nonempty but in general
the group G is not transitive on A(r, k, s). Use Example 8.1.10 to give
a counterexample.

Now we show that any spherical poset also satisfies the axioms of a
regular semi-lattice.

Theorem 8.2.16 A spherical poset X is also a regular semi-lattice.

Proof We have to show that (i), (ii) and (iii) of Definition 8.2.1 are
satisfied. For y € Xy, z € X, with z < y (that is (z,y) € A(r,N,r))
set Bs(z,y) = {u € X5 : z 2w 2 y}. Then gBs(z,y) = Bs(gz, gy)
for any ¢ € G and Lemma 8.2.13 applied to A(r,N,r) ensures that
w(r,s) = |Bs(z,y)| does not depend on z and y. This proves (i). Now
suppose that (a,y) € A(r, N, j) and set Cs(y,a) = {(b,2) € Xy x Xy :
b = 2z,b X yanda < z}. Then again G is transitive on A(r, N, j)
(by Lemma 8.2.13) and therefore |Cs(y, a)| = |9Cs(y, a)| = |Cs(gy, ga)
depends only on j,r, s and coincides with 7(j,r, s) in (iii).

Finally, (ii) is a consequence of (iii): we can apply Lemma 8.2.3 and
Corollary 8.2.12. O

Till now we have not used the axiom of lower semi-modularity in
Definition 8.2.5. This will now be used to endow Xy with a metric
space structure.

Lemma 8.2.17 Let X be a ranked lower modular meet semi-lattice. If
w,w’ € X and w covers w', then, for any x € X, one has r(x Aw') >
r(z Aw) — 1.

Proof Set k =r(w)—r(z Aw) and let w =wo > w; > - >wp = Aw
be a saturated chain between z A w and w. We have two possibilities for
wy. If w; = w’ then necessarily z Aw’ = x Aw. If wy # w’ then w covers
both w’ and w; and, by the lower semi-modularity, there exists vo € X
covered by both w; and w’. If v = ws then, as before, w' = =z A w
and therefore z A w’ = x A w. Iterating this argument, if we always find
v; # wj, we can construct a saturated chain w' > vy > > ks with
vi41 covered by w;, 1 =1,2,..., k.
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w wy

V) wy
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/ W= AW
Vi+1

Figure 8.8.

But in this case t Aw’ = vg41 and r(x Aw') > r(vg41) = r(@ Aw) — 1.

Proposition 8.2.18 Suppose that X is a ranked lower semi-modular
meet semi-lattice. Then 6(x,y) = N —r(xz Ay) is a metric distance on
XnN.

Proof Tt is clear that 6(z,y) = O if and only if x = y and 6(z, y) = é(y, ),
for all z,y € X. Thus we only need to prove the triangle inequality.
For z,y,z € Xn set k =0(z,y), j =0(y,2) and let y >y >--- >y, =
y A z be a saturated chain between y and y A z.
An iterated application of Lemma 8.2.17 yields

r(yj Aa) Zr(yjaAe)—1>-->r(yna)—j=N—k—j
But > y; Az and z = y; Az and therefore r(z A z) > N —k — j so that
§(x,2)=N—-r(xzhz)<k+j=dxy)+y,z2).
O
Remark 8.2.19 ¢ is indeed a distance on X,, for all n = 0,1,..., N.

But, in general, it can be used to parameterize the G-orbits on X, x X,
only when n = N; see Lemma 8.2.13 and Exercise 8.2.15.

8.3 Spherical representations and spherical functions

Let X be a ranked poset with X = ]_[TILO X, the decomposition into
fibers. We define a linear map d : L(X) — L(X) by setting

(@)= fy) (8.9)

yeX:
Ty
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for any f € L(X) and z € X. In other words, (df)(x) is the sum of the
values of f on all points y covering x. In particular, if x € X, we set
(df) (@) = 0.

Using the basis of L(X) consisting of the Dirac functions {4, : x € X},
then (8.9) may be expressed in the equivalent form

(doy) = ) 6 (8.10)

reX:
Ty

Indeed

1 ify>zx
dd,)(x) = 0y(2) =
(d3,)() Zgz v(2) {O otherwise.
r<z
In other words, the matrix (J(:v,y))z,yex representing the linear oper-
ator d with respect to the basis {0, : ¢ € X} is given by J(x,y) = 1 if
x <y and J(x,y) = 0 otherwise.
The adjoint of d is the operator d* : L(X) — L(X)

@)=Y fx)

reX:
Ty

for any f € L(X) and y € X. Equivalently

(d*6) = > by

yeX:
<y
Clearly, in the decomposition L(X) = @)  L(X,), we have that
d(L(X,)) € L(X,_1) and d*(L(X,_1)) € L(X,,) foralln = 1,2,..., N.
Suppose now that X is a spherical poset and denote by F), ;, for
i =0,1,...,n, the characteristic function of the subset 2, ; C X,, (cf.
Definition 8.2.5). Since the €, ;’s are the nonempty orbits of H on X,
it follows that the set {F,; : i = 0,1,...,n} is a basis for the space of
H-invariant functions in L(X,,).
We now study the action of d on the F), ;’s. Fix 8 € Q,; and set

ani = {7 € Quyr,i 17 = B},

(8.11)
b =NV € Qng1,i11 17 > B},

forn=0,1,...,N—1and i = 0,1,...,n. Clearly, as the group H is
transitive on each ), ;, the numbers a,, ; and b, ; do not depend on the
particular choice of 3.
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Lemma 8.3.1 Forn > 1 we have
AFy ;= an-1iFn—1:+bp_1,i-1Fn_1,-1.

In particular, dFy, , = by—1n—1Fn—1,n—1 and dF, 0 = an—1,0Fn—10-

Proof We have

dFp;=d Y da= > > 0

a€Qn i €y, BEXn_1:
a>f
= Z Ha € Qi a> B}ds.
BEXn-1

But from Lemma 8.2.17 we know that if o € Q,, ; (that is 7(a A 2(0) =
n —i) and o > 3, then r(B A z(®) > n —i — 1. On the other hand,
BAz® < anz® and therefore either 3 € Q,_1; (and [{a € Q. :
a>fH =an_1:)or € Q1,1 (and {a € Qp i : a> B} = bp_1,i-1)-

]

Set W,, = L(X,,) Nkerd for n=1,2,...,N.

Lemma 8.3.2 Forn = 1,2,....N and ¢ = 0,1,...,n — 1 one has
bp—1, # 0; moreover W, contains a unique (up to a scalar multiple)
H-invariant function which is given by

n
On = § Cz’Fn,i
1=0

where ¢g = 1 and

i—1
i Gn—1,5 .
ci = (-1) I | b:,lj’ i=1,2,...,n. (8.12)
J=0 ’

Proof Suppose o € Qy,41. Then a A 2® € X,,_, 1 and there exists
B € Qy,_1,; covered by . This shows that b,_1; # 0.

Any H-invariant function in L(X,,) is clearly of the form ¢ = Y"1 ¢;
F, ; with ¢; € C. Applying the preceding lemma we have that

n n—1
d g ciFn: = E [Cin—1, + Cit10n—_1i]Frn_1,
i=0 i=0

and therefore d¢ = 0 if and only if

Qn—1,iCi +bp—1,iciy1 =0 1=0,1,....,n—1.
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The solution of these recurrence relation with ¢y = 1 is given by (8.12).

O

Before stating the main theorem of this section we need some more
definitions. For 0 <n < N, 0<j < N and 0 <i < n we set

Cly=HB € QB =l (8.13)

where z € Qy ;. Clearly, C7'; does not depend on z. Moreover, since
8 < x implies that (D AS < m( Az we conclude that if n—i > N—j then
C}'; = 0. In particular, for j = N we have C}'y = 6; nv(n, N), where
v(in,N) = {8 € X,, : = 2(D}| as in Definition 8.2.1. Analogously,
for j = 0 we have C7'y = d; ov(n, N). Note also that v(n, N) is strictly
positive.

For0<n<N,ae€X,, re Xy with a <z denote by

m, = the number of saturated chains from « to z. (8.14)

The number m,, does not depend on the particular choice of o and x: this
is a consequence of Lemma 8.2.13 (note that {(a,z) € X,, x Xy : a < x}
is a G-orbit). Moreover it is easy to check that if a € X, then

(@) ""00 =mn Y ba. (8.15)
zEXN:
a=<z
Indeed,
(d*)N_n(Sa :(d*)N—n—l Z 5a1 - .=
a1€Xnq1:
[ 2Rt}
)OEEED DEEED DI -
a1 €EX 41 2€Xp ot anN-_n€XN:
ap o Qo> AN -—n >N -—n—1

and therefore the number of times that J,, * € X, appears in this sum
is equal to the number of saturated chains from « to z.

The following lemma is an easy consequence of the above combinato-
rial definitions.

Lemma 8.3.3 If v € Qu ; then
[(d*)N*anyi} (x) = mpCy;.

We have already seen that (G, H) is a Gelfand pair and that L(Xy)
decomposes into NV + 1 distinct irreducible representations. We are now
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in a position to describe the spherical representations and the spherical
functions.

Theorem 8.3.4 Set W,, = L(X,) Nkerd and V,, = (d*)N""W,, for
n =1,2,...,N and denote by Vy the space of constant functions on
Xn. Then

(i) L(Xn) = ®)_yV, is the decomposition of L(Xy) into spherical
representations;

(ii) taking co,c1,...,cn as in Lemma 8.3.2, then the spherical func-
tion corresponding to V,, has the expression:

—~ O
b, (z) = Zci C”;
i=0 0,0

forx € Qny, and k=0,1,..., N.

Proof Since d and d* commute with the action of G, then any V,, is G-
invariant. By Lemma 8.3.2, the unique (up to a constant) H-invariant
function in V,, is (d*)N""¢,,. By Lemma 8.3.3, (d*)N "¢, = mp,Cfl (@,
where ®,, is as in the statement of the theorem. In particular, V,, is
nontrivial (as ®, # 0 and Cf'y = v(n,N) > 0) and contains a unique
(up to a constant) H-invariant function. Therefore each V, is irreducible
and ®,, (which is suitably normalized: @, (2(*)) = 1) is its spherical
function.

It remains to show that Vy, Vi, ...,V are distinct or, equivalently,
that their sum is all of L(Xy). First note that

L(X,) = Wy @ d*L(X,_1). (8.16)

Indeed W,, = L(X,,) Nkerd and d* : L(X,,—1) — L(X,) is the adjoint
of d : L(X,,) - L(X,—1) and therefore f; € W, if and only if 0 =
(df1, f2)L(xn_1) = (J1,d" f2) L(x,,) for all fo € L(X,,), that is if and only
if f1 is orthogonal to d*L(X,,_1).

Iterating (8.16) one gets that

LXN)=VWed'L(Xn_1)=-- =V VN_18--- 8 V.

We know that this decomposition is an orthogonal direct sum as the V,,
are irreducible (and L(Xy) is multiplicity free). Since their sum is all
of L(X) they must be also distinct. O
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Remark 8.3.5 Let X = ngo X, be again a spherical poset. For
x e X, set anp =Ny € Xnp1:y>a}, B =Hu € Xp—1 : x> u}| and

forn< N —1,
Dn(;z = Zézv

where the sum is over all z € X,,, z # z, such that there exists y € X,, 11
that covers both x and z, and finally, for n > 1,

Apby= > b

z€EXp:
TAZEX 1

In general we have
dd* 0y = andy + Dydy
and
but D,, is not necessarily equal to A,,, as it is shown in the exercise
below.
Therefore the commutation relations proved in the case of the Johnson

scheme (see Lemma 6.1.4) in general do not hold and only the weaker
theory of this section can be developed.

In the following exercise this point is investigated further.

Exercise 8.3.6 (1) Show that on the tree T, ,, we have 3,, =1, ., = ¢
and D,, = 0.

(2) Show that, denoting by Xg, X1, ..., X, the levels of the tree, we
have

(a) for 1<p<r<nand f e L(Xg)
dP(d*)"f =qP(d*)"" P f;
(b) for 0 <k <m<mnand f € L(Xg)
@)™ 117 ox,y = €™ 17 (x0i
c) for0<k<t<nan e 1) Nker
(c) f k d feL(Xg)Nkerd

—f ift =k

s\t—k p __
Adld) f‘{@—nf it t > k.

In particular, the spherical representation Wy in Theorem 7.4.1
coincides with (d*)"~* (L(X}) Nker d).
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(3) Show that the key ingredient in the proof of the commutation
relations of Lemma 6.1.4 is the fact that the cube @),, is both lower and
upper semi-modular (and therefore D, = A,,).

In the case of the tree we have the commutation relations ((a) of
the previous exercise) because D,, = 0. In the case of the cube the
commutations relations come from the fact that A,, = D,,.

In the following exercise we show that both 0 # D,, and D,, # A,,
may hold true.

Exercise 8.3.7 Let ©,,,,11 be the poset in Example 8.1.10. Denote
by Xg, X1,...,X, its levels; in particular X,, is the Hamming scheme.
Show that Dy # 0 and Dy # Ag. Also show that the spherical repre-
sentations Vi in Theorem 8.3.4 coincides with the representation Wy in
the Hamming scheme, but L(Xj) Nkerd is, in general, not irreducible
and d* : L(Xy) Nkerd — Vj is not injective.

Exercise 8.3.8 Use Theorem 8.3.4 to compute the spherical functions
of the ultrametric Space (cf. Section 7.4).

Let (X,d) be a finite metric space with the distance ¢ taking only
integer values (that is §(z,y) € N for all 2,y € X). Then we can define
a graph structure on X by taking as edge set £ = {{z,y}: d(x,y) = 1}.
We can ask when § coincides with the distance induced by the graph
structure. The following lemma answers this question.

Lemma 8.3.9 § is the distance induced by the graph structure if and
only if the following condition is satisfied: for any pair r,y € X with
d(x,y) > 2 there exists z € X such that 6(x,z) = 1 and §(z,y) =
§(z,y) — 1.

Proof The “only if” part is obvious. For the “if” part, it suffices to show
that when the above condition is satisfied then 6(z,y) equals the length
of the shortest path from x to y. A repeated application of the condition
yields the existence of a path zg = x,21,...,2, = y with k = d(z, y).
On the other hand, if yg = x,y1,...,ys = y is a path from z to y then,
by the triangle inequality, we have

8(x,y) < 6(yo.y1) +0(y1,42) + -+ + 6(Yn—1,yn) = h.
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For instance, if ¢ is an ultrametric (see Section 7.3) then it cannot be
induced by a graph structure.

Now let X be a spherical poset. On the top level we can introduce a
graph structure by taking as edge set £ = {{z,y} : 6(z,y) = 1} where ¢
is the distance given by §(z,y) = N —r(xz Ay). It is natural to ask if § is
induced by the graph structure; if this is the case, then by Lemma 8.2.13
(Xn, E) is distance-transitive. To answer this question, consider the
graph structure on the whole X with edge set {{z, y} :  covers y}. Then
we have

Proposition 8.3.10 The distance 6 on Xy is induced by the graph
structure (X n, E) if and only if Xn—_1 [[ XN is connected as a (bipartite)
subgraph of X.

Proof Suppose that ¢ is induced by the graph structure (X, E). From
the preceding lemma, we have that if z,y € X and r(xAy) = N—k then
there exists z € X such that r(zAz) = N—1and r(zAy) = N—k+1.
Tterating this fact we can produce a path in Xy_; [[ Xn connecting z
and y:

T>0)<TL >0 <<T2> << TLp—1 D01 <Y

T, 21,...,Tk—1,y € Xy and ap, a1, ..., 51 € Xy_1. Thus Xy_1 [[ Xn
is connected.

The proof of the reverse implication is left to the reader (hint: by
Lemma 8.2.13 it suffices to show that for any £ = 0,1,..., N there exist
x,y,z € Xy with §(z,y) =k, §(z,2) =1 and d(z,y) =k — 1). O

8.4 Spherical functions via Moebius inversion

We now present an alternative approach, due to Delsarte [52], to the
computation of the spherical functions associated with a regular poset.
Let X = ]_[71:[:0 X, be a spherical poset and let m,, be as in (8.14).

We set
1

C,=——(d* N-ngN-n. r(x — L(XpN).
(mn>2( ) (Xn) (Xn)
In other words, if x € X then

Cube= Y. > 6, (8.17)

acXy:yeXn:
a<x  yro

(compare with (8.15)).
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Define the linear operators A; : L(Xy) — L(Xn), 7=0,1,...,N by
setting, as in (5.1),

(A N)@)= > fly),  forall feL(Xy),xe Xy.

yeXnN:
3(z,y)=j

Let A be the algebra generated by Ag, Aq,...,Ax (the Bose—Mesner
algebra of X ). With (v(r, 5))7]19:0 as in Definition 8.2.1 we have:

Lemma 8.4.1 The operators Cy, C1,...,Cn generate A and we have:

N

Ct = Z V(t, k)AN,k
k=t

forallt=0,1,... N.

Proof From (8.17) we get that if x,y € Xy then (Cyd,)(y) is equal to
the number of o € X; such that o« <z and a < y. If §(z,y) = N — k,
that is © Ay € X, then this number is equal to v(¢, k). O

With 7, as in Definition 8.2.1 and denoting by (v/'(3, k;))?szo the in-

verse of the matrix (v(r,s))Y

rs=o (see the proof of Lemma 8.2.4) we
have:

Lemma 8.4.2

T t

Crcszz,u(tar) Zl/(jat)ﬂ(jJ’?S) Ct

t=0 =0

forallr,s=0,1,...,N.

Proof First of all we prove that

min{r,k}

N
CTCS = Z Z w(]v T, k')ﬂ-(]v T, S) AN—k (818)
k=0 | j=0

where v is as in Lemma 8.2.4. Indeed, if z,y € Xy and k = r(z A y),
then the coefficient of Ax_j, in C,Cj is equal to [C,Cs0,|(z), which, in
turn, equals the number of triples (o, 8, 2) € X, x Xs x Xx such that
a=zAzand g yAz.

For any j = 0,1,...,min{r, k} we count the number of triples above
that satisfy j = r(a Ay): we can choose a in ¥(j,r, k) different ways
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X 4 y

____XN

Figure 8.9.

(by Lemma 8.2.4, with y,u and z replaced by z,z Ay and «, respec-
tively) and then we can choose the pair (3, z) in 7(j, r, s) different ways.
Summing over j, we get (8.18).
From (8.8) it follows that

min{r,k}

77[}(.].7T7 k) = Z V(t’ k)l/(jv t),u(t,r) (819)

t=j

(recall that the matrices (v(t, k))ivkzo and (u(t,r))ivrzo are upper-
triangular with unit diagonal and therefore so is (v/(j, t))j'\,ft:O)'
From (8.18) and (8.19) and Lemma 8.4.1 the statement follows. [

Remark 8.4.3 In the statement of previous lemma, the first sum,
namely Y ;_,, may be replaced by the sum Zgig{r’s} because A is
commutative so that C,.Cs = C,C,..

For » = 0,1,...,N let A, be the subspace of A spanned by the
operators Cy, C1,...,Cp. Also set A_; = {0}.

Lemma 8.4.4 The vector space A, is an ideal of A, that is, for A€ A
and B € A, one has AB € A,.

Proof This is an immediate consequence of Lemma 8.4.2: C,.Cy is a
linear combination of Cy, C4,...,C,. |

Now let Fy, F1,...,En be the projections onto the spherical repre-
sentations in L(Xy) (as in Theorem 5.1.6). We can suppose that these
operators are numbered in such a way that A, coincides with the sub-
space spanned by Fy, E1, ..., E, (indeed, if A € A, and A = Z]kvzo MeEr
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with A\ # 0, then Fj = )\ik_AE;€ € A, and therefore A, is spanned by
the Ej’s which belong to A, itself).

Therefore there exists an upper triangular matrix (p(4, s))fszo such
that

Co=> p(i,s)E; (8.20)
=0

forall s =0,1,..., V.
Note also that

_ 1 *\N—s jN—s
C, = (ms)Q(d) d

is a positive operator, that is

(Csf, Floxn) =

1
des des >0
(ms>2< fa f>L(XS) =
for all f € L(Xn).
Thus, the eigenvalues of the Cy’s, namely the p(i,s), 0 <i < s < N
are all nonnegative. Moreover, since A, is spanned by both {Cy, C1,
.,Cs}t and {Ey, F1, ..., Es}, necessarily p(s,s) > 0.

Lemma 8.4.5 For 0 <r < s < N, the coefficients p(r,s) are given by
the formula

T
p(rys) = v (j,r)w(j,m, ).
3=0
Proof From Lemma 8.4.2 we get (for r < s)

T

CrCy = | > V' (Gr)m(Giry )| Cr+ A (8.21)

=0

where A € A,_;. On the other hand, from (8.20) we get

Sl

pli,r)p(i, 5) E;
=0

(as EiEh = Eiéi,h)

r—1

= 0lr,5)Cy + 3 pl0,7) [pli,5) — p(r, )] Ei

=0
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that is
C,.Cs = p(r,s)C. + B (8.22)
where, again, B € A,_;. Comparing (8.21) and (8.22) the lemma follows
(in particular, A = B). O
Now let (p, ()\i))fvjzo be as in Theorem 5.1.6, that is

N
A= pi(\)Ei. (8.23)

i=0

In other words, the p;(\;)’s are the eigenvalues of A;. We recall (see
Lemma 5.1.8) that the spherical function ¢; is equal to

for §(z,z(®) = j, where k; = |[{z € X : 6(z,2(¥) = j}| (see also
Lemma 5.1.3).

We are now in a position to give Delsarte’s formula for the eigenvalues
p;j(A;i) (and therefore for the spherical functions).

Theorem 8.4.6 The eigenvalues pj(\,)’s are given by the formula

N
pj()‘r) = Z V'(N—j,s)p(r,s) (824)

s=max{N—j,r}

forr,j=0,1,...,N.

Proof From Lemma 8.4.1 and (8.23) we get

N N
Cs = [Z v(s, k)pn—i(Ar)

k=s

r=0

Then, from (8.20) we get the systems of linear equations

N
Zy(’S,k)pN—k(AT):p(T?S)a T‘,S:O,l,...,N.
k=s

Solving these systems we get (8.24). O
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Corollary 8.4.7 The eigenvalues pj(\;) are integer numbers.

Proof We first recall that if an eigenvalue )y of an n x nm matrix A
with integer entries is a rational number, then it is necessarily an integer
number. Indeed, Ag is a root of the characteristic polynomial of A which
is of the form p4(A) = A" +a A" 1 + - - +a,_1 A +a, were the a;’s are
integers. If \g = h/k with h,k € Z and relatively prime, then one has
A+ a h" Yk + - an_1hk™ ' + a,k™ = 0. Therefore k divides h and
the claim follows.

Recall that p;();) is a eigenvalue of A; which is represented by an
integer matrix (namely by the matrix (6;(2,y)), ,cx, With 6;(z,y) =1
if and only if §(z,y) = j, and 0 otherwise). By the above considerations,
we are thus only left to show that p;(A;) € Q. But this follows from the
fact that all the coefficients in (8.24) are in fact rational numbers (for
p(r,s) use Lemma 8.4.5). O

We observe that Lemma 8.4.5 and Theorem 8.4.6 reduce the compu-
tation of the eigenvalues p;(A;)’s to the computation of the inverse of
the matrix (v(r,s)), , -

We illustrate a general technique to perform this last computation
which is called the Moebius inversion. First we give some definitions.

For the moment, let X be a finite poset. For x,y € X we set

C(x’y):{l o3y

0  otherwise.
¢ is called the zeta function of X. The Moebius function M is defined
inductively by setting
M(z,z)=1
for all x € X and
M(z,y) = — Z M(z,z2)

zeX:
r=Xz=<y

for all z,y € X with x < y; finally M (z,y) = 0 otherwise (that is when
2 =y or x and y are not comparable).

Proposition 8.4.8 (Moebius inversion formula) Let X be a finite
poset. Then we have

zeX zeX
forallx,y € X.
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Proof We recall that M (x,z) = 0 whenever A z. We first establish
the first equality. If z = y the left hand side is

ZMIZ z:c—ZM:cz M(z,x)

zeX zeX:
z=x

+ Z M(z,z) = M(z,x) =1.
zza)g:

Similarly, if x A y then the left hand side is

Zsz ¢(z,9) Zsz-O

zeX zeX:
23y

as there is no z € X with x < z < y.

Finally, if z < g, the first equality reduces to the definition of the
Moebius function:

S Mz 2)(zy) = M(a,y)+ Y M(z,2) = M(z,y) ~ M(z,y) = 0.

2€X e=z<y

Noting that the first equality is nothing but the fact that the ma-
trix (M(z,y)), ,ex is the inverse of (((z,y)), ,cx- the second equality
follows. |

Exercise 8.4.9 Let X be a finite poset. The incidence algebra Z(X) of
X is the set of all matrices (a(z,y))s,yex such that a(z,y) = 0 whenever

Tz AY.

(1) Show that Z(X) is an algebra under matrix multiplication (which,
in this setting, is called convolution).

(2) Show that a matrix a € Z(X) is invertible if and only if a(x, 2) # 0
for all z € X.

We now show that the inverse matrix v/ of v may be expressed in
terms of the Moebius function M.

Proposition 8.4.10 Let X = ]_[2[:0 X, be a reqular semi-lattice. For

y € X we have
)= M(zy).

zeXs

In particular, the right hand side depends only on s and t.
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Proof First of all note that if z € X then, by definition of v,

v(r,s) = Z ¢(z, 2). (8.25)

rzeX,

Fix y € X; and let z € X, with r < . If we write Moebius inversion
formula in the form

s=r zeX,

then, summing over = € X, we get

rzeX, reEX, s=1 z€X,
¢
(by (8:25) =) v(rs) ) M(zy)
s=r zeXs
and therefore v/(s,t) = > . x M(2,9). O

Suppose now that, for 0 < r < s < N, M(z,y) is constant on each
pair (z,y) € X, x X, with <y, say M(z,y) = m(r,s). For instance,
this is the case when |{z € X; : 2 <2z <y}| is a constant depending
only on r,t,s. Then the formula of Proposition 8.4.10 may be written
in the form

V' (s,t) = m(s, t)v(s,t). (8.26)

We end this section with a discussion on the Moebius inversion formula
of the Boolean lattice. We also derive the classical inclusion—exclusion
principle (it will be used in Theorem 11.7.6; see also Proposition 11.7.3
for a direct and elementary proof).

Example 8.4.11 Let @, be the Boolean lattice. Then

(-1)IBMIif ACB

0 otherwise.

M(A,B) = {

This is just a consequence of the following elementary binomial identity:
suppose that |A| = k, |C| = h and A C C. Then, with M as above,

we have:



8.4 Spherical functions via Moebius inversion 237

M(A,B)((B,C) = 1)IB\Al — " k(=
S MABK(B,O)= Y (1P =3 (- (_k)

BeQn ABCEBC2£:C' r==k

Z (h k)
1 itk=n
o ifk<h.

Proposition 8.4.12 (Boolean Moebius inversion formula) Let
fi9 € L(Qy). Then

> f(B

BeQn:
ACB
for all A € Q,, if and only if
f(A) = (—1)!P\ g (B)
BeQn
ACB

forall A e Q.

Proof This is just a consequence of the fact that M is the inverse of {: the
first equation may be written in the form g(A) = > pco. ((4, B)f(B)
and the second one f(A4) =3 p. o M(A,B)g(B). O

For instance, let Aq, Aa,..., A, be n subsets of a finite set A (they
are not necessarily distinct). For T € Q,, set

) 4\ U Anl it T 0

keT heTe
(T) = n
A\ | Akl = [A N A5N - NAZ|  otherwise.

In other words f(T') is the cardinality of the set of all x € A which
belong to all Ag’s with k£ € T and to none A, with h ¢ T.
Also set

T) = () Akl

keT
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Then we have

9(T)= > f(R) (8.27)

ReQny:
TCR

for all T € Q,. Indeed, ,cp Ar = HRI%QTH: [(Nier Ak \ Unere An]
because setting R = R(z) = {k € {1,2,...,n} : € A}, for z € A,

then © € [Nyer Ak \Unege An] and = ¢ [ﬂkeR/ Ae \ Une(re Ah} for

any R’ # R. Therefore the Boolean Moebius inversion applied to (8.27)
yields

FO) = Y (~1)PTlg(R).

REQn:
TCR

Taking T = () we immediately obtain:

Corollary 8.4.13 (Principle of inclusion—exclusion) Let Aj,
Ao, ..., A, be n subsets of a finite set A. Then

JASNASN-- N A =) (—1)s (8.28)
=0

where so = |A| and s¢ = Y req,. | Dher Anl, for all £ =1,2,...,n.
IT|=¢

Since |Aj U AU ---UA,| =|4| —|ASNASN---NAS] and |A] = so,
(8.28) may be written in the form

AU AU U AL =) (1) sy

(=1

For n = 2 this is simply |43 U As| = |A1] + |A2] — |41 N Ag| and, for
n=23

|A1 U Ay U Ag| =|A1| + |Aa| + |As| — |[A1 N Ay — |A1 N As3]
- |A2 ﬂA3| + |A1 ﬂAQ ﬁA3|
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Exercise 8.4.14 Let X =T, .
(1) Show that the Moebius function of X has the form

1 ife=y
M(z,y)=4¢—-1 ifz<y

0 otherwise

and therefore

1 ifs=t
Vis,t) =< -1 ifs=t—1

0 otherwise.

" ifs>r

(2) Show that p(r,s) = in two ways: first using

0 otherwise
Lemma 8.4.5 and Example 8.2.2, and then by checking that Cs =
q"°(Eo+ E1 + -+ + E) (use Exercise 8.3.6).
(3) Use Theorem 8.4.6 to determine the spherical functions of the
finite ultrametric space.

Exercise 8.4.15 Show that the Moebius function of ©,, ;,+1 (see Ex-
ample 8.1.10) is

M(¢,1p) = (—1)ldom(¥)\dom(e)]

whenever ¢ =< 1. In other words, it coincides with the Moebius function
of the Boolean lattice @,,.

8.5 g-binomial coefficients and the subspaces of a
finite vector space

Definition 8.5.1 (¢-binomial coefficients or Gaussian numbers)
Let n be a nonnegative integer and ¢ be a real number different from 1.
We set

g =1+q+¢ + - +¢""

and
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Moreover, for k € Z, g,n € R and ¢ # 1, we set (q-binomial coefficient)

(n> I s==t ifk>0
k), |o if k < 0.

It is easy to check, that for n a nonnegative integer, we have:

(), oo,

when 0 < k£ < n and (Z)q:OWhenk>n.

The ordinary binomial coefficients are limiting cases of their g-analogs:
if n is an integer we have

[n]g > nand (n)g > nlasqg—1

and if n is real and k a nonnegative integer then

<Z>q_> (Z) En(n—1)..];!(71—1%1) N

We present now some of the basic properties of the g-binomial coeffi-

cients.

Proposition 8.5.2
(i) Forn,k€Z andn >0

<Z>q B (n i k) . (symmetry);

(ii) forn € R and m,k € Z

<n) . (m) = (n) . (n B k) (trinomial reversion);
m), \k/, k), \m—k/,
(iii) forneR and k € Z
(),= (), r (i), = o), e ()
q q q q q
(addition formula);
(iv) for all x € C and n positive integer

A+2)(1+zq) - (1 +x¢"h)

I
3
o
=}
—
[CEEN
S~—
8
<.
VR
<3
N—
_

(q-binomial theorem);
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(v)

(vi) for € >0 and integer

ff (1)k<mi k) (s;k> FO—

k=—m

_ (_1)z+mq(z—m)(e—2n+m—1)/2 (5 - m) ;
n—1~{ .

(vii)
() () e

k=—m
m o ft—C+m
— (=1)™ (2)+€(t+m n) )
(=1)™q net ),

Proof (i), (i), (iii) and (v) are easy calculations. (iv) may be proved
by induction on n using the first identity in (iii). (vi) may be proved
by induction on ¢, using (iii); it is the g-analog of (6.28). (Vu) may be
easily deduced by applying (v) to the coefficients (* :; )q d (s )q in
(vi) and setting t = n — s — 1; it is another g-analog of (6.28). O

Let g be a prime power, say ¢ = p”* with p a prime number and m € N.
Then there exists a unique (finite) field F, with ¢ elements. If m = 1,
that is ¢ = p is a prime, this is just Z,, the field of integers mod p. If
m > 1, F, is usually regarded as an algebraic extension of Z,. We refer
to the monographs by M. Artin [6], Herstein [120], Hungerford [123] and
Lang [151]. We shall not use special properties of F, (besides the fact
that it is a field with ¢ elements). In the following theorem we present
a general counting principle for the subspaces of Fy, the n-dimensional
vector space over F,. It is taken from [74].

Theorem 8.5.3 Let V. W be subspaces of Fy with dimV = a, dimW = b
and dim(VNW) = x. Suppose that ¢,y are integers satisfying x <y < a
and b < ¢ <n—a+y. Then the number of subspaces Z C Fy such that
Z2OW,dimZ =c and dim(ZNV) =y is

(a - x) (n —b-a+ x) (a=y)(c—b—y+z)
q .
y—z), c—b—y+x a
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Proof Any Z as in the statement may be written in the form Z =
W @ Zy @ Z2 (as usual @ denotes the direct sum) where Z; is an (y —
x)-dimensional subspace of V' with Z; N (VNW) = {0} and Z;3 is a
(c—b—y+ z)-dimensional subspace of Fy with Zo N (V +W) = {0}. In
other words, Z may be obtained by choosing an ordered set A of y — x
linearly independent vectors in V\ W =V \ (VN W) (\ denotes a set
difference) and then an ordered set B of ¢c—b—y+x linearly independent
vectors in Fy \ (V + W). The choice of A may be done in

er=(¢" — )" —¢"") (" — ")

different ways: the first vector v; may be chosen in ¢* — ¢* = the car-
dinality of V' \ W ways; when V] has been chosen, the second vector vq
must be taken from V' \ (W @ (v1)), whose cardinality is ¢® — ¢°T* and
so on. Analogously, the set B may be chosen in

n a+b—a:)(qn

Cy = <q —q a+b—w+1) .

n __ a+c—y—1)

—q (" —q

different ways (note that by the Grassmann identity we have that dim(V+
W) = dimV +dimW —dim(VNW) = a+b—=x). But any Z corresponds
to several different choices of A and B: any Z contains

cs=1(q" —q")(¢¥ —q""") - (¢V —¢¥ ™)
distinct A’s and
ci=(¢°—q"™" ") (" — v (¢° — 7Y

distinct B’s (note that dim[ZN(V +W)] = dimW +dimZ; = b+y —z).
Therefore the number of subspaces Z is equal to

cicg _ (a—x n—b—a+=x q(a—y)(c—b—y-l-x)
c3C4 y—z) \c—b-y+z/, '

O

Exercise 8.5.4 Without using the above theorem show that the number
of k-dimensional subspaces in Fy is equal to (Z)q

Corollary 8.5.5 Let VW be subspaces of Fy with dimW = m and
dim(V NW) = u. Then the number of subspaces Z C W with dimZ = k
and dim(Z N'V) = v is equal to

(0, z3)
v/, k—wv p
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Proof This is an immediate consequence of the theorem: take n = m,
r=b=0,a=u,y=0v c=kand then replace Fy, V, W with W,
V' N W and {0}, respectively. O

Corollary 8.5.6 [f W C V C Fy, dimW = b, dimV = a then the
number of subspaces Z with W C Z C V and dimZ = c is equal to

a—b
(c—b)q'
Proof In Theorem 8.5.3 take x = b and y = c. |

Exercise 8.5.7 Give a combinatorial proof of the following identities

n+m+1 _zn: v k+m
m+1 q_ 1 m- /),

k=0
and (g- Vandermonde)

min{u,k}

0 - O

v=max{0,k—m+u}

8.6 The g-Johnson scheme

Let ¢ be a prime power and n € N. As in the previous section, we denote
by F, the finite field of order g, and by Fy the n-dimensional vector
space over Fy; also we denote by GL(n,q) the corresponding general
linear group. In other words, GL(n, q) is the group of all invertible n x n
matrices with coefficients in F,, equivalently, the group of all invertible
linear transformations of . Elementary introductions to GL(n, q) may
be found in the monographs by Alperin and Bell [4] and Grove [109]. A
more advanced treatment is in Grove’s more recent book [110].

Lemma 8.6.1 The order of GL(n,q) is given by

GL(n,q)| = ¢"" V2 (" = 1)(@" " = 1) (g = 1)

Proof A matrix in GL(n,q) is (uniquely) determined by its rows. The
first row a; € Fy can be chosen in ¢" —1 different ways (this corresponds
to the number of nonzero vectors in [ ); the second row az can be chosen
in ¢"—¢" " different ways (a2 may be any vector in F'\ (a1)); continuing



244 Posets and the g-analogs

this way, the kth row a;, can be chosen in ¢”—¢*~!

that

ways. Finally, observe

(@" = D" —a)(q" —¢*) - (¢" —q" ")

=g 2@ - ) (" = 1) (g - 1).
O

Let 0 < m < n and denote by G,, the Grassmann variety of all
m-dimensional subspaces of Fy. Also set for simplicity G = GL(n,q).
Then G acts on G, in the obvious way: if A € G and V € G,,, then
AV ={Av : v € V} (note that by the nonsingularity of A the subspace
AV has the same dimension of V).

Lemma 8.6.2 The action of G on G,, is transitive and the stabilizer of
a subspace Vy € G, is isomorphic to the subgroup H,, consisting of all
matrices of the form

A= ( /(1)1 f ) such that Ay € GL(m, q), As € GL(n—m, q) (8.29)
3

and As is an m X (n —m) matric with coefficients in Fy.

Proof Let ey, es,...,€e, be the standard basis of Fy and suppose that
Vo = (e1,ea,...,em). Then a matrix A € G satisfies AVy) = V} if and
only if Ae; € V for all i = 1,2,...,m. This is clearly equivalent to A
be of the form (8.29).

If V is another m-dimensional subspace and vy, vs, ..., v, is a basis
of V, then denoting by A € G a matrix such that Ae; = v; for all
i =1,2,...,m, then AVy = V, showing that the action is transitive.

O

Let now G = szo G.n the set of all subspaces of FZIL It is a poset
under inclusion which is also a lattice: if V,W & G then their meet is
their intersection VN W and their join is their sum V +W = {v + w :
v, € V,w € W}. The dimension dimV is a rank function so that G is
ranked. Finally it is modular: by Corollary 8.1.6 this is equivalent to

dimV 4 dimW = dim(V + W) 4+ dim(V N W)

for all VW € G which is nothing but the Grassmann identity.
Moreover, for the action of G in G the following general principle
holds.
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Lemma 8.6.3 Let V1, Vo, W1, Wy € G. Suppose that dimV; = dimW7,
dimV, = dimWs and dim(Vy N Va) = dim(W7 N Ws). Then there exists
A € G such that

AVl = W1 and A‘/Q = Wg.

Proof Set h = dimV;, k = dimV; and r = dim(V; N V,). Take a basis
V1, V2, -« -, Uptk—r Of V1 + Vo such that vy, vs, ..., v, is a basis of V1 N V5,
v1,V2,...,Un is a basis of Vi and finally vy, ve,...,vr, Up11, Vhto,- -,
Uptk—r 1S & basis of Va. Formally, replacing every v (resp. V') symbol
by w (resp. W) and choosing a matrix A € G such that Av; = w; for
alli=1,2,...,h+ k — r, the statement follows. 0

Corollary 8.6.4 Suppose that m < n/2. Then the poset [, Gk is
spherical.

Proof I, Gk is a semi-lattice and it is lower modular because the
whole G is a modular lattice. The action of G is transitive on G,, and
the previous lemma ensures us that if H,, is the stabilizer of a fixed
Vo € Gy, then for £k =0,1,...,m the sets

Q= {V €Gp: dim(V N Vp) =k — 5}, (8.30)

j=0,1,...,k are the (nonempty) orbits of H,, on G. O

The symmetric association scheme G, is usually called the g-Johnson
scheme. On G, we define the G-invariant distance §(V,W) = m —
dim(V N W) that corresponds to the distance § in Proposition 8.2.18.
Let also d and d* denote the linear operators in Section 8.3 and set
Wy = L(Qk) Nkerd and Vi, = (d*)m*ka.

Applying Corollary 8.2.14 and Theorem 8.3.4 we obtain:

Theorem 8.6.5

(i) (GL(n,q), Hy) is a Gelfand pair;

(i) L(Gm) = ®FoVi is the decomposition of L(G,,) into spherical
representations;

(iif) dimVy = (Z)q - (kil)q"
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(iv) the spherical function ®y € Vi has the following expression:
O, (Vo) =1 and

min{h,k} i ST S
1 i q T —1
2eW) = Ty > VU T
k/q i=max{0,h+k—m} j=0

. m—h h i(m—h—n+i—1)
k—i) \i)?
q q
W EQun h=1,2,....m

Proof (i) and (ii) are an immediate consequence of the fact that G =
152, Gk is a spherical poset (see Corollary 8.2.14 and Theorem 8.3.4).
To prove (iii), first note that for 0 < k < [n/2] each poset szo Gj, is
spherical and therefore L(Gy) = @f:o(d*)k_jo. In particular, Wj, =
L(Gr) Nkerd is irreducible, d : L(Gy) — L(Gr-1) is surjective and
dimV, = dimW, = (")q — (knl) . We are left to prove the expres-
sion for the spherical functions in ( v). Let V4 be the subspace stabilized
by H,,. In this case the set {1 ; in the definition of spherical poset is
given by (8.30)

We have just to get the expression for the coefficients ay, ;, by, ; and C

n (8.11) and (8.13). If W € Q4 ;, then ay ; is the number of Subspaces
Z € Q41,5 such that Z O W. Since dimW =k, dim(W N V) =k — 4,
dimZ = k+ 1 and dim(Z NVy) = k 4+ 1 — j, then an application of
Theorem 8.5.3 witha =m, b=k, x =k — ],C—k—l—landy—kz—i—l J

m—k+j_q m—k+j

yields ax,; = &———. Similarly by ; = %
W e Q. then C’kh is the number of subspaces Z € € ; such that
Z C W and an application of Corollary 8.5.6 with V=V, u =m — h

and v = k — ¢ yields

ok — m—h h g(m—h+i=h)i
bLh k—i) \i/,

and therefore the expression for the spherical functions follows from
Theorem 8.3.4. 0

Moreover, if

For z € Q,, 1, set ¢r(h) = P (x) (see Section 5.1).
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Corollary 8.6.6
(i) The spherical functions ¢ satisfy the following orthogonality re-

lations:
“ m n—m\ 2 (:,Ll)q
> k()i (h) b A T
h=0 q q (k?)q - (k71>q
(ii) G is a distance-transitive graph with parameters
1
by = " =q"@""=q"g  h=0,1,....m—1
e CARTAL )
1 h 2
ch=———(¢" -1 h=1,2,....m
(- 1)2( )

and degree by = ﬁ(qm —D(¢"™ —1)gq.
(iii) The spherical functions satisfy the following finite difference equa-

tion:
chgr(h —1) + (bo — br — cp)pr(h) + brdr(h + 1) = Ardi(h)
for h,k=0,1,...,m where by, and cp, are as above and
1 —m m — n
A = e [q1—¢""™A=¢™) =1 =g )" = ¢")].

Proof (i) These are the usual orthogonality relations for the spherical
functions. Note that setting t = b =0, a =c=mand y = m — h in
Theorem 8.5.3 we get

[ :'{W69m¢5<m%>—h}|—qh2<m) <n_m> :
h q h .

(ii) It is easy to see that G, satisfies the hypothesis in Proposition 8.3.10
and therefore that it is a distance-transitive graph (compare with Lemma
8.2.13). Now we have to compute the parameters by, and c¢. Given V' €
G with dim(VNVy) = m—h then by, = [{W € G, : dim(WNV) =m—1
and dim(W NVy) = m — h — 1}|. Note that by the Grassmann identity
we have

dim[WnN(VNy)] = dimW+dim(VNVy) —dim[W+(VNVy)] > m—h—1.

Therefore a W as above may be obtained by selecting an (m — 1)-
dimensional subspace W; C V such that dim[W;N(VNVy)] =m—h—1,
then a vector w ¢ V + Vj and setting W = W; + (w). From Corollary
8.5.5 withu =m —h,v=m—h—1and kK = m — 1 the number of
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possible Wy is (/") q(Z) qqh = q'":_hl_lqh . The number of possible w
is equal to [F7'\ (V + Vp)| = ¢" — ¢™*". But every W corresponds to

the choice of |[W \ (W N V)| =¢™ — g™ ! different w’s. Therefore

(@ " =1Dg"(¢" —q™") _ (¢" —d") (""" —q")a
(@—1D(g™ =g ") (q—1)? '

Similarly, one can prove that

by, =

(¢" —1)?
Cp — 72
(¢—1)
The finite difference equation is clearly that in Corollary 5.1.9 and the
eigenvalues may be computed by the formula Ay = bogi(1)
(Lemma 5.1.8). O

Exercise 8.6.7 Show that for n/2 < m < n we have L(G,,) = L(Gp—m)
= n:m Vk.
k=0

Exercise 8.6.8 Prove that for ¢ — 1 all the formulae for the g-Johnson
scheme become the formulae for the Johnson scheme.

In the last part of this section, we apply the Moebius inversion (see
Section 8.4) to the g-Johnson scheme. Denote by P, (¢) the poset of all
subspaces of Fy. Then we have:

Proposition 8.6.9
(i) The Moebius function in P,(q) is given by
M(U,V) = (~1)q(2)

where U CV and k = dimV — dimU.
(ii) The coefficients p, v, in 8.2.1 are given by

=70 e =())

forr <s and
m(j,7, )

min{j,s} . 3 .
- () () ()
1 q S—1 q n—m q

i=max{0,r+s—m}

forr—j<m-—sandj<r.
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(iii) The coefficients v'(r, s) and p(r,s) in Section 8.4 are given by

V(r,5) = (<1 =7g('7) ()

p(frs):qr(mfs) n—s—r m—r .
’ n-m-r) \s-r/,

Proof (i) If M is as above, then given V' C W C Fy and setting M (k) =
(71)1@(](’;)7 m = dimW, v = dimV we have,

and

Y MWV, Z)(ZW)= Y M (dimZ - dimW)

ZeP,(q) ZePn(q)
VCzZCow
N~ S k—u k—u m-=u
(by Corollary 8.5.6) = ;(71) q( 2") <k: B U>q
=Y (-1l (m - “)
r=0 " q

where the last equality follows from (iv) in Proposition 8.5.2 taking x =
—1 (alternatively, it can be deduced from (vi) in the same proposition).

(ii) The formula for v(r, s) is just the combinatorial interpretation of
the ¢-binomial coeflicients and the formula for p is just Corollary 8.5.6.
Now we prove the formula for 7(j,7,s). Take j < r < m < n, s <
m and two subspaces V,W of Fy with dimW = m, dimV = r and
dim(V NW) = j. Then from Corollary 8.5.5 we get that the number of
subspaces Z C Fy with dimZ = s, Z C W and dim(Z NV) = i is equal

to
<]) <m - J) qU=0(s=1). (8.31)
i, \s—1/,

If we fix Z as above, from the Grassmann identity we have dim(Z+V) =
r 4+ s — i and therefore from Corollary 8.5.6 we get that the number of
subspaces U with dimU =m, Z C U and V C U is equal to

("Ts“)q. (8.32)

n—m

From (8.31) and (8.32) the formula for 7(j,r,s) follows.
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(iii) The formula for /(r, s) follows from (i) and (ii) and (8.26). To get
the formula for p(r, s), we must apply Lemma 8.4.5. For 0 <r < s <m
we have

p(’l",S) —ZV’(j,T)TI’(j,T,S)

=0
g(l)ra‘q(r?) C)q

RNl
1 q S—1 q n—m q

i=max{0,r+s—m}

T

r—iV(s—i) [T n—r—s+1
— Y g ><)< - )
i), n—m q

i=max{0,r+s—m}

~zr:(—1)“j <r B Z) <m _j> g D=9+("%7)

r—7 §—1
j=i J

— > ()

i=max{0,r+s—m}

_afn—s—r m—r
:***qr(m g)( N B ) ( B )
n m T q S T q

where *), **) and ***) follow from (ii), (vi) and (vii) of Proposition 8.5.2,
respectively. |

Now we can apply Delsarte’s formula (8.24).

Corollary 8.6.10 For the q-Johnson scheme G, the eigenvalues py ()
are given by

min{k,m—r}

)= > (i

J=0

oo, (5,07, e

fork.r=0,1,....,m.
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Proof From (8.24) and Proposition 8.6.9 we immediately get an expres-
sion for pg(\,-) which modulo the change of variable j = m — s becomes
(8.33). |

8.7 A g-analog of the Hamming scheme
In this section we discuss a g-analog of the Hamming scheme. If ¢ is

a prime power and n,m are positive integers, then G = is the set

of all triples («, 3,v) where a € GL(n,q), 8 € GL(m’7 q) and v €
Hom(F?,F™),

Lemma 8.7.1 G% _ is a group with the compososition law:

n,m

(o, 8,7) - (a1, B1,7) = (aalvﬂﬁlaﬁ’ﬁail +7).

Proof (in,tm,0) where ¢, and ¢, are the identity operators in Fy and
[Fy* respectively, is the identity element. The inverse of (a, 3,7) is

(a,8,7) ' = (a1, 871, =B 1a).

The associativity is trivial and it is left as an exercise. 0

Exercise 8.7.2 Show that G¢ is isomorphic to the group of all ma-

trices of the form (é g) where A € GL(n,q), B € GL(m,q) and
C e My, n(Fy).

Remark 8.7.3 G, ,,, contains two subgroups, namely
GL(n,q) x GL(m,q) = {(a, 8,7) € G ,,, : 7 = 0}

and S, = {(a,B,7) € G, : @ = 1y, = ty}. Note that S7 . is
commutative: it coincides with Hom(IFy,Fy*) with the usual addition.
Moreover SY ,, is normal in G}, ,.:

(aaﬂ»’Y) : (Lna Lmv’yl) : (CMB,’Y)_l
= (a,8,Bna™h) - (@™, 87 =57 1a)
= (Ln; LmvﬁVla_l - ’7) € S;Jz,m

for any choice of (a,8,7) € G%,, and (tn,tm,71) € Si,,. Finally,
G% ., = [GL(n,q) x GL(m, q)] - S§ ,,, (since (o, 3,7) = (, 3,0) - (tn, tn,
B~ 'ya)) and [GL(n,q) x GL(m,q)] N SL,, = {(tn,tm,0)}. Altogether,

these properties may be expressed by saying that G7, ,, is the semidirect
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product of GL(n,q) x GL(m,q) with the abelian group S¥ ,,. Groups
with this structure have a representation theory that can be deduced
by that of their constituents; we refer to [196], [198] and [220] for more
details.

We now introduce a poset that generalizes the posets in Example
8.1.10. To avoid the discussion of particular cases, we assume n < m.
We set

O . = {(¢, V) : V is a subspace of Fy and

¢:V — Fy" is a linear map}.

For any pair (¢, V) as above we set dom(¢) = V and we often identify
the pair (¢, V) just with ¢. We introduce a partial order in ©7 ,,, by
setting ¢ =< ¢ when dom(¢) C dom(v)) and ¢(v) = ¥(v) for all v €
dom(¢).

The group G7 ,,, acts on ©F ,, by the rule

(@, 8,70, V) = ((B6a™" +7)|av,aV) (8.34)
for all (o, 3,7) € G} ,,, and (¢, V) € O ,,,.

Lemma 8.7.4 The rule in (8.34) indeed defines an action.

Proof For (a, 3,7), (a1, B1,m) € G, and (¢,V) € ©F ,,, we have

(O"ﬂ’ 7)[(041)/61771)(9257 V)] = ([ﬁﬂ1¢afla71 + ﬂ’YlOéil + 'Y]‘ozalv
(v, B,7) - (a1, B, m)](0, V).

Moreover, (tn,tm,0) (¢, V) = (4, V). -

Lemma 8.7.5 O] s a graded poset with rank function r : © ,, —

{0,1,...,n} given by: 7(¢) = dim[dom(¢)], ¢ € OF ,,,. Moreover it is a
lower semi-modular meet semi-lattice.

Proof Adapt the arguments in Example 8.1.10. |

Let X7, denote the top level of ©F . Then X, consists of those

n,m

¢’s with dom(¢) = Fy and it is isomorphic to Sf ,, via the map

Xim = Sim

5 o (). (8:35)
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Moreover, under the identification (8.35), the action of GY,,, on X}
corresponds to the conjugation on S

(,3,7) - = Bodat + 5= (tn,tm, Boa™ +7)
= (av67 ’Y)(Ln,bm7¢)(a,ﬁ,’y)_1.

In any case, if we take the trivial map 0 = ¢9 € Hom(Fy,F;"), then
the stabilizer of ¢¢ in G%, coincides with the subgroup GL(n,q) X

n,m

GL(m, q) described in Remark 8.7.3.
Proposition 8.7.6 O . is a spherical poset.

Proof We have already seen that ©% . is a lower modular meet semi-

n,m

lattice. The transitivity of G4 = on the top level X9 is trivial: the

subgroup Sy ,, is transitive (it’s action is just the translation on the
vector space X1, ). It remains to show that the sets Q; ; = {¢ € ©F ,, :
dim[dom(¢)] = k and dim[dom(¢ A ¢9)] = k — j} are the nonempty
orbits of the stabilizer GL(n,q) x GL(m,q) of ¢y. But the condition
dim[dom(¢ A ¢o)] = k — j is equivalent to dim[ker(¢)] = k — j. Clearly
each € ; is nonempty (recall that we assume n < m). Moreover, if
$1,¢2 € Qi ; then there exist four subspaces Vi, Vo, Wi and Ws of Fy
such that Fy = ker ¢; © V; @ W, dom(¢;) = ker ¢; @ V;, dim(ker ¢;) =
k—j, dimV; = j, dimW; = n — k, for i« = 1,2. Moreover, ¢;|y, : V; —
Im(¢;) = {¢i(v) : v € Fy} is a linear bijection. Therefore, if we choose
a € GL(n,q) such that a(ker ¢1) = ker ¢o, a(Vy) = Vo, a(Wy) = Wy
and B € GL(m,q) such that 8¢1(v) = ¢aa(v) for all v € Vq, that is
Blrme; = ¢20(p1lv,) !, then we have

(aaﬁvo) . (¢1a dom((bl)) = (¢27d0m(¢2))'

Indeed, if v € dom(¢2) and v = u + w with u € ker ¢o, w € V5 then
Bora~t(v) = Bora(w) = ¢o(w) = ¢o(v) where the second equality
follows from the choice of 3. The proof is now complete. ]

Before giving the expression for the spherical functions we need a
couple of lemmas.

Lemma 8.7.7 For the spherical poset ©F . the coefficients ay j, by ;
(see Section 8.3) have the expression:

qn—k -1

ap ;= ———¢
k,j Q71 q
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and

by =
J q—

Proof Fix ¢ € Q ;. Thus dim(dom(vy)) = k and dim(kery) = k — j.
Note that

akj = [{¢ € Yty 1 ¢ = ¥} (8.36)
and
bi,j = {# € Q1411 ¢ = P} (8.37)

In both cases, dom(¢) 2 dom(¢)) with dim(dom(¢)) = k+ 1. Therefore,
by Corollary 8.5.6 (with a = n, b = k and ¢ = k + 1), the number of

possible dom(¢)’s is equal to ("Ik) = qnq_kil

If we fix w € dom(¢)\dom(v)), then @ is détermined by the value ¢(w)
(and different values for ¢(w) clearly give different ¢’s). In the first case
we want ¢ € Qg1 ; and therefore dim(ker ¢) = k+ 1 — j, ker ¢ D ker ¢
or equivalently Im¢ = Imtp. In other words ¢(w) must belong to Ims)
and thus we have ¢/ = [Im1)| choices for ¢(w) and (8.36) follows.

In the second case we want ¢ € ;1 j4+1 and therefore ker ¢ = ker ) or
equivalently Im¢ 2 ITmap. In other words ¢(w) must belong to Fy* \ Tms)
and thus we have ¢™ — ¢7 choices for ¢(w) and (8.37) follows as well.

|

Lemma 8.7.8 For the spherical poset ©F, ., the coefficients C{fj in (8.13)
have the expression:

n—j J n—j—k+i)i
ck = <k_z> <Z> gk (8.38)
q q

Proof Fix 1 € Q, ;, that is ¢» € Hom(Fy,F;*) and dim(kerv) =n — j.
Then

Cri =Ko € Qi ¢ <}
In particular, ¢ is determined by its domain. This subspace must sat-
isfy the condition dim(dom(¢) Nkery) = k — ¢ (which is equivalent

to dim(ker ¢) = k — i). Then, applying Corollary 8.5.5 with m = n,
u=mn—7jand v =k —1, (8.38) follows. O

As usual, we introduce the differential operators d and d* and the
subspaces Vp, Vi,...,V,, (see Section 8.3). Moreover, we continue to
denote by ¢q the trivial linear map ¢ : Fy — Fy, that is ¢o = 0.
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Theorem 8.7.9
(i) (GE,,,GL(n,q) x GL(m,q)) is a Gelfand pair;
(i) L(XZ,,) = @p_o Vi is the decomposition of L(X1 ) into spher-
ical representations;
(iii) for 0 < k < n, the spherical function ®y € Vi, has the following
expression: ®(¢o) =1 and, if p € Qpp, h=1,2,...,n

min{h,k} i—1
ooy 5 () () (M)

q i=max{0,k—n+h} q\i=0

Proof This is just an application of Theorem 8.3.4. 0
Exercise 8.7.10 Prove that X7, is a distance-transitive graph.

Let A be the Laplace operator on X!, (see Section 5.1). Then
from Theorem 8.7.9 and Theorem 5.1.6 we get immediately the spectral
analysis of A.

Corollary 8.7.11 V}, is an eigenspace of A and the corresponding eigen-
value is

(" =) (" =1)—¢q"F(¢" - 1)
q—1 '

Proof We just note that, for ¢ € X7 . {v € X1, :6(p,0) = 1}| =

(q_z)% (see exercise below). =

Exercise 8.7.12 Prove that

0 € L 80n0) =31 = ) i - o0

q 5=0
k—1
(1), 11
k a3y
k—

H ("~ D@7 - 1)

1—q¢-1

\ I
=]

In the following series of exercises, we present an alternative approach
to the ¢-Hamming scheme. It is sketched in [74] and mentioned in [206,
207]. An earlier reference is [41]. The method that we use is also an
application of ideas in [44]. In what follows, we drop the assumption
n < m (i.e. n > m is allowed). We will use the fact that the dual
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of a finite abelian group A is isomorphic to A (this will be proved in
Section 9.2). First of all, for an operator ¢ € Hom(Fy,Fy) we can
define the trace T'r(¢) as follows: choose a basis v1, va, . .., v, for Fyy and

if ¢(vi) = 37y aijv; then Tr(¢) = 350, aii.

Exercise 8.7.13 Show that Tr(¢) does not depend on the chosen basis,
that Tr : Hom(Fy,Fy) — T, is a linear operator and that Tr(¢y) =
Tr(¢) for all ¢, € Hom(Fy,Fy).

Here, X1, = Hom(Fy,Fy) is an abelian group under addition and
therefore is isomorphic to its dual, that is X, = X1 .. We now give
an explicit parameterization.

Fix a nontrivial character x of the additive group of F,. For ¢ € X},
we define xy : X7, — T by setting

xu(¢) = x[Tr(¢e)]
for any ¢ € X,

Exercise 8.7.14 Show that the map 1 — Xy is an explicit isomorphism

—_—
between X%, and X7 .

We know that (GY ,,,GL(n,q) x GL(m,q)) is a symmetric Gelfand
pair and that GL(n,q) x GL(m,q) has min{n,m} + 1 orbits on X}
(compare with the proof of Proposition 8.7.6). Now we give an alterna-
tive description of the spherical representations. For ¢ € X4 . the rank

of v is defined by

,m?

rk(t) = dim[Imy].
Clearly 0 < k() < min{n,m}. Set
Vi = (o : (1) = k),
for k=0,1,...,min{n, m}.

Exercise 8.7.15 Show that L(X},,) = @Zi%{"’m} Vj. is the decompo-
sition of L(&}!,,) into irreducible representations.

Exercise 8.7.16 Show that Vj is an eigenspace of A and that the
corresponding eigenvalue is
(@™ =D -1 —q¢" (" - 1)
q—1 '
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Exercise 8.7.17 From the preceding exercise and from Corollary 8.7.11
deduce that Vi, = Vj, for k = 0,1,..., min{n,m}. From Exercise 8.7.12
deduce that

dimV; = (Z) kl:[l(q" — ).

q;=0

8.8 The nonbinary Johnson scheme

This section is devoted to a Gelfand pair arising from posets (it cor-
responds to a single level of the poset ©,, ;41 in Example 8.1.10) but
not covered by the theory of spherical posets developed in Section 8.2.
Many details will be left as exercises.

We first need some notation. Fix two integers n > 0 and m > 0
and, for Kk = 0,1,...,n, denote by i the family of all k-subsets of
{1,2,...,n} (see Section 6.1) and by Qj m+1 the set of all functions
whose domain is an element A € Q; and whose range is {0,1,...,m}.
In symbols

Qk,m+1 :{9:A—>{O,1,...,m}; AEQk}.

It is then clear that

n
6n,m+l - H Qk,m-{-l-
k=0

Moreover ), ;41 corresponds to the Hamming scheme X, .41 (see
Section 5.3). It has been shown (see Example 8.2.8) that the group
Sm+1 U Sy acts on Qp pmy1. It is also easy to see that this action is
transitive.

Fix k € {0,1,...,n} and a function 8 € Q ,,41: for instance, fix
A € Qy, and then set 6(j) = 0 for all j € A.

Exercise 8.8.1 Show that the stabilizer of § is isomorphic to (.S, 1Sk) X
(Sm+10Sn—k), where Sy, is the stabilizer of 0 in Sy, 1 and S x S, _j is
the stabilizer of A in 9,,.

For h < k define a function
0 Qa1 X Qpmyr — {0,1,...,k} x {0,1,...,k}
by setting, for 6 € Qi 11 and Y € Qp, pt1,
6(0,1) = (|dom(6) N dom(¥)[, [{j € dom(0) N dom(s)) : 6(j) = ¥ (4)}])-
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Exercise 8.8.2 (1) Show that the orbits of the diagonal action of Sy,41?
Sp on Qg my1 X Qp my1 are precisely the sets

{(0,%) :0(8,¢) = (t,1)} max{0,2k —n} <t <k, 0<[<t.

(2) Deduce from (1) that (Sp41 2 Sn, (Sm 2 Sk) X (Sma1 USn—k)) is a
symmetric Gelfand pair (use the orbit criterion (Exercise 4.3.5)).

We know that ©, .41 is a spherical poset so that the theory in
Section 8.3 can be used to recover the Hamming scheme (see also Sec-
tion 8.3). But, for k < n, HZ:O Qp,m+1 is not a spherical poset as the
following exercise shows.

Exercise 8.8.3 Deduce from the previous exercise and Corollary 3.13.2
that the orbits of (Sy, 1.Sk) X (Sm+11Sn—k) on Qp i1, with 0 < h <k,
are precisely the sets

{0 € Qi1 :6(0,0) = (,1)} max{0,k+h—n} <t <h, 0<I<t.
From this fact deduce that HZ:o Qp, m+1 is not a spherical poset.

Indeed, the decomposition into irreducibles in Theorem &8.3.4 is not
valid for L(Q m+1) (see also Exercise 8.3.7). Nevertheless, a refinement
of this decomposition holds for L(2 m+1): it was found by Dunkl [73].
We describe a slightly different approach inspired by a generalization
contained in [44]. Another different approach, based on the theory of
association schemes and orthogonal polynomials, is in [219].

Remark 8.8.4 The term “nonbinary Johnson scheme” was introduced
in [219]. If we consider the Hamming scheme €, 1 11(= X,y m+1 in the
notation of Section 5.3) with the Hamming distance d(6,v) = |{j €
{1,2,...,n} : 0(j) # ¥(j)}| and @ is the function defined by 8(j) = 0
for all j = 1,2,...,n, then the sphere ﬁk,m = {0 € Qymy1:d6,0) =
k} coincides with €y ,,: with each 0 € Q,, 41, such that A := {j €
{1,2,...,n} : 0(j) # 0} has cardinality k, one associates 6; : A —

{1,2,...,m}. In other words, we regard Qy ,,, as the set of all functions
0:A—{1,2,...,m}, with A € Q.
In particular, for m = 1 (the binary case: 1,2 is the hypercube

Qn) (NZkJ is just the usual Johnson scheme of Chapter 6. For m = 1
one recovers the binary case: €9 is the hypercube @,. Finally, for
m > 2 (the nonbinary case: € 11 is the Hamming scheme over the
nonbinary alphabet {0,1,...,m}), ﬁk’m is what may be properly called
the “nonbinary Johnson scheme”.
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We still need further notation. Consider the operator D : L(©,, 1)
— L(Oy m+1) defined by

(DF)O) = > F)
ween,w1+1
o<y

for all F € L(0,, m+1) and 8 € O, 11, and let D* be its adjoint. The
symbols d and d* will be limited to denote the operators introduced in
Section 6.1. Clearly d,d* and D, D* are particular cases of the operators
d,d* introduced in Section 8.3, but we need to keep them distinct.

If A\ {1,2,...,n} we denote by [m + 1]** (in order to simplify the

standard notation {0,1,...,m}?) the set of all functions 6 : A —
{0,1,...,m}. Then we have the decomposition
Qk,7n-i—1 = H [m+ 1]A
AEQy
and
L(Qms1) = €P L(m+1 (8.39)
AEQy,

Clearly, [m + 1] is isomorphic to the Hamming scheme X\ Almt1-

We now introduce two kinds of products that generalize the coordi-
natewise product used in Section 5.3. If A C {1,2,...,n} and f; €
L({0,1,...,m}), i € A, we define the product ®;c4f; € L(m + 1]4) by
setting

[®1€Afz H fz (840)

iI€EA

for all § € [m + 1]4. This is the first kind of product.

Now recall that L({0,1,...,m}) = V5 @ V4 with V4 the space of
constant functions, V; the space of functions with zero mean (cf. Ex-
ample 1.8.1 and Section 5.3). If A C {1,2,...,n}, |[A] = h and 0 <
t < h, then we denote by Q;(A) the family of all ¢-subsets of A and
set M"tt(A) = L(Q:(A)) (this corresponds to the space M"~tt of
Section 6.1 associated with the ¢-subsets of the H-set A).

For 0 <{¢{ < k<nand Be Qy fi € Vi foralli € B and v €
Mn=kk=4CB) (CB = {1,2,...,n} \ B denotes the complement of B),
we define v ® (Qiepfi) € L(Q m+1) by setting

[ ® (®ienfi)](8) = v(dom(9) \ B) - [T filb(0)] (8.41)

i€B
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for all 8 € Qp 41 such that dom(f) O B, and
[v® (Ricnfi)](0) =0

it 0 € Qp m+1 but dom(f) 2 B. This is the second kind of product.
Clearly, (8.41) may be expressed in terms of (8.40): if ¢g € Vj is the

constant function =1 on {0,1,...,m}, then
YO @iesfi) = Y.  AO[(®iccto) @ (Rienfi)]  (8.42)
CceQy_4(CB)

where ®;ccpo € L([m + 1]¢) is nothing but the constant function = 1.
Moreover (®;ecto) ® (®iepfi) is a product of the first kind and

[(®icodo) ® (@icnf)I(0) = [] £:1(66)]

i€B

for all 0 € jm +1]° 115,
In what follows, if G is a group acting on X, f € L(X) and g €
G, then the G-image of f will be simply denoted by gf, in symbols:

(gf)(x) = f(g~tx) for all z € X.

For v €¢ M"**=4(B) and m € S, accordingly with the notation
above, we denote by 7y € M" %*=4(CxB) the function defined by
(7y)(C) = y(n~1C) for all C € Qy_,(C7B).

In the following lemma, we study the action of S,,4+1 ¢S, on the
products (8.40) and (8.41).

Lemma 8.8.5 Let (01,02,...,0,;7) € Spy11Sn. Then
(01,02, ., 00 T)(Ricn fi) = texBotfr1(1) (8.43)

(here oy € Spy1 acts on fr—14y € L({0,1,...,m})) and
(01,02, 00 ™)y ® (Rienfi)] = (77) ® [®tenpoifar(ry]  (8.44)

(here w € Sy, acts on v as above).
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_ —1 —1 -1 .
= (7)) Tn2y 2 T

771) (see Lemma 5.4.1), for 6 € [m + 1]™F we have
(01,02, ...,04;7)(Ricn fi)](0) = (®ieri)[(U;(11)a 0';(12)’ ) U;(ln)§ 7771)0}
= H fi{g;(li) [0(m(i)]}

i€EB

Proof Using the formula (o1, 02,...,0,;7) "1

(t=n@) = ][ loefrr)O))

tenrB
:[®t€7rBO'tf7r*1(t)](9)'
This proves (8.43). Then (8.44) follows from (8.43) and (8.42). O

In the following lemma we investigate the action of D and D* on the
product of type (8.41).

Lemma 8.8.6 We have
Dly @ (®ienfi)] = (m + D[(dy) @ (Qien fi)] (8.45)

and
D[y ® (®iep fi)] = (") ® (Qien fi) (8.46)
where d and d* act on M"~**=¢((B).

Proof The product [y ® (®;epfi)](0) is defined for those 6 such that
dom(8) D B. Therefore, {D[y ® (®icpfi)]}(&) is defined for those & €
Qk_1,m+1 satisfying the condition |B\ dom(§)| < 1, that is, for the £’s
for which there exists 6 € Q ;,+1 such that dom(f) O B and £ < 6.

We first consider the case |B\ dom(£)| = 0, that is dom(§) 2 B. If
this is the case, then

{D[y ® (®ienfi)]}(§)

> [v ® (®iep fi)](6)

96Qk,7n+1:
6-¢, dom(9)2B
= Z ~v(dom(6 \ B)) H fi(0
0E€Q mi1: ieB
9¢
Bl =v)= > Zv [(dom(¢) [T{uh)\ B - [ fil¢(i
uebdom(¢) v=0 i€B
= (m+ 1)(dv)(dom(&) \ B) - H fi(€

i€EB

= (m+1)[(dy) ® (Riep f)](€).
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If |B\ dom(¢)| =1 and u is the unique element in B\ dom(¢), then
{Dly @ (@i f)]}(€) =v[(dom(&) [ [{u}) \ B]- qu
IT @)=

i€B\{u}

because f, € V4. In particular, if £ = k, then D[y ® (®;epfi)] =0
The proof of (8.46) is similar and it is left as an exercise. O

Exercise 8.8.7 Show that for 0 < ¢/ < k <n, BB € Qp, fi €
for all i € B, f; € Vy forall j € B, v € M"—Fk=4(B) and v €
Mn=kE=4(CB’) one has

(v ® (®ienfi):Y @ (Rjen f)) Lo, mﬂ)
= 6.8 - (1,7 Y am-ra—egp) - (M + 1) (Ricnfi, ®jeBf]) L(mt117)-
(8.47)

We recall that M"~""=¢(CB) = min{" fh=t} gn—t=kk (see Chapter
6) as S, _¢-representation (think of S, _, as the group of all permutations
of CB).

Definition 8.8.8 Let 0 </ < h<nand A € Q.

(i) We denote by Wy(A) the subspace of L([m + 1]4) spanned by all
products ®;caf; with f; either in Vy or V4 and |[{i € A : f; €

Vil =¢.
(ii) We define W}, ¢ as the subspace of L(£, m+1) given by (see (8.39))
Whe = @D We(A)
AEQy,

In other words, W), ¢ is the subspace of L(Q m+1) spanned by
all  products of the form v ® (®iepfi) where
B € Q, v € MRt (CB) (and, clearly, f; € V; for all
i € B).

(iii) For 0 < k < (n — ¢)/2 we denote by W), ¢ the subspace of W}, ¢
spanned by the products v ® (®;epf;) with v belonging to the
subspace of M"™~""=¢ isomorphic to S?~¢—Fk,

From Lemmas 8.8.5 and 8.8.6, Exercise 8.8.7, and the results in Sec-
tions 6.1 and 6.2, we immediately get some properties of the subspaces
introduced above.
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Corollary 8.8.9

(i) The subspaces Wh,o and Wh e are Spmi1 1 Sp-invariant.
(ii) dimW,, . = (}) (Z:ﬁ)mé and

s~ (L) (75

(iil) dimWp, , = @mm{n hih—t} Wh.e i (orthogonal direct sum,).
(IV) Wit = Wigee N ker D.

v) For 0 <k <min{n —h,h — ¢} and f € Wyip 4 one has
(v) +0.,

(D) T iy =(m A DR — k= 0))-
=k =+ Dns—tl I Fprsnin)

In particular, (D*)h=*=*

Whek-

is an isomorphism of Wiy onto

Exercise 8.8.10 Prove the statements in the previous corollary.

We can now state and prove the main result of this section.

Theorem 8.8.11 For 0 < h <n,

h min{n—h,h—(}

L(Qhms1) @ EB Wik (8.48)

is the decomposition of L(Qy m11) into spherical representations. In
particular, the subspaces in the right hand side are irreducible pairwise
inequivalent representation of Sp41 USn.

Proof First of all, note that from the results in Section 5.3 it follows
that, for A € Qy, one has

L(fm + 14 EB Wi (A (8.49)

From (8.39), (8.49) and the definition of W), ¢ it follows that L(, ;,11)
= @} Wi ¢ with orthogonal direct sum. Therefore, from (i) and (iii) in
Corollary 8.8.9 it follows that (8.48) is an orthogonal decomposition into
(Sm+1 1 Sp)-invariant subspaces. It remains to prove that the Wj, s x’s
are irreducible.

Set

A={(t,0) : max{0,2h —n} <t <h, 0< <t}
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and

B={(k,0):0<¢<h, 0<k<min{n—h,h—{}}.

The set A parameterizes the (Sy,+11Sy)-orbits on Qp i1 X Qpm1
and B parameterizes the representations in (8.48). In virtue of Propo-
sition 4.4.4 it suffices to show that |A| = |B|. But the map T': A — B
defined by

.0 = (t+n—2h0) ifn—h<h—{¢
R Ny ifn—h>h—1

is a bijection (see exercise below). O
Exercise 8.8.12 Show that the map T defined above is a bijection.

Exercise 8.8.13 Show that for h = n the decomposition (8.48) coincides
with the decomposition in Theorem 5.3.2. When does it coincides with
the decomposition in Theorem 6.1.67

Exercise 8.8.14 Use (8.48) to show that, in general, L(Q y+1) Nker D
is not irreducible; see also Exercise 8.3.7.

We end this section with a description of the spherical functions of
the nonbinary Johnson scheme.

Let ¢p and ¢; be the spherical functions of the Gelfand pair (S,,+1, Sm)
as in Exercise 5.1.15. Suppose that 0 < £ < h < n. Fix A € Qp and
define § € [m + 1] by 0(j) = 0 for all j € A, as in Exercise 8.8.1. For
0 < u < min{n — h,h — £} we define the function ¥(h,¢,u) € W}, ¢ by
setting

U(htu)= > > [(®ica,90) ® (®ica, ¢1)]  (8.50)

A1€Q(A) ADGQh,;K(BAl)I
[Ao\A|=u

where ®;ca,¢; indicates the product of |A;| many ¢;’s over Aj, in
symbols (®iea,0;)(0) = [;c4, ¢5[(0(3)] for all 6 € [m + 14,5 =0,1.

Let (S, 05h) X (Smt10Sn_1) be the stabilizer of 6 (see Exercise 8.8.1).
From Lemma 8.8.5 it follows that each function ¥ (h, £, u) is [(Sm 1 Sh) X
(Sm+t1 U Sn—p)]-invariant. Moreover, the functions

{T(h,l,u):0<u<min{n—h,h—L{}}
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constitute an orthogonal basis for the subspace of [(Sy, 1 Sh) X (Smt1 0
Sp—n)]-invariant functions in Wy, ¢. Indeed,

U(h,touye @ L(m+1)")

BEQy:
|B\A|=u

and, for different values of u, the corresponding subspaces are orthogo-
nal. Moreover, from (iii) in Corollary 8.8.9, Theorem 8.8.11 and Theo-
rem 4.6.2, it follows that the dimension of the space of (S, 1.5h) X (Sp+11
Sy—n)-invariant vectors in W, ; is precisely min{n — h,h — £} + 1.

In the following theorem, ¢(n,m,k;¢) denote the coefficients of the
spherical functions of the Johnson scheme, as in Theorem 6.1.10. More-
over, if B C {1,2,...,n}, |B| =t, then the symbol ®5(t,m, k) denotes
the spherical function of the Gelfand pair (S;, Si—m,m X Sp) which
belongs to (d*)™~*St=k* where S; is the group of all permutations of B.

Theorem 8.8.15 The spherical function U(n, h, L, k) in Wy, o i s given by

1 min{n—h,h—0}

(n,h, k) = 6] S b=t h—Lksu) - U(h ).

4 u=0

Proof The function ¥(n,h, ¢, k) is a linear combination of [(S,, 1 Sp) x
(Sm+11Sp—p)]-invariant functions and therefore it is invariant as well.

1 _
@\I!(h,E,O) on #, namely

o [(®1c0,4,00) © (@iea,61)] @) = 1
) A,€Q,(A)
From (8.50) and (8.42) we get
1 min{n—h,h—0}
W(n, h,0,k) = 6] S b=t h =k u)¥(h, L u)
£ u=0
min{n—h,h—£}

= Y Z d(n— 0, h — 0, k;u)-

A €Q,(A)

Moreover, its value on 8 equals the value of

1

> [(®ica,%0) ® (®ica, $1)]

AUGQh,l[(BAl)Z
Ao\ Al=u

= Z (bBAl (n_g?h_& k) b (®i€A1¢1)
Alem(Z)
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as
min{n—h,h—0}
Do, (n—Lh—Lk)= > d(n—Lh—Lku)
u=0

Z (®ieaqbo0)

Ao€Q_¢(BA,):
[Ao\Al=u
is the spherical function of the Gelfand pair (S,—¢, Sp—n X Sh—¢) be-
longing to the irreducible representation S™~¢~%* (here S, , is the
symmetric group on CA; and S,,_j, x Sj,_¢ is the stabilizer of A\ 4;).
Therefore, ¥(n, h, £, k) belongs to W}, ¢ 5, and this ends the proof. |

Exercise 8.8.16 Define the coefficients
min{s,¢} j
s\ (h—u—s 1
hot,u;s) = - .
i E (0T ()
j=max{0,l+s+u—h}

(1) Show that ¥ (h, £, u; s) is precisely the value of ®(h, £, u) on those
0 € Qp.my1 that satisfy | dom(0)\ A| = w and |{j € dom(§)NA: 6(j) =
0} =u-—s.

(2) Show that the value of ¥(n,h,¢, k) on a 8 € Q11 as above is

equal to

Lgb(n — L h— L k;u)(h, lu; s).

()
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Complements of representation theory

In this chapter we collect several complements of representation theory.
The references are the same as those for Chapter 3. Sections 9.1, 9.7 (and
part of Section 9.5) are inspired by Simon’s book [198]. Section 9.3 is
(partially) based on the books of Sternberg [212] and Naimark and Stern
[168]. Section 9.8 is inspired by A. Greenhalgh’s thesis [106]. Finally,
Section 9.9 is based on Behrends’ monograph [18] on Markov chains.

9.1 Tensor products

In this section we intoduce the notion of tensor product of vector spaces
and of representations. In several textbooks the tensor product of two
spaces is defined in terms of dual spaces. Here, following Simon [198],
we treat the (finite dimensional) spaces as Hilbert spaces and we make
use of the scalar product.

Let V and W be two finite dimensional complex vector spaces endowed
with scalar products (-, -)y and (-, -)y, respectively. A map B: VxW —
C is bi-antilinear (on V- x W) if

B(ayvy + agug, w) = a7 B(vy, w) + g B(va, w) (9.1)
B(v, cqwy + asws) = agB(v,wy) + azB(v, ws) .
for all v,v1,v9 € V,w,wy,we € W and aq,as € C.

The prefix “anti-” comes from the fact that in (9.1) on the right hand
side the conjugates a7 and a3 of a3 and ay, respectively appear. Clearly,
the definition of a bilinear map is the same as in (9.1) but with a7 and
s replaced by a; and as, respectively.

The set of all bi-antilinear maps on V' x W is a complex vector space in
a natural way: if By and By are two anti-bilinear maps and oy, ag € C,
then their linear combination defined by setting (1 By + asBs) (v, w) =
a1 By (v, w) +ag2Ba(v,w) for all v € V and w € W, is again bi-antilinear.

267
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We denote by V Q) W the space of all bi-antilinear maps on V' x W and
call it the tensor product of V and W.

For v € V and w € W we denote by v ® w the element in V QW
defined by

[v@w](v,w) = (v, {w,w)w

for all ' € V and w’ € W. Note that the map V x W 3 (v,w) —
v@w €V QW is bilinear, that is

2
(@101 + a2v2) ® (Brwr + Bawz) = Y | iffjv; @ w;
ij=1
for all a1, a9,81,02 € C, v1,v9 € V and wy,wy € W (in particular,
(aw) @ w = a(v @ w) = v ® (aw)). The elements in V @ W of the form
v ® w are called simple tensors.

We claim that the simple tensors span the whole V' Q W. Indeed, if
{ei}d, and { fj} 1 denote two orthonormal bases for V' and W, respec-
tively, for B € V® V we clearly have B = Zi:l ijl B(es, fj)ei @ fj.
For, if V > v o= Z?:l aze; and W 3 w = Z?Zl B fj, then (e; ®
fi)(v,w) = @;f3; and

dv  duw dv  duw
SO Blen f)e o £ | ow) = 505 & Bl £;) = Bw.w).
i=1 j=1 i=1 j=1

This, incidentally shows that {e; ® f;}i=1,.. 4, is a basis for VQ W so
j=1.. dw
that, in particular, dim(V @ W) = dim(V) - dim(W).
We now endow V' @ W with a scalar product (-,-)y gw by setting
(vRw, v @uw)ygw = (v,v")v(w,v)w

and then extending by linearity. This way, if the bases {el Vv, and

{ fj} are orthonormal in V' and W, respectively, then so is {e; ®
f]} i=1,....dv inV ® w.
17 ;dw

Exercise 9.1.1 (1) Show that the bilinear map

G VXW = VW
(v,w) = VW

is universal in the sense that if Z is another complex vector space and
Y V. x W — Z is bilinear, then there exists a unique linear map
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0:VRW — Z such that 0(v ® w) = ¢(v,w), that is such that the
diagram

V x W N VW

N 0
Z

is commutative (i.e. 1) =60 ¢).

(2) Show that the above universal property characterizes the tensor
product: if U is a complex vector space and ¢ : V X W — U is a bilinear
map such that

(a) Y(Vx W) ={¢(v,w):v € V,we W} generates U;

(b) for any complex vector space Z with a bilinear map 7 : Vx W —
Z there exists a unique linear map 6 : U — Z such that 7 = o1,

then there exists a linear isomorphism ¢ : V@ W — U such that ¢ =
€0 Q.

Lemma 9.1.2 We have the following natural isomorphisms:
VRW —» WV
VW = WU

CRQV —» V
ARV = A

) VOM®Z - VRI®2)
vRuw)®z H R W2)

o VOM®Z » (VRS2
w+w)®z +— (v®2)+ (v 2).

Proof The proof is elementary and the details are left to the reader.

O

Note that (iii), namely the associativity of the tensor product, may
be recursively extended to the tensor product of k vector spaces: we
then denote by V1 @ V2 Q) -+ - @ Vi the set of all k-antilinear maps B :
VixVox---xV,—C.

Let now A € Hom(V) and B € Hom(W). Define A ® B €
Hom(V @ W) by setting, for C € VQ W,

{[A® BJ(C)} (v',w") = C(A™V', B*w')
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where v/ € V and w’ € W and A* and B* are the adjoints of A and B,
respectively. For v,v’ € V and w,w’ € W we then have
{[A® Bl(vew)} (v,w') = [ve w](A™', B*w')
= (v, A"}y (w, B*w')w
= (Av,v")y (Bw,w")w
= [(4v) ® (Bw)](v' @ w').
v) @ (Bw).

Lemma 9.1.3 Let A€ Hom(V') and B € Hom(W). ThenTr(A®B) =
Tr(A)Tr(B).

This shows that [A ® Bl(v@ w) = (4

Proof Let {e;}%, and {f; }?;Vl be two orthonormal bases in V' and W,
respectively. Then

Tr(A@B)= > ([A®Bl(e:® fi)e:® filvew

i=1,.dy
j=1,....dw

= Y ((Ae) @ (Bfy).ei® fj)vew
i=1,..dy

=10 dw

= Z (Aei,e))v(Bf, fi)w
i=1,..dy

=10 dw

=Tr(A)Tr(B).

O

Exercise 9.1.4 (Kronecker product) Given two matrices A =
(aik)i =1 € Mnn(C) and B = (bjn)}},—1 € Mm,m(C) we define their
Kronecker product A @ B € Mym nm(C) as the matrix which has the
following block form

a17lB CL17QB R a17nB
a27lB a/272B R CLQWB
an,lB an,ZB e an,nB

(1) Let V and W be two complex vector spaces of dimension dim (V') =
n and dim(W) = m. Fix two bases {e;}7_; C V and {f;}7L; C W. Let
Ly :V — Vand Lg : W — W be the linear maps induced by the
matrices A and B with respect to the chosen bases. Show that the
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matrix representing the operator Ly @ Lg: VW — VR W with

respect to the basis {e; ® fj}izl,,,.,n is the Kronecker product of A
Jj=1,....m
and B, in formule, Ly ® Lp = Lagp.

(2) Show that the Kronoecker product satisfies the following algebraic
properties:

(A®B)@C=A®(BC)=AB®C
(A+B)@C=A®C+BxC
(A® B)(C ® D) = (AC) @ (BD).

Let now G7 and G4 be two groups and (p1, V1) and (p2, Va) be two
representations of G; and Ga, respectively. We define the outer tensor
product of p; and py as the representation (p1 X po, V1 ® V) of G x Ga
defined by setting

(01 B p2] (91, 92) = p1(g1) @ pal(ga) € Hom(Vi Q) V2)

for all g; € G;, 1 =1,2.
If Gi = G2 = G the internal tensor product of p; and py is the
G-representation (p; ® pa, V1 ® V) defined by setting

[01 ® pa](9) = p1(9) ® pa(g) € Hom (Vi (Q) Va)

for all g € G.

It is obvious that, modulo the isomorphism between G and G =
{(g,9) : g € G} < G x @G, the internal tensor product p; ® po is unitarily
equivalent to restriction of the outer tensor product py X ps from G x G
to CNT'

We have introduced the symbol “X” to make a distinction between
these two notions of tensor (compare with [95]). Note that, however, the
space will be simply denoted by V3 @ Va2 in both cases.

Lemma 9.1.5 Let p; and p2 be two representations of two groups G
and G2, respectively and denote by x,, and x,, their characters. Then,
the character of p1 W pg is given by

Xp1Xp2 (gl , 92) = Xp1 (gl)sz (92)

for all g1 € G1 and g2 € Go. In particular, if both p1 and ps are one di-
mensional, so that they coincide with their characters, then one has that
p1 X p2 = Xp1 B Xp, = Xp1 Xps, the pointwise product of the characters.
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Proof This follows immediately from Lemma 9.1.3. |

Similarly, for an internal tensor product we have: X, ,@p.(9)
Xo1 (9)Xp2(9)-

Theorem 9.1.6 Let p; € (/?\1 and ps € é\g two irreducible representa-
tions of two groups G1 and Go. Then p1 X py is an irreducible repre-
sentation of G1 X Go. Moreover, if p| € é\l and phy € é\g are two other
irreducible representations of G1 and Ga, then py W py ~ p} X ply if and
only if p1 ~ py and pz ~ ph.

Proof By Proposition 3.7.4 and Corollary 3.7.8 it suffices to check that
(Xp1Bpas XpRpy) 18 either |Gy x Ga| = |G1|- |Gl if py ~ p1 and py ~ pa,
or 0 otherwise. But

(Xp1Rpas Xp|Rpy) = > Xp1Rps (915 92) X pt Rpp, (915 92)
(91,92)€G1xGa

D X (91X (92) X1 (91) X5 (92)

91€G1
g2€G2

= D> X (90X, (1) D Xpa(92)x(92)
91€G1 92€G2

= <Xp17Xp'1> : <Xp27Xp/2>

~ JIG1| |Gz if p1 ~ piand p ~ ph
0 otherwise '

O

Corollary 9.1.7 Let G1 and G5 be two finite groups. Then G;<\Gz =
G1 X GQ.

Proof In virtue of Theorem 3.9.10 we have that \Gﬂﬂ equals the
number of conjugacy classes in G; x Go. But the latter is the product
of the numbers of conjugacy classes in G; and Gs, which, again by The-
orem 3.9.10 equals |é\1| . |C/¥\2| Therefore, by the previous theorem, the
map G1 xGa > (p1,p2) — p1&ps € Gi x Goisa bijection. Alternatively,
it is immediate to check (exercise) that Zple@ szeé\g(dm@pz)z =

|Gl X GQ‘ [

Example 9.1.8 Let G and H be two finite groups and X and Y be G-

(resp. H-)homogeneous spaces. First of all note that there is a natural
LY L 2 X% Y)

isomorphism
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obtained by extending by linearity the map L(X) @ L(Y) > 6, ® 6, —
Oy € L(X xY). In other words, F' € L(X x Y') corresponds to the
bi-antilinear map Br on L(X) x L(Y') defined by setting

Bp(f,9) =Y > Fla,y)f(2)g(y)
zeX yey

and L(X xY) > F— Bp € L(X)® L(Y) is an isomorphism.

Let now A\ and p be the permutation representations of G and H
on X and Y, respectively. Then A X u corresponds to the permutation
representation of G X H on X x Y. If G = H, then the internal ten-
sor product A ® p corresponds to the diagonal action of G on X x Y,
see Section 3.13.

Example 9.1.9 Set X = {1,2,...,n}. With the notation in Sec-
tion 3.14, we investigate the decomposition into irreducibles of the rep-
resentations M ("~ 11D @ M(»=11) and §n—11) @ §(»=1.1) = Al the tensor
products in this example are inner.

We first observe that S, has exactly two orbits on X x X, namely

Quoo11={(z,y):z#y} and Q,_11={(z,2):2€ X} =X.
In virtue of the previous example, we thus have

MOt @ M=) — [(X) @ L(X) = L(X x X)
= L(angﬁlyl) D L(anl,l) (92)
— M(n72,1,1) @M(nfl,l).

Then, observing that S @ S* = S and using (3.28) and (3.32) we
have:

M(n—l,l) ® M(n—l,l) _ [S(n) @ S(n—l,l)] ® [S(n) P S("_lvl)]
9.3
— S(n) @ ZS(n_l’l) @ [S(n—l,l) ® S(n—l,l)] ( )

and
M(nfl,l) ®M(n71,1) — M(n72,1,1) @M(nfl,l)
_ (n) (n—1,1) (n—2,2) (n—2,1,1)
[S'"™ @28 &S &S I
® [S(") st S("—lvl)]

_ QS(n) ® 3S(n71,1) @ S(n72,2) @ S(n72,1,1)'
(9.4)
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Comparing (9.3) and (9.4) we deduce that
S(nfl,l) ® S(nfl,l) — S(n) @ S(nfl,l) @ S(n72,2) @ S(n72,1,1). (95)

Observe that this is equivalent to (3.33) in Exercise 3.14.1.

9.2 Representations of abelian groups and Pontrjagin duality

In this section A denotes a finite abelian group.

We recall the following structure theorem for finite abelian groups (see
for instance the monographs by M. Artin [6], Herstein [120], Hungerford
[123] and Simon [198]).

Theorem 9.2.1 Let A be a finite abelian group. Then A is a direct sum
of cyclic groups: A= Cq, X Cg, X --- x Cy, . Such a decomposition can
be chosen in such a way that d; divides d;11 fori=1,2,...,n—1 and
in this case it is unique.

Remark 9.2.2 An alternative form of Theorem 9.2.1 is the following.
Any finite abelian group A may be (uniquely) expressed in the form
o

A=Cq xCq, x---xCy, , where d; = p; with the p;’s distinct prime
numbers and «a;’s positive integers, j = 1,2,...,m.

Corollary 9.2.3 Let A be a finite abelian group. Then A has a structure
of an abelian group and it is isomorphic to A.

Proof In virtue of Exercise 3.5.3, every irreducible representation of
A is one dimensional and therefore coincides with its character. It is
then clear that the characters form an abelian group under pointwise
multiplication. In Example 3.8.1 we showed that for a cyclic group
Cy one has 6’; is even isomorphic to Cy. On the other hand, by the
above structure theorem, we have that A = Cy, x Cy, X --- x Cy, and
Corollary 9.1.7 yields a bijective map az X a; X e X ai\" — A which,
by the second part of Lemma 9.1.5, is in fact an isomorphism of groups.

O

The isomorphism in the above corollary depends on the choice of the
generators for the cyclic subgroups, that is it depends on the coordinates.
There is, however, a more intrinsic isomorphism between A and its bidual

A. Tt is given by
Aagn—mﬁgeﬁ (9.6)
where 14(x) = x(g) for all x € G.



9.2 Representations of abelian groups and Pontrjagin duality 275

Exercise 9.2.4 Prove that the map (9.6) is an isomorphism.

The situation is similar to that of finite dimensional vector spaces. If
V is a finite dimensional vector space, then V 22 V* but the canonical
isomorphism is with its bidual V**. Moreover, the isomorphism between

G and G extends to locally compact abelian groups (Pontrjagin duality).
For instance, if T = {z € C : |2] = 1} denotes the unit circle, then

T=ZbutT=T (this is the setting of classical Fourier series, see the
monographs of abstract harmonic analysis by Rudin [181], Katznelson
[139] or Loomis [157]).

We end this section with a characterization of the one-dimensional
representations of an arbitrary (not necessarily abelian) finite group.
For a group G, the commutator of two elements g1,g2 € G is the ele-
ment [g1,92] := g1 95 ‘9192 € G. Then, the derived (or commutator)
subgroup of G is the subgroup G’ = [G,G] = ([91,92] : 91,92 € G)
generated by the commutators. As [g1,92]7! = [g2, 1], G’ just consists
of products of commutators.

Proposition 9.2.5 With the above notation, we have the following:

(i) G’ is normal in G;
(ii) if N is normal in G, then G/N is abelian if and only if G' < N;
(iii) set Gap = G/G' (it is abelian by (ii)). For x € Gap define X € G
as the one-dimensional representation defined by X(g) = x(gG").
Then the map x — X i$ a one-to-one correspondence between the
dual of the Gop and the set of all one-dimensional representations

of G.

Proof (i) This follows immediately from the fact that [g1, g2]* = [¢¢, ¢4]
for all g1,g2,t € G, that is, the generating set of G’ is conjugacy
invariant.

(ii) We have g1 N - go N = goN - g1 N if and only if g1 g2 € gog1 N which
in turn is equivalent to the condition [g;, g2] € N. Therefore G/N is
abelian if and only if N contains all commutators.

(iii) The element X is clearly a one-dimensional representation of G.
Conversely, if o € G is one-dimensional, that is ¢ : G — T is a ho-
momorphism, then setting ker(o) = {g € G : o(g) = 1} we have that
G/ ker(o) 2 T is abelian. By point (ii) we have that ker(o) > G’ so that
x(gG") :=0(g), g € G, is well defined, so that x is a character of G .
Finally one has x = o. Ul
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The group Gy is called the abelianization of G. It is the largest
abelian quotient of G. The point (i) in the previous proposition may be
immediately extended in the following sense: G’ is fully invariant, that
is it is invariant under all endomorphisms of G.

9.3 The commutant

Let G be a finite group and denote by M,, ,,(C) the set of all m x n
complex matrices.

Lemma 9.3.1 Suppose that (o,V) and (0,U) are two G-representations
with

V=WwWoeoWyd---&oW,, and U=Z1DZD - - 7,

as decompositions into irreducible representations.

(i) Suppose that Wy, Wo, ..., Wy, Z1,Zs,...,Z, are all equivalent.
Then Homea(V,U) = My, n(C) as vector spaces.
In particular, dimHomg(V,U) = mn.

(ii) Suppose that Wy, Wo, ..., W,, are all equivalent, Z1,Zs, ..., Z,
are all equivalent, but the W;’s are not equivalent to the Z;’s.
Then Homg(V,U) = 0.

Proof (i) Denote by I; : W; — V the inclusion and by P; : U — Z; the
projection (1 <j<m, 1 <i<n).

For T € Hom(U,V) set T; ; = P,TI; € Hom(W;, Z;). We claim that
T is G-invariant if and only if so are the T; ;’s. If w € W and w = wy +
Wo++ - - wy, with wy € W then Tw = 377 350 | T jw;. Thus, by the

G-invariance of the W;’s, one has To(g)w = Y .-, (Zm 1 Tma(g)w]’)

j=
and, by the G-invariance of the Z;’s, 6(g)Tw = Y i, (Z;’;l G(g)Tiij),
for all g € G, with 0(¢)T; jw; € Z;.

Therefore, To(g)w = 0(g)Tw for all w € W and g € G if and only
if T; jo(9)w; = 0(9)Ti jw; for all w; € W;, 1 <j<m, 1 <i<nand
g € G, proving the claim.

In other words, all I;’s commute with the o(g)’s and the P;’s with the
6(g)’s. Moreover, every T' € Homg (U, V) is determined by the operators
Tij's: T = @i, D= Tij-

By Schur’s lemma, Homg(W;,Z;) is one dimensional, say
Homg(Wj, Z;) = CL; ;, for some fixed L; ; € Homg(Wj, Z;). Thus,
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for every T' € Homg(V U), T;; = a;;L; ; (with a; ; € C) and T is of
the form T'= 3, - a; ;Li j; the proof of (1) is now complete.

(ii) This is easy if W; ¢ Z;, then, with the same notation as in the
previous part, T; ; = 0 by Schur’s lemma and 1" = 0. 0

Theorem 9.3.2 Let (0,V) and (6,U) be two G-representations with

V = @mﬂWW and U= @n,rW

wel weJ

as decompositions into irreducible sub-representations, with 0 < my,n
the corresponding multiplicities (so that I N J is the set of (irreducible)
representations contained in both V. and U). Then Homg(V,U) =
D.cing M, n. (C) as vector spaces. In particular, dimHomg(V,U) =

ErremJ My N

Proof For m € J denote by P, : U — n,W, the orthogonal pro-
jection from U onto the isotypic component of 7 in U. Analogously,
for m € I, denote by I, : m;W, — V the inclusion map. Then, if
T € Homg(V,W) one has Pr TI., € Homg(Ma,Wr,,nz, Wr,) and,
by (ii) in previous lemma, P, TI., = 0 if m # my. Therefore, T =
D, ciny PrTI: with PTI, € Homg(mWr,nWr) and the theorem
follows from (i) in the previous lemma, indeed Homg(V,U) = @B, <,
Homg(m-Wr,n:Wr) =@, c1n; Mm, n. (C). O
Corollary 9.3.3 Let V and W be two G-representations. Suppose that
W is irreducible. Then

dimHomg(V, W) = multiplicity of W in V = dimHomg(W,V)

Corollary 9.3.4 Suppose that V = @, ., m,Wy is the decomposition
of V' into irreducible inequivalent representations. Then

Homg(V,V) = @D M, m, (
wel

as algebras. In particular, dimHomg(V,V) =3, m2.

Proof For all m € I'let m; W, = W1 @ Wro @ - @ Wy, be a
decomposition into irreducibles and choose L7 ; : Wy j — Wy ; as in the
proof of Lemma 9.3.1 in such a way that

LT,LT, = L7, 9.7)

]
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for all 4,5,k =1,2,...,m,. This is possible because we can first choose
Ly for k =1,2,....,m; and then define L ; = L’,;l(L;T,l)*l. But, if
T € Homg(mzWy,m.W;) then there exists a matrix (ai,j)zlle such
that T = """ a;;L7,;. From (9.7) it follows that the map T

Q=
(@i; )Z,;l is an isomorphism between the algebras Homg (m Wy, m. W)
and My, m. (C). O

Definition 9.3.5 The algebra Homg(V,V) is called the commutant of
the representation V' and m, W, is the m-isotypic component of V.

Suppose again that V = @, ., mzWx is the decomposition of V" into
irreducible representations. For any m € I denote by T, € Homg(V,V)
the projection onto the o-isotypical component, that is the operator
defined by setting, for all v € V,

T o 0 ifove @Jel\ﬁ meWe
v ifvemW;.

Let Z be the center of Homg(V,V), that is Z = {T' € Homg(V,V) :
ST =TS for all S € Homg(V,V)}. We then have:

Proposition 9.3.6

(i) The set {T : 7 € I} is a basis for Z.

(ii) Z is isomorphic to CHI = {(ar,2,...,0q7)) : @j € C} under
coordinatewise multiplication:

(ar,ag,... ) - (@4, a5, ajp) = (), azan, ... apraly).

Proof The space Homg(V,V) is isomorphic to the direct sum €, .,
M, m,.(C). But a matrix A € M,,_ ., (C) commutes with any other
matrix B € My, m,.(C) if and only if it is a scalar multiple of the
identity: A € CI. This proves (ii).

Then (i) follows by observing that with the notation in the proof of
Corollary 9.3.4 we have

max
T7r |m,,W7r = @ L‘licr,k'
k=1
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Recalling the notion of multiplicity-freeness (Definition 4.4.1), we have
the following generalization of Theorem 4.4.2.

Corollary 9.3.7 A representation V is multiplicity-free if and only if
Homg(V,V) is commutative.

9.4 Permutation representations

In this section, we examine the commutant of a permutation represen-
tation and the relative harmonic analysis.

Suppose that a finite group G acts transitively on X, that K is the sta-
bilizer of a fixed point zp € X and denote by (A, L(X)) the corresponding
permutation representation. If V' is any G-representation, we denote by
VK the subspace of K-invariant vectors in V. Suppose that (p, V) is irre-
ducible and that VX is nontrivial. For any v € V¥ define the linear map
T, : V — L(X) defined by setting (T,w)(gxo) = q/ﬁ%“/<w,p(g)v>v,
for any w € V and g € G.

The following proposition generalizes Corollary 4.6.4.

Proposition 9.4.1 With the notation above one has:

(i) For any non—trivial v € VE with ||[v||y = 1, T, is an isometric
inversion of V into L(X).
(ii) If u,v € VE then Im(T,) is orthogonal to Im(T,) if and only if
u s orthogonal to v.
(iii) The map VK 3 v — T, € Homg(V,L(X)) is an antilinear
isomorphism between the vector spaces VE and Homg(V, L(X)).

Proof (i) may be proved as (4.13) and (i) in Corollary 4.6.4. See also
(9.8) below.
(ii) We first show that if u,v € VX and w, z € V, then

(Tyw, Tyz) p(x) = (w, 2)v (v, u)v. (9.8)

Fix u,v € VX and define two linear maps L, R : V — V by setting:
Lw = (w,u)v for all w € V and then R = ﬁ > ogea p(9)Lp(g™h). Tt is
clear that R € Homg (V') and since V' is irreducible, R = aly witha € C
and Iy the identity map on V. But Tr(L) = (v,u) (as can be easily
checked) and then adimV = Tr(R) = |—11{‘ > gec Ir(L) = [X[(v,u). In

X1
dimv

other words, R = (v,u)Iy.
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Therefore, if w, z € V', we have

—— dimV
(Tuw, Toz)1(x) = |K|pr R0 <y
geG
dimV
= W(Rw,zﬁ/

= (w, 2)y (v, u)y.

Then (ii) immediatley follows from (9.8).

(iii) The map v ~ T, is antilinear: if a, 3 € C, u,v € VX then clearly
Toutpe = a1y + BT,.

It remains to show that this map is a bijection. If T' € Homg(V, L(X)),
then V 3 w — (Tw)(xg) € C is a linear map and therefore, by Riesz’s

representation theorem, there exists v € V such that, for all w € V,
(Tw)(zo) = (w,v)y. It follows that for all w € V and g € G

[Tw)(g0) = Mg ™) Tw](wo)
(because T € Homg(V,L(X))) = [Tp(g~")w](xo)

=

= <w7 p(g)/U>V
This shows that T' = T,. Moreover, taking g = k € K in (9.9) we get
that v € VK,

It is also clear that for T € Homg(V, L(X)) such a vector v € VE is
uniquely determined. 0

Corollary 9.4.2 (Frobenius reciprocity for permuation repre-
sentations) The multiplicity of V in L(X) is equal to dimV¥, the
dimension of the subspace of K-invariant vectors in V.

Corollary 9.4.3 Ifvy,vs, ..., v, constitute an orthogonal basis for Vi,
then

r..Vvepr.ve---Pr.,.v

is an orthogonal decomposition of the V-isotypic component of L(X).

Exercise 9.4.4 Use Corollary 9.4.2 and Corollary 9.3.4 to prove
Wielandt’s lemma (Theorem 3.13.3).
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We can summarize the preceding facts in the following way: if L(X) =
@D ,crm,V, is the decomposition of L(X) into irreducible G- represen-
tations, then m, = dimVPK and

Homg(L(X),L(X)) = @ M, m, (C). (9.10)
pel
We already know that Homg(L(X), L(X)) is isomorphic to the al-
gebra L(K\G/K) of all bi-K-invariant functions on G (see Proposi-
tion 4.2.1). In the remaining part of this section we construct an explicit
isomorphism between L(K\G/K) and the right hand side of (9.10).
Suppose again that L(X) = € ,c;m,V,. For any irreducible repre-
sentation p € I, select an orthonormal basis {v7,v5,...,vf, } in V<.

Definition 9.4.5 For p € I, the matrix coefficients

7i(9) = (], p(g)v])v, (9.11)
with 4,5 =1,2,...,m,, are the spherical matriz coefficients of (p,V}).

Clearly, the spherical matrix coefficients generalize the spherical func-
tions. Moreover they satisfy the usual properties of the matrix coeffi-
cients (they are the conjugates of the matrix coefficients introduced in
Section 3.6).

In particular, the spherical matrix coeflicients form an orthonormal
basis for the vector space L(K\G/K) (note that from (9.10) and the iso-
morphism Homg(L(X),L(X)) = L(K\G/K) it follows that
dim L(K\G/K) =3 ¢, m?). Using the orthogonality relation in Lemma
3.6.3 we can immediately write the spherical Fourier transform rela-
tive to the matrix coefficients (9.11): for F € L(K\G/K), p € I and
,i=1,2,...,m,

Fii(p) = (f, b7 ) (e

and the relative inversion formula becomes

’an

1 —~
flg) = @ de Z ¢f,j(9)fi,j(ﬂ)-
pel i,j=1
From Lemma 3.9.14 we get
. _ G|
f,j * ¢h,k = 75j1h5P,0¢Zk (9.12)
P

and this immediately yields the desired explicit isomorphism.
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Theorem 9.4.6 The map

L(K\G/K) - @pelj\{"lmmﬂ((c)
f = @per (fi,j(p))

J=12,....m,

is an isomorphism of algebras.

Proof Let f,h € L(K\G/K). Then, forallpe I andi,j =1,2,...,m,,
we have

mp
—_— ~

(f * h)i,j(l)) = Z fik(p) - e, (p)
k=1
as it easily follows from the inversion formula and (9.12). O

When (G, K) is not a Gelfand pair, then there are three distinct kinds
of algebras that are worthwhile to study.

e The first algebra is the whole algebra L(K\G/K) of bi-K-invariant
functions: its harmonic analysis has been described above.

e The second algebra is A = span {gbf’i cpel, i=1,2,....my}. It
depends on the choice of the bases {v},v5,..., v}, }, p € I.

Exercise 9.4.7 (1) Show that A is a maximal abelian subalgebra of
L(K\G/K).
(2) Show that the operator Ef : L(X) — L(X) defined by

(B2 f)(gezo) = |d(§|<f, M9 ne

f€L(X), g€ G (and fis as in (4.1)), is the projection from L(X) onto
TpVp,pel, i=12,....,m, (vaVp as in Proposition 9.4.1).

e The last algebra is B = span {Xf : p € I} where

my f

K
Xp = Z s
i1

Exercise 9.4.8 (1) Show that B is the center of L(K\G/K).
(2) Show that the linar operator Ef : L(X) — L(X) defined by

_ 4y

(E”f)(gx0)
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feL(X),ge G (and fisasin (4.1)), is the projection from L(X) onto
the isotypic component m,V,, p € I.
(3) Show that if x, is the character of p, then X,If(g) = ﬁZkeK

Xp(kg)-

Exercise 9.4.9 Show that (Sutptc,Sa X Sp X Se) (where S, is the
symmetric group on n elements and a, b, ¢ are nonnegative integers) is a
Gelfand pair if and only if min{a, b, c} = 0.

9.5 The group algebra revisited

Let G be a finite group, (7, V) a unitary representation of G. Denote
by V' the dual of V and let # : V' — V be the Riesz map, i.e. the
bijection given by the Riesz representation theorem: if f € V' then
f(v) = (v,0(f)) for all v € V. Recall that 6 is antilinear, i.e. 6(af; +
Bfs) =ab(f1) + BO(f2), for all a, 3 € C and fy, fo € V*.

We now define the adjoint or conjugate representation (7', V') of (mw, V).
For f e V' and g € G, 7'(g)f € V' is defined by

[ (9)f1(v) = flx(g~")v].

forallveV.
We have

(v, 0[7"(9) f1) = [7'(9) fl(v) = flm(g
so that

for all g € G. Clearly 7’ is a linear representation of G; in general
it is not equivalent to 7, but in any case it is easy to show that 7’ is
irreducible if and only if 7 is irreducible.

Definition 9.5.1 The representation 7 is selfconjugate (or selfadjoint)
if T and ' are equivalent.

In other words, 7 is selfconjugate if and only if xr = Xn-
Fix now an orthonormal basis {v1,vs,...,v,} of V. We recall that
the functions u, ; : G — C, defined by

Ui,j(g) = <7T<9)Uj7 Ui> (9-13)



284 Complements of representation theory

are the matrix coefficients of the representation m; see Section 3.6. In
V' we introduce a scalar product by setting, for all f; and f, € V'

(f1, f2) = (0(f2),0(f1)).

Thus, for f € V' and v € V one has

Fl) = (v,0(f)) = (f,07'(v))

which shows that (V') is isometrically identified with V' by mean of 1.
Moreover the double adjoint (7')" coincides with 7; indeed for all g € G:

(') (g) = 0’ (9)0~" = m(9)-

Denoting by {f1, f2, ..., fn} the orthonormal basis in V' which is dual
to {v1,va,...,v,}, that is fi(vj) = 6;; (or, equivalently, f; = 07 (v;)),
then, for the corresponding matrix coefficients u; ;(g) of 7’ one has

u; ;(9) = (7'(9) f;, fi) = (0(f:), 0[7"(9) £;])
= (vi, m(9)v;) (9.14)
= Uj4,j (9)-

Therefore, if x, and x, are the characters of = and 7’ then x(g) =

X~ (g). For instance, if x is the character of the cyclic group C,, as in
Section 2.1, then the adjoint character is y_g.

Denote by G the unitary dual of G, that is a complete list of irre-
ducible, 1nequ1valent unitary representations of G. It is not restrictive
to suppose that G is invariant under conjugation: for all o € G also
o €@G.

For 0 € G denote by V, and by d, = dim(V,) the space and the
dimension of o, respectively. Also we denote by {v{,v§,...,v] } an
orthonormal basis for V, in such a way that {v7 ,vg ... 71)5;} is its
dual in Vo = (V,)'; the matrix coefficients of o are the uf;’s given by
uf ;(g) = (o(g)v],v7). Finally, we define three kinds of subspaces of
L(G) spanned by the matrix coefficients of o, namely M7, = (u7; : j =
L,2,...,dy), M{; = (uf; : i=1,2,...,d,) and M7 = (uf; : i,j =
1,2,...,d,).

We recall that the left-regular and right-regular representations of G
are the representations (A, L(G)) and (p, L(G)) defined by

Mg)F)(91) = F(g~ " g1)
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and

[p(9)F(91) = F(g19)

for F € L(G) and g, g1 € G; see Section 3.4.

Theorem 9.5.2

(i) L(G) =®,.aM? and each M? is both \- and p-invariant;
(il) M° = Mf*; each MY, is p-invariant and the restriction of
p to M" is equivalent to o;
(iil) M° = Mf], each MY ; is A-invariant and the restriction of

A to M"J is equivalent to o’.

Proof (i) The decomposition L(G) = @, .5 M? is just the Peter-Weyl
theorem (Theorem 3.7.11) and A- and p-invariance are proved below.
(ii)) If 9,91 € G and 4,5 € {1,2,...,d,} then, by Lemma 3.6.4 (ii),

[o(9)ug ;1(91) = uf ;(g19) Zu (91)uf ;(9),

iLe. plg)uf; = 22;1 uf uf ;(g9) and since by (3.13) o(g)v] = Ziil vy
uj, ;(g) this means that the map vf — uf,;, j = 1,2,...,d,, extends to
an operator that intertwines o with plasy .

(iii) If g, 1 € G and 4,5 € {1,2,...,d,} then, by Lemma 3.6.4 (ii), (i)
and by (9.14)

’

Zz(g)u(l;j (91)

|
g

Le. Agui; = Zz"zl ugjugll(g) and, since by (3.13) o'(g)vy =
Zi‘;l vy uf ;(g), this shows that the map v{ > uf,, 1
extends to an operator that intertwines o’ with A| Mg, O

The representation M7 is the o-isotypic component of L(G).
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Now consider the action of G x G on G given by

(91,92) - 9 = 91995 "

and the associated permutation representation 7 of G x G on L(G) given
by

(91, 92) f1(9) = f (g1 '992)

for all f € L(G) and g,91,92 € G. Note that 1(g1,g2) = Mg1)p(g2) =
p(92)A(g1). The stabilizer of the point 1g is the diagonal subgroup

G ={(g,9) : g € G}, clearly isomorphic to G, and we may write

G=(GxG)/G.

For o € G let d, = dim(V,) and ., denote, as usual, the dimension
and the character of o, respectively.

Lemma 9.5.3 The restriction of n to M is equivalent to o’ @ o. In
particular it is irreducible.

Proof For f eV, , veV, and g € G define

F{(9) = f(o(g)v) = [0'(g7 ) fl(v) = {a(g)v,0(f))

where 6 : V,» — V, is the Riesz map. Noticing that for all 7,5 =
1,2,...,dy, one has uf ; = Ff;l”i we have that the F/’s span the whole
of M°.

Moreover, if (g1,92) € G x G and g € G, then

(g1, 92)F{1(9) = F{ (97" 992)

= (o (g1 '992)v,0(f))

= (0(9)o(g2)v,0(c"(91)f))
_ FU'(Ql)f(g)

T To(g2)v

so that the surjective map V,» @ V, > f @ v + F € M7 intertwines
o' ® o with n|pe. The irreducibility of ¢’ ® o follows from Theorem
9.1.6. ]

A group G is said to be ambivalent if g~' is conjugate to g for all

g € G: for any g € G there exists t € G such that t gt = g~ 1.
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Theorem 9.5.4

(i) (G x G,G) is a Gelfand pair;
(ii) L(G) = ©,.aM? is the decomposition of L(G) into irreducible
spherical representations of G x G;
(iii) ixg is the spherical function in M?;
(iv) the pair is symmetric if and only if G is ambivalent.

Proof We first observe that the action of G on G is simply the conju-
gation: for all g,¢g; € G,

(91,91) - 9 =91 '991-
Therefore, recalling Theorem 3.9.10,

# orbits of GonG = # conjugacy classes of G
= |G|

Moreover, from Lemma 9.5.3 and the fact that the matrix coefficients
{ug; o€ G.i,j=12,..., d,} form an orthogonal basis for L(G) (see
Lemma 3.6.3) we deduce that L(G) = ©_.sM? is the decomposition of
L(G) into irreducible (G x G)-representations. Moreover, from Theorem
9.5.2 we deduce that this decomposition is multiplicity free (the restric-
tions to {1} x G are inequivalent for different choices of o € G). Then
(i) and (ii) follow from Proposition 4.4.4.

To prove (iii), note that, in our setting, bi-G-invariance is nothing but
invariance by conjugation; in other words the algebra of bi-G-invariant
functions coincides with the algebra of central functions on G. This
gives, incidentally, another proof of (i). Now (Theorem 3.9.10), the
characters form a basis for the latter algebra and, in particular, y,,
which is a sum of matrix coefficients of o, spans the (one-dimensional
space of) central functions in M7, and (iii) follows from x,(lg) = do-.

Finally, (G x G, G) is symmetric if and only if (974950 € G(g1,92)G
for all g1,go € G, that is if and only if for every pair (g1,92) € G X G
there exist g3, g4 € G such that

-1 _
{91 = 939194 (9.15)

95" = 939294

Now (9.15) is equivalent to the existence of g3 € G such that

9192 = 93(9195 g5 (9.16)
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indeed, if condition (9.16) (apparently weaker) is satisfied, one can take
g1 =97 95 97" = 9595 g5 1. The equivalence of (9.16) and ambiva-
lence of G is now clear: if (9.16) is satisfied take go = 1¢; conversely, if
G is ambivalent, given g1 and g5 € G there exists g5 € G such that

o 95(92_191)95_1
= 9595 "91(95 "92)95 "

= (9595 ")g195 (9595 ) "

and taking g3 = gsg, * this gives (9.16). This proves (iv). O

Remark 9.5.5 It is casy to see that (G x G, G) is always weakly sym-
metric (see Exercise 4.3.3). Indeed for the automorphism 7 : G x G >
(91, 92) — (92,91) € G x G one always has

(91,92) " = (974, 95") = (97 97 (g2, 91) (95 . 95 1) € GT(g1,92)G

for all ¢1, 92 € G.
Corollary 9.5.6 The projection E, : L(G) — M? is given by

Ea:rl&f*xa for all f € L(G).

Proof This is just a reformulation in our setting of Proposition 4.7.10.

Alternatively, it also easily follows from Lemma 3.9.14: we leave to
the reader to check the details. |

Remark 9.5.7 Let (G,K) be a Gelfand pair and (p,V) a spherical
representation. Take an orthonormal basis vy, ve,...,vg in V (here d =
dim(V')) such that v; is K-invariant. Then the spherical function ¢
associated with V' is given by

B(g) = (v1, plg)vi)v = (p(g~ v, v1)v = (p'(g)v1,v1)v

where p’ denotes the conjugate representation of p (see Corollary 4.6.4).
In other words, the spherical function ¢ is a matrix coefficient of the
conjugate representation p’ but not of p (unless p is selfconjugate).
This happens because ¢ belongs to the sub-representation of L(G/K)
isomorphic to V' (see Corollary 4.6.4). Note also that, by Theorem 9.5.2,
the restriction of the left regular representation A to M7 ; is isomorphic
to o', that is, ij/l ~ V. Mf/l is made up of the right K-invariant
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functions corresponding to V inside L(G/K): this again follows from
Corollary 4.6.4.

Exercise 9.5.8 Let (G, K) be a Gelfand pair and (p, V') a spherical rep-
resentation. Denote by x = ¥, its character and by ¢ the corresponding
spherical function. Also set d = dim(V'). Show that

(1) ¢(9) = &7 Crex X(9k);
(2) X(9) = & Xhec 9(h~gh).

Exercise 9.5.9 Let f” and f* be as in Section 4.8. Show that ]?b(p) =
f(p)* and fi(p) = f(p')* for all p € G.

We end this section with still another view on L(G) and the Fourier
transform, which connects them with the material developed in Sec-
tions 9.1 and 9.3.

Example 9.5.10 Denote by Hom(V') the set of all linear maps T :
V — V of a finite dimensional complex vector space V. Define the
Hilbert-Schmidt scalar product on Hom(V') by setting

<T, S>V,HS = T’I“(TS*)

for all T, S € Hom(V'). (Exercise: (1) show that (-,-)v g is indeed a
scalar product; (2) if {v1, ve,...,v,} is an orthonormal basis for V', then
<T, S>V,HS == Z?:l <TU¢, SU1>)

Let G be again a finite group. Suppose that V is a G-representation
and denote by V' = @&__sM? the decomposition of V' into its isotyp-
ical components (thus M? = m,V, with V, irreducible). For T €
Homg (V') we then write T' = ©__aT, where T, € Homg(M?). For
S, T € Homg(V) we then set

1
(T,S)us,c = @l Z do({Ty, So) Mo HS-
ae@

We can summarize the results in Section 3.9 in the following way.

Proposition 9.5.11 The Fourier transform is an isometric isomor-
phism between the group algebra L(G) and @, .a Hom(Vy).

Recall that if V is a finite dimensional vector space and V' denotes
its dual, then Hom (V) 2V ® V’. An explicit isomorphism is given by
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linearly extending to the whole of V' ® V' the map
VRV — Hom(V)
v f — Tv,f
where T, ¢(w) = f(w)v for all w € V.

(9.17)

Exercise 9.5.12 Fill in all the details relative to (9.17).

Let now (p,V,) be a G-representation. For f € V] and v € V, we
define the function F7, € L(G) by setting, for all g € G,
Ff (9) = flp(g™")v]

(compare with the proof of Lemma 9.5.3).
We then have two maps. The first one is the Fourier transform:

LG B,V @V (2 By Hom(Vy)
F = F=@®,sF0)

where F(p) = >_gec F(9)p(g) € Hom(V,). The second one (the inverse
Fourier transform)

T: B, RV, — L&)
pE@
is defined by

d
TWwe ) = (g F,

for all p € @, veV,and f € Vo and then extending by linearity.
Exercise 9.5.13 Show directly that the maps ~ and T are the adjoint
of each other, that is

<F7 T(U ® f)>L(G) = <ﬁa v f>HS,G
for all F' € L(G), v €V, and f € V] where p € G.
Exercise 9.5.14 Suppose that (o,V), (7r,W) and (n,U) are three rep-

resentations of a group G.
(1) Show that

Homg(r' @ n,0) = Homg(n, 7 ® o)

by constructing an explicit isomorphism.
(2) Show that dimHomg (' @ n,0) = dimHomg(n, 7 ® o) by com-
puting the scalar product of the corresponding characters.
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9.6 An example of a not weakly symmetric Gelfand pair

In this section we describe un example of a Gelfand pair which is not
weakly symmetric. The existence of not weakly symmetric Gelfand
pairs is indicated in Terras’ book [220] who directly refers to Krieg’s
monograph [148] but in both cases no details are given. We thank
Ernst Vinberg [225] for addressing our attention to such an interesting
example.

Example 9.6.1 Let p be a prime number. Denote by I, the field with
p elements and by

G:GL(Z,p):{(z Z) :ad—bc#O}

the general linear group of 2 x 2 matrices over IF,,. Let

K = Aff(2,F,) = {(g l1’> :a;éO}

b
the subgroup of affine transformations of IF,, (that is (g 1) -x =azr+b

for all z € Fp). Then (GL(2,p), Af f(2,F,)) is a Gelfand pair. Moreover,
if p > 5 it is not weakly symmetric.

It is a simple computation to show that the number of K-double cosets

is p. Indeed, let (Z 2) € GL(2,p). If ¢ # 0 then

a b) [t=ed o\ /0 1\ (¢ d
cd) 0o 1)J\1 0/\0 1
while, if ¢ = 0 (and therefore a,d € F}),
a by (% 0\ (d 0\ /1 2
0 d) \o 1)\0 a/\0 '

Setting w = <(1) é) and Iy = (g 2), an instant of thought shows

= e

that

G=KuwK[[| ] KL.K |- (9.18)
deF;,
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Note that if h is in the center of GG, then one has

1ok * lgng = E Okyghs | * E Okghks
k1,ko€K ks, ki€ K

= E Oky ghokshka

k1,k2,ks,ka€ K

= E Oky hgkakska

k1,k2,k3,ka€K

S Oknka | 5| DL Okagha

k1,k2ek k3,kack

ik * 1ggk.

Therefore, as the diagonal matrices I; belong to the center of G and
the algebra L(K\G/K) of bi-K-invariant functions is linearly spanned
by the characteristic functions 1g.,x and lgr,kx, d € IE‘;’;, one has
that L(K\G/K) is commutative. In other words, (G, K) is a Gelfand
pair.

To show that (G, K) is not weakly symmetric we recall the descrip-
tion of the group Aut(GL(2,p)) of automorphisms of GL(2,p). There
are two kinds of automorphisms in Aut(GL(2,p)) (see [124]):

e 75 : A BAB™! where B € GL(2,p) (inner automorphisms);
e 7 : A X(A)A where x : G — F is a group homomorphism
(radial automorphisms).

Moreover, any automorphism 7 € Aut(GL(2,p)) can be expressed as a
product of an inner and a radial automorphism. Our goal is to show
that the condition

7(9) € Kg 'K (9.19)

is verified by no automorphism 7 € Aut(GL(2,p)) if p > 5.

Claim 1. Suppose that T € Aut(GL(2,p)) satisfies (9.19). Then
necessarily

T(Ig) = Ig— (9.20)
and

7(K) = K. (9.21)
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The proof is straightforward. (9.20) follows from (9.19) with g = I; and
the fact that an automorphism leaves the center invariant (also recall
(9.18)), while (9.21) follows from (9.19) with g € K. O
Claim 2. There is no radial automorphism such that both (9.20) and
(9.21) hold.

Indeed, let 7 = 7,, be a radial automorphism. Looking at the (2,2)-
entries, formula (9.21) has the stronger formulation: 7(k) = k for all
k € K. Moreover, T(w) = Aw with A\ = x(w) € F, such that \* = 1.
Suppose that a,d € F,. Then

16 9116 D116 9
(962

- © \_/

o RYe

On the other hand,

so that, if a? # d2,

I B (NG
corl(s Y-l D=6 3)

Thus 7 fails to be multiplicative, a contradiction. O
We now show that there is no automorphism 7 € Aut(GL(2,p))
verifying (9.19). This will be done via a case-by-case analysis.

Q= O
N———

e We first observe that (9.20) rules out all inner automorphisms (in
the case p > 5).

e 7 cannot be radial: this immediately follows from Claims 1 and
2.

e Suppose now that 7 is a composition of an inner and a radial
automorphism, say 7 = 7,7, and that 7 satisfies (9.19). We dis-
tinguish two cases: B € KI;K, for some d € F, and B € KwK.
In the first case, as I; is central, 73 = 7 for some k € K.
From (9.19), as 7g(K) = K, we deduce that 7, (K) = K. Also,
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as 7g(lq) = I4, from (9.20) we deduce that 7, (Iz) = I;-1. These
two facts contradict Claim 2.
Suppose now that B € KwK, say B = kywks. Let a,b # 0 and

set k=ky " (g ll)) ko € K. Then

b\ 1 0\ _
TB(k)kl’w(g 1)wk11k1 (b a)kll(}f :)

where = denotes the (1, 1)-entry of k1. But then

weal(; )]-(3 ex

This contradicts (9.21).

9.7 Real, complex and quaternionic representations:
the theorem of Frobenius and Schur

Let (m, V) be an irreducible representation of a finite group G and let
(7', V') denote its conjugate representation as in Section 9.5. We recall
that x.» = X» and therefore 7 is selfconjugate (Definition 9.5.1) if and
only if x.(g) € R for all g € G, that is its character is a real valued
function.

Definition 9.7.1 The representation 7 is complex when it is not
selfconjugate.

Equivalently, 7 is complex if and only if 7 and 7’ are not unitarily
equivalent (i.e. Xn # Xa’)-

Further, we split the class of selfconjugate representations into two
subclasses.

Definition 9.7.2 Let 7 be selfconjugate and suppose that there exists
an orthonormal basis {v1,vs,...,v4} in V such that the corresponding
matrix coefficients are real valued: wu;;(g) = (7(g)v;,v;) € R for any
g€ Gandi,j=1,2,...,d. Then we say that 7 is real. Otherwise we
say that m is quaternionic.

The etymological reason for the last definition becomes apparent from
the following basic example.
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Example 9.7.3 Let Q = {1,—1,i,—4,j,—j,k, —k} denote the quater-
nionic group. We recall that the multiplication law is given by

ij =k jk =i ki=j

together with the sign rule
(—2)y = —(zy) and (—z)(-y) = =y

for all z,y € Q.
Define the two-dimensional unitary representation p of () by setting

pen =y 1) pen=x(y %)
s =+ (] ) sem==(7 ).

It is easy to check that p is indeed a representation. In fact @ is
sometimes defined as the group consisting of the eight matrices above.

(9.22)

Its character is given by

2 ifg=1
Xp(9) =q -2 ifg=-1
0 ifg#+l.

As 3 o IXo(9)]P = 4 +4 = |Q| we have that 7 is irreducible (Corol-
lary 3.7.8), moreover x, being real valued, 7 is selfconjugate.

We now show that 7 is quaternionic: more explicitly we show that
there is no basis of C? for which p is represented by real matrices.

Suppose, by contradiction, that U is a unitary matrix such that Up(g)
U* is real valued for any g € Q. Since the matrices A = ({9), B=({})
C= (97" and D= (§°) form a basis of the vector space Ma2(R),
then there exist o, 3,7,9 : @ — R such that

Up(g)U" = a(g)A+ B(g)B + v(9)C + 6(g9)D.

As x,(g9) = tr(Up(g)U*) = ag)tr(A) = 2a(g) vanishes for g # +£1,
we conclude that

a(l)=1, a(-1)=-1 (9.23)
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and, for all g # +1,
a(g) =0. (9.24)

Moreover direct computations show that, for all g, h € Q,
a(gh) = a(g)a(h) + B(g)B(h) —v(g9)v(h) + 6(g)d(h). (9.25)

Suppose now that g, h # 1. Setting g = h in (9.25) we deduce from
(9.23) and (9.24) that

B9)* = (9)* +d(9)* = —1. (9.26)
On the other hand from (9.25) and (9.24) one deduces that, for h # g,
B(9)B(h) —~(g)v(h) +(g)d(h) = 0. (9-27)

Set b1 = B3(g), b2 = B(h),c1 = v(g),c2 = v(h),d1 = 6(g) and dy = 6(h).
With this position and supposing that h # ¢ equations (9.26) and (9.27)
altogether give

- +dd=-1

bi—ci+di=-1

b1b2 —ci169 + d1d2 =0.

From the above system we have
(1407 +d7)(1+ b3+ d3) = (c1c2)® = (bibs + dida)*.
This yields
1+ b7 +b3+di +d5 = —(bidy + bady)?

a contradiction. Therefore p is quaternionic.
Exercise 9.7.4 Determine all the irreducible representations of Q.

Exercise 9.7.5 Let (p, V) be a selfadjoint representation of a group G.
Suppose that V' is endowed with a scalar product (-,-) and that there
exists a basis (not necessarily orthonormal) {vy,ve,...,v4} in V such
that the corresponding matrix coefficients are real valued.

(1) Show that there exists a p-invariant scalar product (-,-) with an
orthonormal basis {wy,ws,...,wg} in V such that the corresponding
matrix coefficients are real valued: wu;;(g) = (p(9)wj, w;) € R for any
geGandi,j=1,2,...,d.
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(2) Show that if p(g) is the matrix representing p(g) in a fixed (-, -)-
orthonormal basis {u1,us,...,uq} in V, then there exists a unitary
matrix U such that Up(g)U* is real for all g € G.

This shows that it is not restrictive in Definition 9.7.2 to impose
orthonormality for the basis in the representation space V.

Suppose now that p is selfconjugate. This means that there exists
a unitary operator W : V — V'’ which intertwines p and p’. Let
{v1,v2,...,v4} be a basis in V and denote by {f1, f2,..., fa} the dual
basis in V’. Then condition Wp(g)W* = p'(g) becomes

d
uii(9) = Z Wy k¢ (9)Wj ¢ (9.28)
tk=1
for all g € G and 4,5 = 1,2,...,d, where W = (w; 1)
matrix representing W.
Denoting by U(g) = (ui,j(9)); j—1 o, 4 the matrix representing p(g)
(with respect to the basis {v1,va,...,v4}) and, for a general matrix A,

ik=12,..d 8 the

denoting A its conjugate (obtained by conjugating all coefficients) then
(9.28) may be written

U(g) =WU(g)W™. (9.29)

Lemma 9.7.6 Suppose that p is selfconjugate. Then, with W as abowve,
we have

WW =WW = +I.
More precisely, WW = I if p is real and WW = —I if p is quaternionic.
Proof Conjugating (9.29) we obtain
Ulg) =WU(g9)(W)" =WU(g)W"
and therefore
Ulg) = WWU(g)W*(W)" = (WW)U(g9)(WW)".

Elis means that the linear operator V' — V represented by the matrix
WW intertwines p with itself. By Schur’s lemma,

WW =cl (9.30)

with |¢| = 1 as WW is unitary. Moreover, from (WW)W = W (WW) =
Wel we deduce that WW = cI, while conjugating (9.30) gives WW =
¢l. Thus c is real and in fact ¢ = £1.
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Suppose that ¢ = 1, that is WW = I or, equivalently, W* = W. We
want to prove that p is real by showing that there exists a unitary matrix
B such that B*U(g)B is a real matrix for all ¢ € G. As W is unitary,
there exists a unitary matrix A such that

A*WA=A (9.31)
with A unitary and diagonal:
A0 0 0
0 X O 0
A= .
0 o0 Ada—1 O
0 O 0 N

Conjugating both sides of (9.31) we get
ATWA=A
while from WW = I we get
I=ATWWA=A"WA - ATWA=ANA"WA
which, in virtue of A" = A becomes
ATWA = A.

Therefore we conclude that W(A + A) = AA + AN = (A+ A)A. In
particular, W has a set of real eigenvectors and we can say that there
exists a real unitary matrix A; with the same properties of A, that is

AWA, = ATWA, = A
and
ATwA, =\

(A; may be obtained by an application of the Gram—Schmidt process
to the real eigenvectors of W). Let © be a unitary and diagonal matrix
such that ©2 = A and define
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Then B is unitary and we have

B*U(9)B = ©A{U(9)A:©

from (9.29) = OATWU(9)W*A,0
from W* = W = 0ATW A ATU(g) A ATW A ©
—0024TU(9)A,0°0
=0ATU(g)A,0
= B*U(g)B

and therefore p is real.
Conversely suppose that p is real so that there exists a unitary matrix
B such that B*U(g)B = B*U(g)B for all g in G. This is equivalent to

Ulg) = BB*U(9)BB"

and by Schur’s lemma (see also Section 9.3) we have that BB* must be
a multiple of W in (9.29):

W = cBB*
with |¢| = 1. Therefore
WW =¢BB"¢BB* =1.
O

The following frundamental theorem shows how it is possible to distin-
guish among real, complex and quaternionic representations by looking
at their characters.

Theorem 9.7.7 (Frobenius and Schur) Let x be the character of
an irreducible representation (p, V) of G. Then

1 if  p s real
el Z x(g if  pis complex (9.32)

9ed —1 if p is quaternionic.

Proof Fix an orthonormal basis {v1,vs,...,v4} in V and set, as usual,
u; j = (p(g)vj,vi). Then

B X~ E ) = 1 T 3 ot

ger 1 gEGz,J 1
(9.33)
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where the last equality comes from Lemma 3.6.4. If p is real we can
choose the basis {v1,va, ..., v4} in such a way that the matrix coefficients
u;,;(g) are all real that is u, ;(g) = u; ;(g). By the orthogonality relations
(Proposition 3.6.3) we get from (9.33):

|G\ZX Z‘G‘ 9,5 = 1.

geG i,j=1

If p is complex then from (9.14) we get u;i(g) = uj ;(g) where uj ;(g)

is the matrix coefficients of the conjugate representation p’ and, since
p and p’ are not equivalent, again from the orthogonality relations we

obtain
IG | 2 X

geqG

Finally suppose that p is quaternionic. Then from (9.29) written in
the form U(g) = WU(g)WT (by Lemma 9.7.6), (9.33) becomes:

d d
|G| ZX = Z Z 5,kWit |G‘ Zul,_j ukt

geG =1 k=1 geG
d d .
= Z Z j,kwi,tdi,k(;j,tg
b =1 kt=1
1

O
For any h € G set S(h) = |[{g € G : = h}| that is S(h) is the
number of square roots of h in G. For any € G se
1 if p is real;
c(p) =10 if p is complex; (9.34)

—1 if p is quaternionic.

Then we have

Corollary 9.7.8
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and in particular

Sla)= Y do— > d,

peé pE@ . )
p real p quaternionic

Proof From the Theorem of Frobenius and Schur (9.7.7) we have

1 2 XIS = clp)
heG
(note that S(h) and c(p) are real valued and we may conjugate formula
(9.32)).

Now, S(h) is a central function and the characters constitute an or-
thogonal basis of the central functions (Theorem 3.9.10). Therefore
the statement follows from the orthogonality relations of the characters
(Proposition 3.7.4). O

Definition 9.7.9 Let G be a group. A conjugacy class C in G is
ambivalent if g~ € C for all g € C.

Therefore G is ambivalent (see Section 9.5) if and only if all conjugacy
classes are ambivalent.

The following theorem relates the number of ambivalent classes with
the number of selfconjugate representations.

Theorem 9.7.10 Let h be the number of selfconjugate representations
of G. Then we have

() h= & Yyee Sg)?

(ii) h is equal to the number of ambivalent classes in G.

Proof (i) From the previous corollary and the orthogonality relations of
the characters we get

1 1 _
@l > S(g)? =1 > S(9)S(9)

geG geG
= 2 okl gy X nolo)e )
p,ﬂ'eé 9e@

= Z c(p)e(m)dpx = h.

p,ﬂ'Eé
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(i) Note that if p’ is the conjugate of p we have x,(g) = x,(g) (see
Section 9.5) and therefore

lifp~p
)2
Xp(9)” = .
\G|g262; {01fp7ép’.
Let C1,C,, ..., C,, be the conjugacy classes of G. Then

zz @ =3 G Towle?  03)

gEG =0 te

where ¢; € C;. Since X,(c;) = x,(c; ') by Proposition 3.7.2, we get from
the dual orthogonality relations for the characters (see Exercise 3.9.13),

SN el gt C; is ambivalent;
Z Xp(ci)z - Z Xp(ci)Xp(Cgl) = {lcil )

< pd 0 otherwise.
peG peG
Thus, from (9.35) we deduce (ii). O

As outlined in the following exercise, one can directly prove that
=@ = >0l
geG

(see [166] and [229]).

Exercise 9.7.11 Set p(g) = {u € G : gug™' =u~'}|.

(1) Show that p(g) = p(g?).

(2) Deduce that 3° o p(9) = > icq p(g)?.
(3) Show that the number of ambivalent classes of G equals ﬁ >

p(g)-

geG

Corollary 9.7.12 G is ambivalent if and only if any irreducible repre-
sentation is selfconjugate.

Corollary 9.7.13 Suppose that |G| is odd. Then any non-trivial irre-
ducible representation is complez.

Proof Set n = 2k—1 = |G|. Clearly, for all g € G one has g"*! = g".g =
lg - g = g. From this we deduce that (g¥)? = g, that is g is a square
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and S(g) > 1 for all g € G. On the other hand, as > - S(g) = |G|
we necessarily have S(g) = 1 for all ¢ € G. Therefore from (i) in the
previous theorem one deduces

= i 2 S0

geG

that is there is only one selfconjugate representation, namely the trivial
one. |

We end this section by illustrating the Theorem of Frobenius and
Schur for a Gelfand pair (G, K). Denote, as usual, by X = G/K the
corresponding homogeneous space and by x¢ € X the point stabilized by
K. Alsolet X = ]_[;VZO €2, be the decomposition of X into K-orbits with
Qo = {zo}. Finally let g9 = 1¢,91,.-.,9n denote representatives for
the double cosets KgK in G so that G = H;-V:o Kg; K and Q; = Kgjxzg
(see Sections 3.13 and 4.1).

Define a map 6 : {0,1,...,N} = {0,1,..., N} in such a way that

9; " € Kgoy) K
It is obvious that @ is an involution.

Definition 9.7.14 A K-orbit ; is symmetric if gzo € §}; implies
g 'zo € Q; for all g € G.

In other words, €2; is symmetric if the corresponding double coset
is symmetric, that is g € Kg;K implies g~ € Kg;K, equivalently if
0(j) = J.

Let now (p;, Vi), ¢; and d; = dim(V;) be as in Section 4.7 and ¢(p;) as
n (9.34).

Exercise 9.7.15 (1) (Frobenius—Schur Theorem for Gelfand pairs)
Show that

‘Glz(bzng ( )

geG

(2) For any x € X set S(z) = |[{g € G : g’z = x}|. Show that

N

S() = |K|Y_ c(pi)dil)-

i=0
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(3) Set A = {i: p; is selfconjugate}. Show that

1 1
al > S@)? =Ky~
z€X icA "
(4) Show that the number |A| of selfconjugate spherical representa-

tions of GG equals the number of symmetric K-orbits on X, in other
words

Al =[{7:00) =}

(5) Prove that indeed every selfconjugate spherical representation is
real.

For variations and generalizations on this exercise and, more generally,
on the whole Section 9.7 we refer to the following papers: [38], [141] and
[166].

9.8 Greenhalgebras

This section contains an exposition of a theory that generalizes the con-
struction in Theorem 9.5.4. We introduce a class of algebras that after
Diaconis’ paper [57] we call Greenhalgebras.

Actually, A. Greenhalgh in his thesis [106] developed a more general
theory while the construction in this section was already considered by
Brender [34]. Particular cases were also considered in [137], [33], [223]
and [108].

If H < G and f € L(G), we say that f is H-conjugacy invariant when

f(h™'gh) = f(g)
foaall g€ G and h € H.

Definition 9.8.1 Let G be a finite group and K < H < G. The
Greenhalgebra associated with the triple (G, H, K) is

G(G,H,K) ={f € L(G) : f(h""gh) = f(g) and f(k1gk2) = f(9),
Vhe H,g € G, ki,kes € K},

that is G(G, H, K) is the set of all f € L(G) that are both H-conjugacy
invariant and bi-K-invariant. It is easy to see that G(G, H,K) = {f €
L(G) : f(h='gh) = f(g) and f(gk) = f(9), Vh € H.g € G,k € K}
since f(kigks) = f(kigkokiki").
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Example 9.8.2 (1) For K = {1¢} and H = G we get the algebra of
central functions on G.

(2) For K = H < @G it is the algebra of bi-K-invariant functions on
G.

(3) For H = K = {1¢} it coincides with L(G).

(4) For K = {1¢}, H < G it is the algebra of all H-conjugacy invariant
functions on G. It is also called the centralizer of H (or of L(H)) in
L(G). Tt coincides with {f € L(G) : f xdp, = p * f, Yh € H} and it is
usually denoted by L(G)H (or C[G]H).

In what follow, we fix G with K < H < G. We will think of G/K as
the set of right K-cosets in G.

Lemma 9.8.3 G x H acts on G/K by:
(9.1) - 90K = ggoh™ 'K

and the stabilizer of K is the subgroup B = {(kh,h) : k € K,h € H}.

Proof The coset (g,h)-goK is well defined: (g, h)-gokK = ggokh™ 'K =
ggoh™' - hkh 'K = ggoh 'K, for any k € K. It is easy to check that
indeed it is an action. Moreover, (g, h)K = K if and only if gh=! € K
and this is equivalent to (g,h) € B. O

Remark 9.8.4 It is easy to see that B = (K x {ly})H where H =
{(h,h) : h € HY = H, (K x {lg}) N H = {lgxn} and K x {1y}
is normal in B. In other words, B = K x H, where x denotes the
semidirect product (see Section 8.7).

In other words, G x H acts on G by (g, h)-go = ggoh~! and permutes
among themselves the classes of G/K. The action of G x H on L(G/K)
(identified with the subspace of right K-invariant functions on G) will
be denoted by n:

(g, 1) f](90) = f(g~ " goh)

(compare with the 7 in Lemma 9.5.3).

Lemma 9.8.5 Let B as in the previous lemma. Then we have the
following isomorphism of algebras:

G(G,H,K) >~ G(G x H,B, B)
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that is G(G, H, K) is isomorphic to the algebra of bi-B-invariant func-
tions on G x H.

Proof From Proposition 4.2.1 and Lemma 9.8.3 we get
G(G x H,B,B) 2 Homgxu (L(G/K), L(G/K)) .

But the latter is a subalgebra of Homg (L(G/K), L(G/K)) 2 G(G, K, K)
(the algebra of bi- K-invariant functions on G.) Suppose that Tf = f*¢
with ¢ bi-K-invariant. Then

(g1, )T f] (90) = Tf (g1 "goh)
= fg1 " g0hg™")8(9)

geG
= flgi 9ot~ )(th),
teG

while

{T [n(g1, 1) f1} (90) = > F(g1 "g09~ " B)(9)

geqG

= fgi " got™ ) (ht)

teG

and therefore Tn(g1,h) = n(g1,h)T, that is T € Homgxu(L(G/K),
L(G/K)), if and only if the bi-K-invariant function ¢ satisfies ¢(ht) =
@(th), that is if and only if ¢ € G(G, H, K). O

Exercise 9.8.6 Prove directily Lemma 9.8.5 by showing that
®:G(Gx H,B,B)— G(G,H, K),

defined by setting for F € G(G x H,B,B) and g € G, ®(F)(g9) =
|H|F(g,1), is an isomorphism of algebras. Moreover ||®(F)||.(c) =
IFll L xm)-

We recall that any irreducible G x H-representation is of the form
o X6 with 0 € G, § € H (see Section 9.1). Now we want to determine
the multiplicity of o X6 in 7. With the symbol Res%o we will denote
the restriction of o to H, that is the representation of H given by o(h),
h € H. Moreover, § will denote the adjoint of § (see Section 9.5)

Theorem 9.8.7 Let 0 € G and 6 € H. If c X6 is contained in n then
Resfl0 = (dim0)ux, where 1x is the trivial representation of K.
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Moreover, the multiplicity of o X @ in n is equal to the multiplicity of
0" in Reso.

Proof Denote by V and W the representation spaces of o and 6, respec-
tively.

Suppose that o X 6 is contained in 1. Note that the linear map T :
VW — L(G/K) belongs to Homgxm(oc X 0,n) if and only if, for
9,90 € G,he HyveV, weW, we have:

{T[o(g)v @ 0(h)w]} (90) = {T(v @ w)} (97" goh). (9.36)
In particular, setting g = 1g, h =k € K, (9.36) becomes

{T'lv @ 0(k)wl} (90) ={T(v@w)} (90), Vgo € G.

If T is nontrivial, ker(7") = {0} and this forces 0(k)w = w. That is if
o X 6 is contained in 7 then Restf = (dimf)ix

Now suppose that this condition is satisfied. By Corollary 9.3.3 we
end the proof if we construct a linear isomorphism

Homgy (0 ®0,n) = Hom(Res$a,6').

Let W’ be the dual space of W (i.e. the representation space of §’). If
T € Homax (o ®6,n) we define T : V — W' by setting (Tv)(w) =
[T(v @ w)](lg) for all v € V and w € W. Clearly Tv € W’ and T is a
linear map.

Moreover, if h € H we have

[To(hyo] () = {Tlo(h)v 2 u]} (16)
by (9.36) = [T(v @ w)] (h™1)
again by (9.36) = {T [v® 0(h ")w]} (1)
= (Tv) [0(h~ )]
_ [af(h)'fu] (w)
that is To(h) = 0'(h)T and T € Homp(Res$0,0"). It remains to show

that the map T — T is a bijection. First of all, observe that T is
determined by T"

[T(v@w)](9) = [T(e(g v e w)] (1c)

—{T[o(g7)0]} (). (9.37)
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Therefore the map is injective. It is also surjective and (9.37) is its
inversion. Indeed, given T' we can define T' by (9.37). Then we have
(recall that we are supposing Resl§ = (dimf)ix)

T(v®w) (gk) = |To(k™ g™ )] (w)

that is T'(v ® w) € L(G/K). Moreover
{T[o(g)v @ 0(h)w]} (90) = [Tolgg g)v] (B(R)w)
= [0/ To (g5 9] (w)
= |To(h™ g5 9)v] (w)
= [T(w®w)] (g~ goh)
and by (9.36) T belongs to Homgx (o X0, 7). O

Theorem 9.8.8 The following conditions are equivalent

(i) The algebra G(G, H, K) is commutative.
(ii) (G x H, B) is a Gelfand pair.
(iii) For any o € G and any 0 € H with Resfl0 = (dimf)ik, i
the trivial representation of K, the multzplzczty of 0 in ResGo is
<1.

Proof The equivalence between (i) and (ii) follows from Lemma 9.8.5
and the definition of Gelfand pair. The equivalence between (ii) and (iii)
follows from Theorem 4.4.2 and Theorem 9.8.7. U

Example 9.8.9 (1) If K = {l¢} and H = G Theorems 9.8.7 and 9.8.8
yield (i) and (ii) in Theorem 9.5.4.

(2) If K = H < G they generalize Theorems 4.4.2 and 4.6.2.

(3) If K = H = {1¢} we recover Theorem 3.7.11.

The fourth example deserves more evidence. Now K = {lg} and
H<G.
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Corollary 9.8.10 Suppose H < G and let G x H acts on G by (g, h) -
go = ggoh~1 Let 1 be the corresponding permutation representation. For
o€ G and 0 € H let my, be the multiplicity of 0' in Res$ o Then

N=D,eq Boen Mooo K 0.

Now we want to determine when the pair (G x H, B) is symmetric,
and therefore a sufficient condition for the commutativity of the algebra
G(G,H,K).

Proposition 9.8.11 The pair (G x H, B) is symmetric if and only if
the following condition is satisfied: for any g € G there exist k1, ko € K
and hy € H such that:

g = kihighy k. (9.38)

Proof 1t is just an easy exercise: the pair is symmetric if and only if for
any (g,h) € G x H there exist (kihi, h1), (kaha, ha) € B such that

{h‘1 — hyhhg

(9.39)
g_l = k‘lhlgkghg.

Taking h = 1 we get hy = hy' and g~ = k1highy! - (hikahih).
Conversely, if (9.38) is satisfied then taking (g, h) € G x H and k1, ko €
K, hy € H such that

(ghil)il = k_lhjl(ghil)h_lilk_g
we get (9.39), by setting hy = h~'hy, ki = h™ knh, ky = h™ hy~ kahh
and ho = h=1hy " O

Corollary 9.8.12 If (9.38) is satisfied then the algebra G(G, H, K) is
commutative.

Corollary 9.8.13 Suppose that H < G. If for any g € G there exists
h € H such that g=* = hgh™" then the algebra of H-conjugacy invariant
functions in G is commutative and for any o € G the restriction Resga
18 multiplicity-free.

Proof This is the case K = {1} in Corollary 9.8.12 and in Theorem
9.8.8. 0
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Exercise 9.8.14 Suppose that G(G, H, K) is commutative. For o € G
and 0 € H with Res¢ = (dimf)tyc and 0’ contained in Res$ o, define
the function ¢, ¢ € L(G) by setting:

$0.0(9) Z > Xo(gkh) xo(h)

hGH keEK

where x, and xg are the characters of o and 0, rispectively.
Show that thebe functions form an orthonormal basis for G(G, H, K)
Le]
~ (dimo)(dime) "

Exercise 9.8.15 A Schur algebra on a finite group G is a subalgebra
A of L(G) such that there exists a partition G = Ag[JA1]]..- 1] 4m
that satisfies:

(i) The functions 14,,14,,...,14, form a basis of A (as a vector
space).
(i) Ao = {lc}.
(iii) For any i € {0,1,...,m} there exists j € {0,1,...,m} such that:
gEAZ-:>g_1€Aj.
Show that G(G, H, K) is a Schur algebra.

A classical reference on Schur algebras is the monograph by Wielandt
[228]. See also [122] and [217, 218]. The survey article by Takacs [216]
contains many applications of Schur algebras to probability.

We now present our main example of Greenhalgebra. It is taken from
Greenhalgh’s thesis [106]. We take G = S,,, H = Sp— X Si, and K =
Sn—k. First of all, the homogeneous space S,,/S,,_; may be identified
with the set

{(il,iz,...,ik) T01,99, 0, Uk 6{1,2,...,n},ih7§ij lfh#j},

that is with the set of all ordered sequences of k distinct elements of
{1,2,...,n}. Indeed S,, acts on this space and the stabilizer of (1,2,..., k)
is just S, _ (seen as the group of all permutations of {k+1, k+2,...,n}).
If we identify Sj with the group of all permutations of {1,2,...,k}, then
Sp X (Sp—g x Sk) acts on S, /S,,_k by setting

(m,7) - (i1siz, oo yin) = (T(iqg=1(1))s T(iy=1(2)), - - -, T(iy=1k)))  (9.40)

forall vy € S,k X Sy and T € S,.
It is easy to verify that this is an action. Moreover, the stabilizer of
(1,2,...,k) in S, X (Sp—g x Sg) is exactly

B={(vy,y):v € Sn—,v € Sn—k X Sk} (9.41)
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Clearly, any element of B stabilizes (1,2, ..., k). Conversely, set (i1, o,

k) = (1,2,...,k) and suppose that (7, ) (i1, 2, . .., i) = (11,42, ...,
ix). Since i1 = 7~1(j) (simply because i; = j) we get j =
m(iy-1(5)) = 7(y~L(j)) for j = 1,2,...,k, that is v := 7y~ € S,
and (m,v) = (vy,7) € B. We have determined the action of Lemma
9.8.3 in the present setting and thus we have:

Lemma 9.8.16 The homogeneous space [Sy, X (Sp—k X Si)|/B is exactly
Sy /Sn—1 with the action given by (9.40).

Exercise 9.8.17 Show that B = (S,,_x X Sp,—k) X Sk.

Our next goal is to prove that (S, X (S,—i x Sk), B) is a symmetric
Gelfand pair and therefore that the algebra G(S,, Sp—r X Sk, Sn—g) is
commutative. First of all we need some definitions. An oriented graph
is a couple & = (V,E) where V is the vertex set and the edge set
FE is a subset of V x V, that is an edge is an ordered pair of vertices
(v,w), v,w € V (v =w is allowed), v is the initial vertex and w is the
final vertex. It is just a slightly modification of the definition given in
Section 1.6. When we draw an oriented graph, we put arrows instead of
segments (for an example see Exercise 1.10.8).

If & = (V1,E1), 63 = (Va, E3) are two oriented graphs, we say
that are isomorphic and we write ®; = &, if there exists a bijection
¢ : Vi = Vo such that (v,w) € By < (¢4(v), p(w)) € Es, for all v,w € V.

We will use a particular construction with oriented graphs to parame-
terize the orbits of S, X (Sp—r X Sk) on (S, /Sn—k) X (Sn/Sn—k). Given
a pair x,y € Sn/Sn—k, © = (i1,%2,...,k), y = (41,72, -+, Jk), We asso-
ciate with x,y the oriented graph &(z,y) = (V, E) defined as follows.
The vertex set is V' = {i1,42,...,ik} U{j1,J2,-..,jr} while the edge set
is E'= {(i1, j1), (iz, j2), - - - (i Je) }-

Note that the degree of a vertex v € V is < 2:

e if i, = j, they form a loop that is not connected with any other vertex;

o if v e {ig,ia,..., i} N{j1,72,-.-,Jkt and v = i}, = j; for h # ¢ then
the degree of v is 2 and it is the initial vertex of an edge and the
terminal vertex of another edge;

o if v € {iy,ia,...,i5}A{j1,J2,...,Jr} then the degree of v is 1 and it
is the terminal (resp. initial) vertex of an edge if v € {j1,J2,.-., 7k}
(resp. ifve {il,ig, . ,ik}).
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The following is an example: (n = 15,k = 8)

z=(1,7,14,15,10,3,13,9)
y=(3,1, 6,15,11,9,14,7).

@
1 3 10 13 14
Y Q
15
7 9 11 6
[ ]
Figure 9.1.

Note that an oriented graph &(z,y) is composed by (isolated) loops,
(oriented) closed paths and (oriented) nonclosed paths. Moreover, if
V] — vy = -+ — U, is a nonclosed path, then vy € {iy,d2,...,0x}
and vy, € {j1,52,.-.,Jk}- Clearly, G(y,z) is obtained from G(z,y) just
by reversing the orientation of the edges. From these considerations it
follows easily that:

Lemma 9.8.18 &(x,y) = &(y, x).

Moreover,

Lemma 9.8.19 (z,y), (2',y') € (Sn/Sn—k) X (Sn/Sn—k) belong to the
same Sy, X (Sp—k X Sk) orbit if and only if &(x,y) = &(z',y').

Proof Suppose that @ = (i1,42,...,ik), ¥ = (J1,J2,---,7k), ' = (i},
iy sil)s Y = (G145 -1 0)s ¥ € Sk X Sk, ™ € S, and

iy =7l )s Jh =70 )s h=1,2,... k.

Then the graphs &(z,y) and &(a’,y’) are isomorphic: the isomorphism
¢ is given by:

¢(’U):7T(’U) VUE{7:17i2,---7ik}U{j1,j2,---,jk}~

This proves the “only if” part. Note that the effect of 7y is just a permu-
tation of the edges, while m changes the vertices but not the structure
of the graph.

Conversely suppose that &(z,y) = &(2',y’) and denote by ¢ the cor-
responding isomorphism. Then we can take v € S, _j X Sk such that the
¢-image of the edge (iy-1(z),jy-1(n)) is (4},, ;) for h=1,2,... k. Then
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setting m(iy-1(n)) = @), and 7(jy-1(n)) = J, b = 1,2,...,k and extent-
ing 7 to a permutation of the whole {1,2,...,n} we have (m,v)(z,y) =
(', y'). O

For instance, if x,y are as in Figure 9.1 and

o = (2, 3,1, 7,11, 4,14,12)
y = (2,11,5,13, 4,12, 7, 3),

@
12 3 1 14 7
y Q
2
4 11 5 13
L[]
Figure 9.2.

then we can take v = (4,1,8,5,3)(6,2)(7) and

7= (1,12,10)(15,2)(9, 11,5)(3)(6, 13, 14,7, 4)(8).
Corollary 9.8.20 (S, X (Sp—r X S), B) is a symmetric Gelfand pair.
Corollary 9.8.21 The algebra G(Sy,, Sp—r X Sk, Sn—k) is commutative.

Corollary 9.8.22 S, is ambivalent. In particular, any irreducible
Sy -representation is selfconjugate.

Proof The ambivalence of S,, is just Corollary 9.8.20 for £ = n combined
with Theorem 9.5.4. Then we can apply Corollary 9.7.12. |

Denote by S(™*) the trivial representation of S, _j, (as in Section 3.14).

Corollary 9.8.23 Suppose that S* is an irreducible representation of Sy,
and that S"=%) ® 8 is an irreducible representation of Sy_y, X Sy which
is trivial on S,_y (and therefore S* is an irreducible representation of
Si). Then the multiplicity of S™—*) @ S in Resgzikxsk St s < 1.

For k=n—1,S,_1 xS1 = S,_1 (the stabilizer of a point, say n) and
we get
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Corollary 9.8.24 The algebra of S,,—1-conjugacy invariant functions
in S, is commutative. For any irreducible representation S* of Sy,
Resé:_lS“ is multiplicity-free.

Note that in Corollaries 9.8.23 and 9.8.24 we do not need to know an
explicit parameterization of the irreducible representations of S,,, as it
will be developed in Chapter 10.

We refer to Koornwinder’s paper [147] for a result similar to Corol-
lary 9.8.24 in the setting of classical compact groups. Corollary 9.8.24 is
the starting point for the approach to the representation theory of \S;, de-
veloped by Okounkov and Vershik in [173, 174]. See also the monograph
by Kleshchev [144].

9.9 Fourier transform of a measure

In this section we present a characterization of ergodicity for a random
walk on a finite group. It is taken from Behrends’ book [18].

Let G be a finite group. For asubset A C G'set A~ = {g71: g€ A}.
Denote by Ga the set of all g € G that can be expressed as a product

9= 9192 Gor (9.42)

with r-many g; belonging to A and with the remaining 7 in A~!. For
instance, if g1, 92,093,904 € A, then the element g = g192_193_194 € Ga,
while the element ¢’ = g2g; ! g4 in general does not belong to Ga. More-
over, for any A C G, we denote by G(A) (resp. GV (A)) the subgroup
(resp. the normal subgroup) generated by A.

Exercise 9.9.1 (Discrete intermediate value theorem) Leta < b €
Z and set [a,b] = {a,a+1,...,b—1,b} C Z. Suppose that f : [a,b] = Z
is such that |f(t) — f(t+1)| =1 for all t € [a,b— 1] and f(a)f(b) < 0.
Then there exists u € [a + 1,b — 1] such that f(u) = 0.

Lemma 9.9.2
(i) Ga is a subgroup of G. Moreover, setting AA™! = {gh™1 :g,h €
A} we have
G(AA™Y) < Ga <GV (AATY). (9.43)

(ii) If lg € A, then Ga = G(A).
(iil) Ga = G if and only if there exists k € N such that every element
g € G can be written as a product of k elements in A.
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Proof First recall that in a finite group, a subset is a subgroup if and
only if it is closed under multiplication.

(i) The first part of the statement immediately follows from the pre-
ceding observation.

The first inclusion in (9.43) follows immediately from the fact that
AA™! C G and the fact that Ga is a subgroup.

We now prove the second inclusion (in 9.43) by induction on r. The
identity g7'h = (h='h)g~'h = h~l(hg~!)h implies that A~TA C
GN(AA™1) and this is the case r = 1.

For h € AUA™! we define the element h € A by setting

— h ifheA
h = 9.44
{h‘l ifhe A™L (9.44)

With this notation, if g € Ga, then (9.42) becomes

9= @) @) (7)™

with €¢; = £1. Obviously one has Z?;o e; = 0.
Suppose by induction that the assertion is true for all £ < r — 1.

We distinguish two cases:

® ¢ = €9.. Applying Exercise 9.9.1 with ¢ = 0,b = 2r — 1 and
f@®) = ZE:O €;, we have that there exists u (necessarily an even
integer, say u = 2i) such that f(u) = 0. This infers that g = ¢'g”
with ¢’ = g192 -+ g2; and ¢” = g2i1192i42 - - - g2 both belonging
to Ga. By recurrence ¢’ and ¢” belong to GV (AA™!) and so
does g.

® €1 # €9,. In this case we have g1go, and ¢’ = gag3 - - gor_1 both
belong to Ga (and therefore to GV (AA~1), by recurrence). But
then by normality ¢g19'g; ' € GV (AA™!) and the same holds for
9= (919'97 " )(9192r)-

(ii) Suppose that 1 € A. Every element in G(A), the subgroup gen-
erated by A, is of the form g = g1g2 - - - gx, with g; € A (recall the obser-
vation at the beginning of the proof). But then g = g1g2 - - -gklgllal e
151 € Ga.

(iii) Suppose first that G = Ga and denote by N = |G| the order of
this group. Recall that ¢"v = 15 for all g € G.

Fix g € G and express it as g = g192 - - - g2 where r = r(g) of the g;’s
are in A and the other 7 in A~!. With the notation in (9.44), replace
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each g; € A~! with ;¥ ~!. This shows that g can be expressed as a
product of k(g) = r + (N — 1) = rN elements in A. The same holds
for 1¢ which can be expressed as 1¢ = ¢¥(9) for any element g € A. It
follows that G = AA--- A with k =3_ - k(g) factors.

Conversely, if G = AA--- A with k factors, then for any g € G one
can write g = g1g2---gr and 1g = hiho--- by, with all g;’s and h;’s in
A. But then

g=g192 - gihy ' hi' - hy'hi' € Ga

and the proof is complete. ]
Exercise 9.9.3 Show that in (9.43) both inclusions may be proper.

Exercise 9.9.4 Let u be a probability measure on a finite group G and
denote by A = {g € G : u(g) > 0} its support. Show that A* is the
support of p*F for all k =1,2,....

Recall that for a linear operator A on a finite dimensional vector space,
the Hilbert-Schmidt norm is | A|| gs := /tr(AA*) (see Example 9.5.10).

Lemma 9.9.5 (Upper bound lemma) Let G be a finite group, u
a probability measure and denote by U the uniform distribution on G.
Then

™ = Ullry < i Yo dotr ([A(p)* ([E(p)])*) - (9.45)
PG\ {1c}

Proof From the Cauchy-Schwarz inequality we deduce that [|u** —
Ulrv < 3|G|||p** — U||>. By Plancherel’s formula (3.20), and the fact

that U(p) = 1 if p = 1, the trivial representation and vanishes other-
wise, the last term equals %Zpeé\{m} dotr ([(p)]*([1(p)]*)F). O

Proposition 9.9.6 Let G be a finite group and v a probability measure
with support A = {g € G : u(g) > 0}. Then the following conditions are
equivalent:

(a) Ga =G.
(b) There is k € N such that G = AA--- A with k factors.



9.9 Fourier transform of a measure 317

(¢) For any nontrivial irreducible representation p one has

()| rrs — 0 as k — oo.

(d) Denoting by U the uniform distribution on G one has

|** = Ullrv — 0 as k — oo.

(e) The corresponding Markov chain is ergodic.

Proof The equivalence (a)<(b) follows from Lemma 9.9.2.
(b) is equivalent to (e) by definition of ergodicity: indeed we have (P
is the stochastic matrix associated with the measure p, namely p(g, h) =

u(g~'h))

P is k-ergodic < p(k)(g, h)>0foral g, he G
by the G-invariance of P <= p®(1g,h) > 0 for all h € G
<« u*(h)>0forallhe @
<~ supp u?* =G
by the previous exercise <= A* = G.

(e) is equivalent to (d) in virtue of the ergodic theorem (Theorem 1.4.1);
observe that in this case the (unique) stationary distribution is given by
the uniform distribution U = 1/|G].

(c) © (d): recall that the norms || - |7y and || - [|1(g) are equivalent

(G is finite and - v = L1+ i@y < YA |1 Lo < VG ).
Therefore ||p** — Ullpy — 0 if and only if [|p*™* — Ullyq) — 0, as
k — oo. With the same arguments as in the upper bound lemma
(Lemma 9.9.5) we have ||u** — U () — 0, if and only if ||7(p)*[|%,s =
tr ([a(p))*([1(p)]*)*) — 0 as k — oo, for all nontrivial representation
pE G. |

Exercise 9.9.7 Suppose that G is a finite abelian group. Let p be
a probability measure on G and denote by A its support. Prove that
the following assertions are equivalent (we use additive notation for the
operation on G).

(a) G(A — A) =G (in particular, Ga = G).
(b) Thereis a k € Nsuch that G = A+A+---+A with k summands.
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(b’) There are no proper subgroups H of G and go € G such that
ACgy+ H.

(¢) For any nontrivial character x, one has |(x)| < 1.

(d) Denoting by U the uniform distribution on G one has

| = Ullrv — 0 as k — oo.

(e) The corresponding Markov chain is ergodic.
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Basic representation theory of
the symmetric group

This chapter contains a standard exposition on James’ approach to the
representation theory of the symmetric group. We follow the mono-
graphs by James [132] and Sagan [182]. See also Diaconis [55] and
Sternberg’s [212] books. The most complete reference on the subject
is the book by James and Kerber [134]. Sections 10.6 and 10.7 are
based on Diaconis’s book [55]. Section 10.8 is an introduction to Stan-
ley’s paper [201]. See also Sagan’s book [182]. In Section 10.9 we prove
a characterization of the irreducible representations of the symmetric
group due to James; we follow the elementary proof in [187].

10.1 Preliminaries on the symmetric group

In this section we recall some elementary facts on the symmetric group
(see, for instance, the algebra books by Herstein [120], Hungerford [123]
and M. Artin [6]).

For n > 2, we denote by S,, the symmetric group of degree n, that is
the group of all permutations of the set {1,2,...,n}.

A permutation v € S, is called a cycle of length d, and we denote it
as vy = (a1,a2,...,aq), with 1 <a; #a; <nforl1<i#j<d,if

’7(a1) = az, ’Y(az) = as, ~-~7’Y(ad—1) = Qad, W(Gd) =a
and

~v(b) =b if b # a; for alli’s.

Two cycles v = (a1, a2, . ..,aq) and 8 = (b1, ba, ..., by ) with {ay, as, ...,
agy N{b1,ba,..., b} = 0 are said to be disjoint. It is clear that any
two disjoint cycles commute (v = #7) and that any permutation can
be uniquely expressed as product of pairwise disjoint cycles. We call the

319
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type or the cycle structure of a permutation the sequence of the lengths
(in decreasing order) of its cycles. In other words, if

™ = (a1,a2,...,am)(b1,b2,...,bM2)~-~(c1,c2,...,cM)

with g > g > -+ > g, and disjoint cycles, the type of 7 is (1, po, . . .,
ux) (and we suppose that pg + pa + - - - 4+ pp = n, that is also the trivial
cycles, i.e. the points fixed by 7, are included in the cycle structure).

The following problem was presented to us by Adriano Garsia who,
in turn, heard it from Richard Stanley. We thank Richard Stanley for
addressing Peter Winkler’s home page and to the latter for kindly giving
us the permission to reproduce it here.

Exercise 10.1.1 (The prisoners’ problem [230]) There are 2n pris-
oners senteced to death. The director of the prison decides to give them
a “last chance” of survival. Each prisoner has a “registration number”
between 1 and 2n assigned. These numbers are placed into 2n boxes,
one number inside each box, and the boxes, numbered from 1 to 2n, are
placed in a room. The prisoners (all together) have their lives saved if
and only if each of them finds his own registration number according to
the following rule. Each prisoner, one at a time, is led into the room.
He may open at most n boxes (i.e. the half of them) and has to leave
the room exactly as he found it. He cannot communicate with the other
prisoners after he has visited the room. The prisoners, however, have
the possibility to plot together a strategy in advance. Find a strategy
which would ensure them a probability of survival exceeding 30%.

Comment. Note that if no strategy is established, so that each prisoner
opens at random n boxes, then their probability of survival is exactly
(1/2)2" which is almost zero. On the other hand, if n = 1, so that there
are exactly two prisoners and two boxes, the strategy for which prisoner
1 opens the box i, i = 1,2, gives a 1/2 probability of survival.

As usual in group theory, two elements n and 7" in S,, are conjugate if
there exists m € S, such that 797 ~! = '. It is clear that conjugacy is
an equivalence relation; we call the conjugacy class of an element 1 € S,
the class {mn7m~!: 7 € S,} containing 7.

Before stating the following lemma we need the following definition.
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Definition 10.1.2 Let n be a positive integer. A partition of length h
of n is an ordered sequence of positive integers A = (A1, A2..., \p) such
that Ay + Ao+~ Ap =nand Ay > Ao > -+ > A, We use the expression
A F n to say that A is a partition of n.

For instance, the cycle structure of a permutation w € S,, is a partition
of n.
We have the following remarkable fact.

Lemma 10.1.3 If 0 = (aj,a2,...,aq) - (b1,ba,...,by) is the decom-
position into disjoint cycles of 0 € S,,, then, for all m € S,, one has that

70r ! = (1(ay), m(az), ..., m(aq)) - (w(by), m(ba),...,w(bg)) (10.1)

is the decomposition into disjoint cycles of the conjugate mOm—!.

Proof Observe that w0~ !(w(z)) = m(0(x)) for all z € {1,2,...,n}.
Therefore, the cycle (aj,as,...,aq) = (a1,0(a1),...,09 (ay)) of the
permutation 6 corresponds to the cycle (w(ai),w(az),...,n(aq))
of mr—1. |

Corollary 10.1.4 Two permutations are conjugate if and only if they
have the same cycle structure. In particular, if C,, denotes the set of all
permutations that have cycle structure p = n, then the map p— C, is a
bijection between the set of all partitions of n and the conjugacy classes
m S,.

There is another way to write a partition of n. If u = (1, p2, - -, pug) b
n, we can represent it in the form (1",2"2,...,n™) where r; denotes
the number of ¢ € {1,2,...,k} with u; = j, 7 = 1,2,...,n. Thus,
ry 4+ 2ry + - -+ + nr, = n. Usually one omits the terms of the form "™
with r; = 0 and simply writes i instead of i'. For instance, the partition
(7,5,5,4,4,4,1) I 30 may be also represented in the form (1,43,52,7).
Analogously (1,1,---,1) F n is represented by (1™).

Proposition 10.1.5 Let p = n with p = (1,272, ... n"™) and denote
by C,, the corresponding conjugacy class. Then

n!

‘Cu| =

7“1!17”17"2!27"2 <. ~rn!n’°n '
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Proof S,, acts transitively on C,, by conjugation: C, 3 o — mon~ ! € C,
for all m € S,,. If 0 € C,,, then the stabilizer of ¢ in S, is the subgroup
Zy = {m € S, : mor~! = o}, which is nothing but the centralizer of
o in S,. From Lemma 10.1.3 it follows that = € Z, if and only if: (a)
for j = 1,2,...,n it permutes among themselves the cycles of length
j and/or (b) it cyclically permutes each cycle of o.

Now, for each j, (a) may be performed in r;! different ways, while, for
each cycle of length j, (b) can be performed in j different ways. Alto-
gether we get |Z,| = 117751272 - .. In"™ . Finally, |C,| = |Sn|/|Z5] is
as we wished to prove. |

With A = (A1, A2, -+, A) F 1 we associate the group
Sx =5 X Sx, X0 XSy,

which can be naturally embedded into S,: if {1,2,...,n} = [/~ 4;
with |A4;] = A;, is a partition of {1,2,...,n}, then we may regard S
as the subgroup Sa, x Sa, X Sa,,, where Sy, denotes the group of all
permutations of A;. This is clearly a subgroup of Sy: (w1, 72, ..., Tm) €
Sa, X Sa, xSa,, is the same thing as the permutation mymy - - - 1), € Sy,

A subgroup of this type is called a Young subgroup of .S,, corresponding
to Ak n.

m?

Remark 10.1.6 Note that we write the permutations on the left of the
permuted object, that is, if v € S, and ¢ € {1,2,...,n}, the y-image
of i is (). As a consequence, the product of nondisjoint cycles is as in
the following example: (1,2,5)-(1,2,4) = (1,5)(2,4), that is, the second
cycle on the left hand side sends 1 — 2 and the first one 2 — 5, and so
on. This agrees with the convention in Hungerford [123]. On the other
hand, Herstein [120] writes the permutations on the right and therefore,
in that book, one finds (1,2,5) - (1,2,4) = (1,4)(2,5).

Exercise 10.1.7 (1) Show that .S, is generated by the set of all trans-
positions.

(2) Show that S,, is generated by the transpositions (7,7 + 1) for i =
1,2,....n—1.

10.2 Partitions and Young diagrams

With a partition A = (A1, A2,...,Ax) F n one associates its Young di-
agram, namely an arrangement (from left to right and from the top
to the bottom) of n squared boxes in k left-justified rows, the ith one
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containing exactly A; boxes. In other words, the first row contains A\;
boxes, the second row \; boxes, with the ith box of the second row
below the ith box of the first row and so on. For instance, the Young
diagram corresponding to the partition (4,4,3,1,1) - 13 is

4
4

1
L1
A=(4,4,3, 1,1

Figure 10.1.

Also, rows and columns are numbered as rows and column of a matrix.

Note that in the diagram of A\ there are ¢ := A; columns and the
jth column contains exactly A; = [{i : \; > j}| boxes. The conjugate
partition A’ of A is defined by X = (A}, A, ..., A}). Clearly its associated
Young diagram is obtained by transposing the Young diagram of A.

AN A A AL A Ak
Ay ‘ A
A2 A
H
A
M

A=A Ags oo Ap) X=(} A, .0 A

Figure 10.2.

We now introduce a partial order on the set of all partitions of n.

Definition 10.2.1 Let A = (Aq, Ao, ..., Ap) and p = (u1, 2, - . -, k) be
two partitions of n. We say that u dominates A and we write

if k < h and

for{=1,2,...,k.

For instance one has (3,2,2,1) < (4,3,1). It is clear that < is a partial
order relation and the partitions (1,1,...,1) and (n) are the minimal
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and maximal elements, respectively. The order is not total: there exist
elements that are not comparable. This is the case, for instance, for the
partitions A = (3,3) and p = (4,1, 1).

Suppose that A and p are partitions of n. We say that u is obtained
from A by a single-box up-move if there exist positive integers a and b
with @ < b such that pu; = A; for all i # a,b and p, = Ay + 1 and
Ap = pp— 1. Tt is also obvious that if 4 is obtained from A by a single-box
up-move, then A < pu.

Lemma 10.2.2 Let A and p be two partitions of n. Then p dominates
A if and only if there exists a chain

AOﬂAlﬂ"'ﬂAs_lﬂ)\s

where \° = X\, X\* = pu and N't! is obtained from \' by a single-box
up-move, 1 =1,2,...,8 — 1.

Proof We only prove the nontrivial implication. Suppose A= (A1, Ag, .. .,
Ap) is dominated by p = (p1,p2, ..., k) and A # p. Set p; = 0 for
j =k+1,k+2,...,h. Denote by s the smallest integer such that
i1 A < >o0_ 4 pi and denote by ¢ the smallest integer such that p;, <
A¢. From the definition of s we have

251 :>\1; H2 :AQ""7M371 :Asfla/is > As. (102)

It follows that t > s. We define v as the largest integer v > ¢ such that
Ay = A¢. Then we can add to (10.2) other relations:

(10.3)

Wi > A i=s+1,s+2,...,t—1
M= > >p i=t+1L,t+2,... 0.

We define \ as the partition of n obtained from A by the following
single-box up-move:

X = (>\17>\27 c '7)\5—17>\s + 1,)‘5—0—13 c '7)\1)—17)\1) - 1,)‘1)—0—17 c '7)\h)-

N |)‘1 ]/\1 m
s — )‘s+l 4 Hs
A - Ky
A A—1 Hy
A A
A=A, X, s Ap) A=y Mgy ooy A) = (pigs Hgs <oy fg)

Figure 10.3.
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Clearly, X is still a partition: A\,_; = s—1 > s > Ag yields Ag_q
As +1and A\, > Ayqq yields Ay, > Apy1 + 1.

v

We now show that A < p. Clearly, it suffices to prove that Sy i
Soi Ay forz=s,s+1,...,v—1, equivalently that >, p1; > > ;1 Ai,
for the same values of z. From Y., ,p; > >7_ ;A and from (10.2)

Y

and (10.3) it follows that the quantity Y, ui — >, A; is positive for
z = s and z = v — 1, not decreasing for s < z < t — 1, decreasing for
t < z <wv—1. Therefore it cannotbe Y ;_, p; = >, Ajfors <z <wv-1
and A < p.

Finally, one can take A\! = X and iterate the procedure until one
reaches p. |

10.3 Young tableaux and the Specht modules

Definition 10.3.1 Let A be a partition of n and consider the corre-
sponding Young diagram D). A Young tableau of shape A (or, simply, a
A-tableau) is a bijection ¢ of the set of n boxes of D, into {1,2,...,n}.
We denote by ¢; ; the number corresponding to the box in the ith row
and jth column and by T the set of all A-tableaux.

Example 10.3.2 If n = 3 and A = (2,1) we have the following A-
tableauz.

1]2] 13 2] 2]3] 3]1] 3]2

3 2 3 1 1

1 t t ty ts te
Figure 10.4.

It is clear that for any partition A F n the number of A-tableaux is
|T)\| =nl

For A F n we now define an action of S,, on T by setting, for all
meS, and t e Ty,

(w[t])i; = m(tsj)-
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Example 10.3.3 For example, if n = 3, A = (2,1) as above and with
7 = (1,2) we have:

2] 1] 2] 3] 1]2] 1[3] [3]2] 3[1]
3 [ 3 2] L] 2]

w(t;) 7(tp) w(t3) m(1y) 7(ts) 7 (tg)

Figure 10.5.
‘We note that this action is transitive.

Lemma 10.3.4 Let A, u = n be two partitions of n andt € Ty and s € T),
be two Young tableaux. Suppose that, for each row i of t, the elements
{ti1sti2, ..., tix} belong to different columns of s. Then A < p.

Proof As the elements of the first row of ¢ belong to different columns
of s we necessarily have A\; < p;. Now, given three elements from the
first two rows of ¢, as two of them are necessarily in the same row and
therefore belong to different columns of s, we have that these three
elements cannot belong to a single column of s. In other words, every
column of s contains at most two elements from the first two rows of ¢.
Up to permuting the elements in each single column of s, we may suppose
that the elements corresponding to the first two rows of ¢ belong to the
top two rows of s. This shows that A\; + A2 < p1 + pe. Analogously,
iterating this argument, each column of s contains at most i elements
from the first i rows of ¢ showing that Ay +Xo+-- -+ X; < py+po+- -+
and this completes the proof. |

Definition 10.3.5 For any set A denote by S4 the group of all permu-
tations of A. Let A = (A1, A2,...,An) F n be a partition and ¢t € Ty a
tableau. For 1 <¢ < h and for 1 < j < k:= A, let R; = R;(t) = {t;; :
J=1,..., N} and Cj = C(t) = {t;j : i = 1,..., A} (where X' is the
conjugate of \) denote the sets of numbers in the ith row and in jth
column of t, respectively. Then the Young subgroups

Rt = Sgr, X Sg, X -+ x Sg, and Cy =S¢, xSc, x -+ x8Sc,

are called the row-stabilizer and column-stabilizer of t, respectively. More-
over, given ti,to € T) we say that they are equivalent and we write
t1 ~ to if R;(t1) = R;(t2) for all 1 < i < h, that is if each row of ¢ con-
tains the same elements of the corresponding row in to. This is clearly
an equivalence relation; the equivalence class of ¢ is called a A-tabloid
and it is denoted by {t}. We denote by T, the set of all A-tabloids.
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We can also think of a tabloid as a tableaux with no order within the
rows. That is,

58] 18 25 3
467 74 6
te Tis3 {t}e Ts3
Figure 10.6.

where in the diagram of ¢ the sets {1, 2, 3, 6,8} and {4, 5, 7} are unordered
(they are viewed just as subsets of {1,2,...,8}).

Observe that the action of \S,, on T’ induces a transitive action on the
A-tabloids, namely 7{t} = {wt}, as clearly t; ~ to infers m(¢;) ~ 7(t2)
for all t1,to € T\ and ™ € S,,. It is also clear that the stabilizer in S,
of a tabloid {t¢} is nothing but the subgroup R;. Thus the number of all
A-tabloids is

[Sn]  n!

(5: = — = —
ITA| Rl

where for A = (A1, A, ..., Ap) F n we use the notation Al = AqlAa!--- Al

Definition 10.3.6 For \ I n denote by M* = L(T)) the permutation
representation of .S, induced by the action on the A-tabloids.

Example 10.3.7 Consider the partition (n — 1,1) - n. Clearly there
are #'1)' = n distinct (n—1, 1)-tabloids: these are uniquely determined
by the unique element in the second row.

2 3 n 1 3 n 12 - n-1
1

Figure 10.7.

Thus, M™~ 11 is isomorphic to the space L({1,2,...,n}) of all complex
valued functions on {1,2,...,n}.

More generally, for k < n/2, a (n—k, k)-tabloid is uniquely character-
ized by the k numbers appearing in its second row. This way, M™%k
is isomorphic to the space of all complex valued functions on the space
of all k-subsets of {1,2,...,n}; see Chapter 6 on the Johnson scheme.
Analogously, for &k < n, a (n — k,1,...,1)-tabloid is determined by the
ordered k-tuple consisting of the numbers appearing in the last k rows.
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This way, M(™~%1-1) is isomorphic to the space of all complex valued
functions defined on the set of all ordered k-tuples of distinct elements
in {1,2,...,n}; see also Section 3.14. In general, ¥ is isomorphic to the
S,-homogeneous space S, /(Sx, x Sy, X -+ x Sy, ) and M? is isomorphic
to the corresponding permutation representations.

With a A-tabloid {t} we denote by eg;; € M* the Dirac function at
{t}. Clearly, {{t} : t € T,} is an orthonormal basis for M*. Here
we adopt a slight change of notation (more similarly to that adopted
in the literature relative to the representation theory of S,; see for
instance [132, 182]). Indeed, a function f € M? will be seen as a
linear combination } ¢, cc f({t})eg;. The permutation representa-
tion of S, on M?* will be written in the form: ey = €{nyy and
Tf = 71X yex, [{tHew) = Xpyex, f({tHegry, which is cleary
equivalent to saying that (7 f)({t}) = f(x~1{t}).

Let now ptnandt € T,. Weset Ay =3 . sign(m)m, where sign is
the character of S,, given by sign(7) = 1 if 7 is an even permutation and
sign(m) = —1 otherwise (see Exercise 3.4.5). If A is another partition of
n we can think of A, as a linear operator A; : M* — M? by setting

Aseggy = Y sign(m)eqns (10.4)
TeCt

for all s € T. In other words, A; corresponds to the element f of the
group algebra L(S,,) given by f(w) = sign(w) if # € C; and f(7) =0
otherwise. Moreover (10.4) is its natural action on M?.

The linear operator A, : M* — M?> is symmetric: indeed,

(Au,v) Z sign(m)mu, v) = Z sign(m) (u, 7~ ) = (u, A)

weCy weCy

for all u,v € M?, where the last equality follows from the fact that
sign(m 1) = sign(7) and that (Tequy, eqp)) = (efu}, T tefu})-

Definition 10.3.8 Let ¢ be a A-tableau. The polytabloid associated with
t is the vector e; in M* defined by

ey = Ate{t}. (105)
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Example 10.3.9 Let A = (n — 2,2) I n. Consider the A-tableau

1 2] - | a2

n—-1|n

t=

Figure 10.8.
Then, its column stabilizer is Cy = S{1,,—1} X Sf2,n} and therefore
Ai=1-(1n-1)+1,n—1)(2,n) —(2,n).
Correspondingly, the associated polytabloid is

€t = €{t} — €{t,} T €{ta} — {15}

where
n-1[21 .- ‘ n-2 | n-1|nj|--- | n-2 ‘ 1 ni--- ‘n—2 |
1 1 2 n-112
f ty f3
Figure 10.9.

Lemma 10.3.10 For a polytabloid e; and a permutation m € S, one
has

T = €xt. (10.6)

Proof Let A be a subset of {1,2,...,n} and denote by S, (A) its sta-
bilizer in S,. Since every element of S, (A) is a product of its cycles
we have, in virtue of (10.1), that 75, (A)7~! = S,(7A) for all 7 € S,,.

Thus for every m € S,, we have 7Cym ' = Cry and
e =T ( Z sign(w’)eﬂz(t)> = Z sign(7)meq (1)
7 eCh e,
= Z sign(7')ernr (1) = Z sign(m ™ o) ern—10mie))
' eCh 0€C
= eﬂ—{t}.

O

Definition 10.3.11 For A - n we define S* as the subspace of M?*
spanned by all the A-polytabloids. S* is called the Specht module asso-
ciated with A.

Note that, in virtue of the previous lemma, any Specht module S*,
A n, is S,-invariant.
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Lemma 10.3.12 Let A, i = n be two partitions; let t € Ty and s € T},
be two tableaux. Suppose that there are two numbers belonging simul-
taneously to the same row of s and to the same column of t. Then
Ate{s} =0.

Proof Let a,b € {1,2,...,n} denote the two numbers as in the state-
ment. Then we have

(1—(a,b)) eqsy = eqsy —egsy = 0.

On the other hand, {1, (a,b)} is a subgroup of C;: denote by {~1,...,7.}
a set of representatives for the corresponding left-cosets. We then have

Atersy = Z sign(m)eq sy = ZSign(%‘)% (1—(a,b))egsy = 0.

TeCt i=1

O

Corollary 10.3.13 Let A, pu = n be two partitions; lett € T\ and s € T},
be two tableauz. Suppose that Ajersy # 0. Then A > u. In particular, if
in addition, A = p one has Arefs) = tey.

Proof From the previous lemma we immediately have that the elements
belonging to a given row of s necessarily belong to different columns of
t. In virtue of Lemma 10.3.4 we deduce that A > pu.

Now suppose, in addition, that A = . We show that there exist two
elements o € R, and 6 € C} such that 0s = 6t. Let s1,1,51,2,...,51,), be
the elements of the first row in s. As they belong to different columns in
t, thereis o1 € Cysuch that {s1,1,51.2,...,51.0 ={(01t)1,1, (1t)1,2, ..+,
(01t)1,2, } Let then 61 € Sy, < R, besuch that (01s)1,; = (01t)1,; for all
j’s. Repeating the same argument for the part of the tableaux ;s and
o1t below the first rows, respectively, we obtain elements 6; € Sy, < R,
and 0; € C; (fixing the first ¢ — 1 rows of t), 4 = 2,3,...,h, so that o =
op---0201 € Rg and 0 = 0y, --- 05601 € C; are the right permutations.

Thus, {s} = {os} = {0t} = 0{t} and ey} = eggyy = fegyy so that

Aregsy = Z sign(m)mheryy = sign(0) Azeqyy = sign(f)e;.
TeCy

O

Lemma 10.3.14 Let t be a A-tableau and f € M*. Then there exists
c € C such that A, f = cey.
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Proof By linearity it suffices to prove the statement in the case f = ey
where s € Ty; but then, in virtue of the previous corollary (with A = p),
we have that

A f = cey, with ¢ € {1, -1}.
U

Theorem 10.3.15 (James’ submodule theorem) Let W be an S,-
invariant subspace of M>. Then S is contained either in W or in
its orthogonal complement W+. In particular, S* is an irreducible
representation of S,.

Proof Suppose that for all f € W and for all s € T one has Asf = 0.
Then

0= <Asfa e{s}> = <f7 A86{5}> = <fa es>

so that W < (SA)L.
On the other hand if there exist f € W and s € T such that A,f # 0
then, as A, f clearly belongs to W, from the previous lemma we deduce
that also e, € W. As for every tableau t € T there exists 7w € S,, such

that s = t and thus, by Lemma 10.3.10, mes; = e, one deduces that
e; € W and therefore S» < W. ]

Proposition 10.3.16 Let \,u F n be two partitions and F €
Homg, (M*, M*), F # 0. If S* ¢ ker I then \ > u. Moreover if
A= p then Flgr = cl|gr.

Proof Noticing that ker F' is Sp-invariant, the condition S* ¢ ker F
infers, by previous lemma, that ker F' < (Sy)*+. It follows that for t € T,
one has

AtFe{t} = FAte{t} = Fet 75 0. (10.7)
Now, Fey) is a linear combination of p-tabloids and therefore there
exists s € T, such that Asersy # 0. In virtue of Corollary 10.3.13 we
deduce that A > pu.

If A = p, then, by (10.7) and Lemma 10.3.14, we have Fe; = ce; with
c € C so that, for 7 € S,

F(eqt) = F(mer) = nF(er) = meer = ceny

showing that F|gx = ¢1|gx. O
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Corollary 10.3.17 If Homg, (S*, S*) # {0} then A\ > p.

Proof Let 0 # F' € Homg, (S*,S*). We denote by F its extension
F : M» — M* obtained by setting Flgyyr = 0. Then 0 # F €
Homg, (M*, M*) and the previous proposition yields the proof. |

Exercise 10.3.18 Prove that dimHomg, (S*, M*) = 1.

Theorem 10.3.19 Let A\, i - n be two partitions. If X # p then S» o
Sk,

Proof Suppose S* ~ S®. Then Homg, (S*,S*) # {0} and therefore,
by the previous corollary A > p. By symmetry we also have p < A and
therefore A = p. UJ

We are now able to state the main result of this section.

Theorem 10.3.20 The set {S* : X  n} is a complete list of all
irreducible representations of Sy, .
Proof Observe that

|partitions of n| = |conjugacy classes of S,| = |§;|

and, since by the previous theorem the S*’s are pairwise nonequivalent,
the statement follows. O

Remark 10.3.21 As the polytabloids are linear combinations of tabloids
with integer and therefore real coefficients, we have that S* is a real
representation (cf. Corollary 9.8.22).

Corollary 10.3.22 Let P(n) be the set of all partitions of n and g\n the
dual of Sy,,. Then the map

P(n) 3 A S* € 8, (10.8)
has the following properties:
(1) S)\ S M)\;
(ii) if S* < MW then X\ > p.

Moreover, (10.8) is uniquely determined by the above properties.
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Proof Clearly S* < M* (with multiplicity one by Exercise 10.3.18). If
S* is isomorphic to a sub-representation of M*, then there exists F' €
Homg, (M*, M*) with S* £ ker F and, by Proposition 10.3.16, A > p.

If P(n) > A = V* € 8, is another map satisfying (i) and (ii) then,
clearly, V(") = M = §(")  Suppose that there exists p € P(n) such
that S* # V#. We can suppose that p is maximal with respect to >
so that S* = V> for A > u. Decomposing M* and keeping in mind
property (ii) we get a contradiction. O

Exercise 10.3.23 With the notation of Chapter 6, directly verify that
the polytabloids e; € S™~%*) are in the kernel of the operator d defined
in (6.2), namely de; = 0.

10.4 Representations corresponding to transposed tableaux

Consider the partition (1,1,...,1) F n which we shall simply denote by
(1™). For each (1™)-tableau t one clearly has R, = {1} and C; = S,,.
Moreover, given any two tableaux t,s € T(1n) there exists m; € S, such
that m;s = t and therefore for the corresponding polytabloids we have

er = Z sign(m)megy = Z sign(m) ey = sign(m)es.
TESy TESy

In other words the irreducible representation S(1") is one-dimensional
and it is equivalent to the sign representation: meys = sign(m)es.

Theorem 10.4.1 Let A - n and denote by N its transposed partition.
Then

SN = §r » s,

Proof Let t € Ty and denote by ' € Ty the corresponding transposed

tableau.
117
8 |4
215 1 613
o 1
13|
1€ Tpoon reTis3

Figure 10.10.
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Clearly Ry = C; and Cy = R;. Consider the operators

Ay = Z sign(m)m  and By = Z T

weCyr TER,

and denote by u a vector spanning the one-dimensional space of the
representation S(*"). Consider the map 6 : M* — $* @ S1") given by

0(776{15’}) = WBt/(e{t} ®U,) =TT (Z ae{t} ® au)

oeCy

=7 ( Z sign(o)oegy ® u> =7(e; @ u) = (me, ® u)sign(m)

oceCy

for all 7 € S, and extending by linearity. We observe that 6 is well
defined. Indeed if myeqyy = moeyy with w1, o € S, then on has wglwl S
Ry and therefore m By = w9 Byr. Moreover 6 is surjective and commutes
with the action of S,,. Indeed, for all w, o € S,, one has

O(omeqiy) = (omey @ u)sign(o)sign ()
= o((me; ® u)sign(m)) = o (O(megery))-

The image of ey under 0 is given by

Oer) = 0( ) sign(m)meqyy)

weCys

= 3 sign(mo(rer)

TER:

Z Ter Qu

TERy
= (Btet) X Uu.

Since <Bt€tae{t'}> = <let7Bte{t’}> = <€t, |Rt|6{t/}> = ‘Rt| 7& 0 one has
0(es) # 0. Therefore S* ¢ ker® so that, in virtue of Theorem 10.3.15,
kerf < (S*')L. We then deduce the following relation

dimS* = dim(Im#) = dimM?> — dim(ker ) > dimM* — dim(SX)l
= dimS". (10.9)
With analogous arguments we have dimS* > dim(S*)") = $*. Substi-

tuting this last inequality in (10.9) one obtains dim(ker §) = dim(S*")*.
Thus ker § = (S*)* and 6 is an isomorphism. This ends the proof. [
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Corollary 10.4.2 Under the same hypotheses of the preceding theorem
one has xx(m) = sign(m)xa(7) for all m € S,. In particular dy = dy
and, for all transpositions T € Sy, xx(7) = —x (7).

Proof In virtue of Lemma 9.1.5 for all © € S,, we have

X (1) = X(am) (m)xa () = sign(m)xa (7).

In particular, for 7 = 1 one has dy = dy, while if 7 is a transposition
XA(T) = =X (7). O

10.5 Standard tableaux

Definition 10.5.1 Let A\ - n be a partition. A tableau ¢t € T) is
standard if the numbers in each row and in each column are growing
from left to right and from the top to the bottom, respectively. The
polytabloid e; corresponding to a standard tableau ¢ is also called a
standard polytabloid.

Example 10.5.2 For n = 8 and A = (5,3) consider the following A-
tabloids.

58] 1827163
467 7]4]s5
te Tis3) s€ Tis3)

Figure 10.11.

Then t is standard while s is not.

Theorem 10.5.3 The standard A-polytabloids constitute a basis for
SX. Thus, the dimension of S* equals the number of all standard \-
polytabloids.

The proof of the theorem is divided into two parts: in the first part we
show that A-polytabloids are independent (Corollary 10.5.9) while in the
second one we show that they span S* (Theorem 10.5.12).

Definition 10.5.4 Let n be a positive integer. A composition of n is an
ordered sequence a = (ay,as,...,a;) of nonnegative integers such that
a1 4+ as + - -+ + ar = n. The numbers a; are called the parts of a.



336 Basic representation theory of the symmetric group

Note that a partition A - n is therefore a composition (with the weakly
decreasing and positivity conditions on its parts) but, clearly, not vice
versa. For instance, (5,4,1) is a partition of 10, but (5,2, 3) is simply a
composition of 10.

With a composition one associates, in analogy with the partitions, the
Young diagram and the tableaux and one defines the dominance order
of two compositions by comparing the first ¢ parts, ¢ = 1,2, ... In other
words, if a = (a1, a2,...,ax) and b = (by,ba,...,by) are compositions
of n, then a > b means that k < h and Y ;_,a; > >.;_;b; for all
z =1,2,...,k. One can also extend the notion of a tabloid: if a =
(a1,as9,...,a) is a composition of n, then an a-tabloid or a tabloid of
shape a, is an arrangement of the numbers 1,2, ..., n into k rows, where
the ith row contains a; numbers and there is no order within each row.
For instance, given the composition a = (2, 3) of 5, then

15
2 43

Figure 10.12.

is an a-tabloid. We denote by ¥, the S,-homogeneous space of all a-
tabloids and by M® the corresponding permutation module. It is clear
that if A is the partition of n obtained by rearranging the parts of a in
a decreasing order, then T\ = ¥, and M* ~ M® as S,-homogeneous
space and as permutation module respectively. For instance M(17:5) =
M (51 a5 S 5-modules.

From now on, unless otherwise specified, we shall consider tabloids
associated with compositions, that is with a more general shape than
those associated with partition.

Given a partition A F n and a A-tabloid {t}, for each i € {1,2,...,n}
one denotes by {t'} the tabloid formed by all elements {1,2,...,i} in
{t} and by A\’ the composition which corresponds to {t'}. For example,
for n =5, A = (3,2) and the A-tabloid

2 5 4
ty= ———
{r} 3

Figure 10.13.
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one has
y w2 a2
{t} - L {t} - L {t} 1 3
A=, 1), N=(1,1) »¥=(,2),
B 2 4 2 5 4
' =""3 (£} = . 3
N=(2,2), X¥=(3,2)

Figure 10.14.

The dominance order on generalized tabloids is determined by the
dominance ordering on the corresponding compositions.

Definition 10.5.5 Let {s} and {¢t} be two tabloids with composition
sequences (A); and (u);, respectively. Then {s} dominates {t} (and we
write {s} > {t}) if X > p for all i’s.

Lemma 10.5.6 Let {t} be a tabloid and suppose that in {t} there exist
a < b with a in a lower row than b. Then {t} < (a,b){t}.

Proof Suppose that a appears in row r and b in row g with ¢ < r. Let
A= (AN, N, ) and pf = (pd, pb, .. .) be the composition series of {t}
and (a, b){t}, respectively. Then we have:

/\i:/ﬂ fori<aori>b
and
ph= (LAY AL AL —1,) fora <id<b.
Therefore we have ! > \* with strict inequality for a <1 < b. |
Suppose that f € M* and f = Z{t}eju F({t})eq. We say that egyy
(or {t}) appears in f if f({t}) # 0.

Corollary 10.5.7 Ift is standard and e(sy appears in eq, then {t} > {s}.
In other words {t} is the mazimum tabloid that appears in e;.

Proof If e(,y appears in e; = > . sign(m)meg,y then there exists
7 € Cy such that {s} = w{t}, and we may suppose that s = wt. A column



338 Basic representation theory of the symmetric group

inversion in s is a pair a, b in the same column such that a < b and «a is
in a lower row than b. If no column inversion exists, then s is standard
and necessarily s = t. Otherwise, applying the previous lemma one has
(a,b){s}>{s}. This way, the number of column inversion decreases, and
after a finite number of steps we get {t} > {s}. O

Lemma 10.5.8 Let vy, vs,...,v, be elements in M*". Suppose that for
each v; one can choose a tabloid {t;} appearing in v; such that {t;} is
mazimum in v; and the {t;}’s are all distinct. Then vy,va,..., vy are
independent.

Proof Up to a permutation of the indices we can assume that {¢1} is
maximal among the {¢;}’s. This ensures that {¢1} appears only in v;.
Suppose now that c;v1 + cova + - - - + ¢ vy, = 0. Then necessarily ¢; = 0
and cove + - - -+ ¢ vy = 0. Recursively repeating the previous argument
one gets ca = - -+ = ¢, = 0 and the statement follows. |

Corollary 10.5.9 Let A\ - n be a partition. Then the standard -
polytabloids are linearly independent.

Proof The statement follows immediately from Corollary 10.5.7 and
Lemma 10.5.8 applied to the standard tabloids {t}’s and their associated
polytabloids e;’s. 0

We now show that the standard polytabloids of shape A span S*.

Suppose that A and B are disjoint subsets of {1,2,...,n} and de-
note by S4,Sp and Sayup the corresponding symmetric groups. Then
Sa x Sgp < Saup. Moreover, if ¢t is a A-tableau, A\ - n, and A and
B are contained in different columns of ¢, then we can always choose a
transversal II for Sq x Sp in Saup (that is, Saup = [[,cn 7(Sa x SB))
in such a way that for any = € II the elements of AU B are increas-
ing down the columns of wt. Indeed, if II is any transversal, for any
7 € II we can choose o, € Sa x Sp such that o,7 € 7w(S4 x Sg)
and the above property holds for o,7t. Then we can replace II with
II' = {o7: 7w Il}.

Definition 10.5.10 Let ¢ be a tableau and let A and B be subsets of two
consecutive columns, say the jth and the (j + 1)st, respectively. Let II
be the set of transversals for S4 x S in Saup such that the elements of
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AU B are increasing down the columns of 7t. Then the Garnir element

associated with ¢t and A, B is ga,p = ) <y sign(m)m.

For example, for the tableau

1
t=|5|7]6
819

w
I

Figure 10.15.

choose A = {7,9} and B = {6,3} in the second and third column,
respectively. In this case we can take

II={1,(6,7),(6,9,7),(3,6,7),(3,6,9,7),(3,7)(6,9) },
so that the Garnir element is
gap=1—(6,7)4+(6,9,7)+(3,6,7) — (3,6,9,7) + (3,7)(6,9),

as the following picture shows:

2[3]4] [1]2]3]4] [1]2]6]4] [1]2]6]4] [1]2]7]4]

5|6 317 5 9 3
819 8|17 819 817 816
(6, Nt (6,9, Nt (3,6, Nt (3,6,9, Nt (3,76, 9)

Figure 10.16.

Proposition 10.5.11 Let t be a A-tableau and A and B as in the defini-
tion of a Garnir element. If |AU B| is greater than X (i.e. the number
of elements in the jth column of t), then g4 pe, = 0.

Proof We first show that

Z sign(m)mes = 0. (10.10)

TESAUB
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Let 0 € Cy. As [AU B| > )}, there exist a € A and b € B such that
a and b belong to the same row of ot. Thus (a,b) € Saup so that

Z sign(m)meqyyy = Z sign(7')7'[1 — (a,b)]efory

weSAuB 7/ ell’
= Z sign(w/)ﬂ’[e{c,t} — €{ot}]
' ell’
=0

where II' is a set of transversals in Syup for the subgroup {1, (a,bd)}.
Summing up over all elements in C; (with the corresponding sign), we
obtain (10.10).

By definition of the Garnir element we clearly have

Z sign(m)T = ga.B Z sign(n”) 7’

TESAuUB T'e(SaxSp)
so that (10.10) becomes
9A.B Z sign(m)7'e; = 0. (10.11)
7 €(SaxSp)

As Sy x Sg C (4, for 0 € S4 x Sp we have:

sign(o)oe; = sign(o Z sign(m)7]{t} =p=on Z sign(0)0]{t} = e4]

TeCy 0eC,

and therefore (10.11) becomes
9a.B[|Sa x Sple] =154 x Sg|[lga,ze] =0
and the statement follows. O

Given a tableau ¢, the same way as the associated tabloid is defined
by {t} = {nt: m € R}, we define the column-tabloid as [t] = {0t : 0 €
C:}. Replacing “row” with “column” everywhere in Definition 10.5.5 we
obtain a notion of dominance for column-tabloids. It will be denoted
with the same symbol > used before: it will be clear from the context
which ordering the symbol will refer to.

We are now in position to prove that the standard A-polytabloids
span S*.

Theorem 10.5.12 The set of all standard A-polytabloids spans S™.
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Proof Recalling that for o € C; and s = ot one has
es = oe; = sign(o)ey,

it suffices to prove that e; is in the span of the standard A-polytabloids
whenever ¢ has increasing columns. We proceed by induction with re-
spect to the dominance order for column-tabloids. It is clear that the
maximum element is standard: indeed it is given by numbering the cells
of each column from the top to the bottom and from the leftmost to the
rightmost column.

For example, for A = (4,3,2) I 9, the maximum element is

N

9]

Figure 10.17.

Let t be a A-tableau with increasing columns. By induction, we may
assume that all tableaux s with [s] > [t] are in the span of the stan-
dard A-polytabloids. If ¢ is standard there is nothing to prove. If it
is not standard, let j be the first column such that there is an entry
t;; greater than ¢; ;1. By assumption on ¢t we have t;; < t;41,; <

- < t)\;d' and tl,j+1 < t2¢j+1 < e < ti,1$]‘+1 < ti’jJrl. Setting
A= {ti,j7ti+1,ja~~~7t)\;,j} and B = {t1j11,t2511,- - tic1j+1,tijr1)
denote by ga,p = ) cpysign(m)m the associated Garnir element. Ob-
serving that [AU B[ = X} +1, by Proposition 10.5.11 we have ga pe; = 0
which we rewrite as

er = — Z sign(m)enrs. (10.12)

mell\{1}

Applying the column-analog of Lemma 10.5.6, one gets [nt] > [t].
Indeed, [nt] = o[t] where 0 = 01090 with the o;’s (commuting)
transpositions of the form o; = (a;,b;) where a; € A and b; € B. This
ensures, in particular, that a; > b; and that b; belongs to the column at
the (immediate) right of that of a;.

By induction, all terms in the right side of (10.12), and hence e; as well,
are in the span of the standard A-tabloids, and the proof is complete.

O
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Corollary 10.5.13 The set {e; : t standard A-tableau} is a basis for
SA. In particular the dimension dy of S\ equals the number of standard
A-tableaux.

Remark 10.5.14 If ¢ is a standard A-tabloid then its conjugate t' € T
is also standard. As a consequence dimS* = dimS». We have already
proved this fact in Corollary 10.4.2.

Example 10.5.15 We have the following identities (see also Exercises
3.14.1, 3.14.2 and Theorem 6.1.6).

(1) dim S=Fk) = (Z) - (kfl), for k < n/2;
(2) dim S—FdLe) — (1),

Proof (1) It is clear that an (n — k, k)-standard tableau is determined
by the elements in the second row. These form a k-subset of X =
{1,2,...,n}. Note that, however, not every k-subset is admissible: for
instance, one cannot take a subset containing either 1 or {2,3}. More
precisely, it is easy to see that a k-subset {i1,i2,...,ig}, with i; <is <
-+ < i, is admissible if and only if 47 > 2,99 > 4,...,i > 2k. Then
the following is a bijection between the nonadmissible k-subsets and the
(k — 1)-subsets of X:

{il,ig, .. ,Zk}l—> [{1,2, ..., 2h — 1}\{i1,i2, e ,ih}] U{i;z+1,ih+2, R ,ik}
(10.13)

where, still supposing i1 < iy < -+ <ip, h =min{j : i; <2j — 1} (and
therefore ip,_1 = 2h — 2 and i, = 2h — 1). For instance, if k = 3, then
{1,4,5} — {i,7}, {2,3,5} — {1,4} (for j > 3), {2,4,5} — {1,3} and
{3,4,5} — {1,2}. It follows that there are precisely (";1) nonadmissible
subsets.

(2) This is easy: any standard (n—k,1,1,...,1)-tableau is determined
by the elements in the first row: 1 is the first element, the other n —k—1
are arbitrary (in {2,3,...,n}). O

Exercise 10.5.16 Show that (10.13) is a bijection.

As regarding an estimate of the dimension dy of each S* we have the
trivial upper bound dx < v/n!l. Indeed as for any finite group G one
has 3 _ad2 = |G| (cf. Theorem 3.7.11) we have Y_,  d3 = [Sy| = n!
and therefore for each fixed A one has the asserted estimate. One can
improve this estimate as follows.
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Proposition 10.5.17 Let A = (A1, Ag,..., Ax) F n be a partition and
set A= (Aa,...,\x) Fn—A1. Then

dA§<;)dA§<;> (n— ). (10.14)

Proof Tt follows immediately that there are ( ;‘1 ) different ways to choose
the elements in the first row and than once the first row is settled one
has at most dy independent ways to fill up the remaining boxes of the
Young diagram of A (which indeed constitute the Young diagram of \).
Combining the previous two estimates, we get that dy < (/\"1) (n— X)L
O

Observe that it is not the case, in general, that a standard A-tableau
extends to a standard A-tableau.

10.6 Computation of a Fourier transform on the symmetric
group

Let T denote the set of all transpositions of .S,,.
Consider the probability distribution P on S,, defined by

L ifr=1
Pir)=4q% ifreT (10.15)
0  otherwise.

Observe that P is central, that is, it is constant on the conjugacy classes:
P = %51 + %1% where §; is the Dirac function at the identity element
of S,.

In virtue of Proposition 3.9.7, one easily computes its Fourier trans-

form with respect to any representation p of .S,,, namely

P(p) = (dl > P(w)xp(qr)> I= <dlpx"(1)i Y 7122)(121(:)> 7

P reS, TeT

_<1+"_1mm)1 (10.16)

n n

where r(p) = X;—(T) (which does not depend on 7 € T') and we have used

the facts that pr(l) = d, and the number of transpositions in S,, equals
n(n—1)/2.
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Moreover if U is the uniform distribution on S,, that is U(r) = 2; for
all T € S, we have

(10.17)

i I if p is trivial
0 otherwise.

As r(p) plays a prominent role in our further developments, we shall
establish an explicit formula for it. We first need an easy but useful
lemma.

Lemma 10.6.1 Let A = (A1, Ag,..., Ax) B n be a partition and denote

by X' = (A, Ay, ..., Ay,) its transpose. Then we have
k A1 )\/‘
d—Dhi=)] < 2]). (10.18)
i=1 j=1

Proof In the Young diagram of A fill up the first row with zeroes, the
second one with ones, and so on, so that in the last row is filled-up
with (k—1)’s. Summing up these numbers by rows and by columns one
obtains the left hand side and the right hand side of (10.18), respectivel%]

From now on, given a partition A = n, we denote by x\ and dj,
the character and the dimension of S*, respectively. Moreover we set
r(A) = in—(;) where 7 is any transposition in S,.

The aim of the next theorem is to compute r(\) for any partition

AFn.

Theorem 10.6.2 Let A = (A1, A\a,..., A;) Fn. Then

k
>N @2i— DA (10.19)

=1

r(A) =

n—l

Proof Let t be a A-tableau. Note that the characteristic function 1p
is a central element of the group algebra of S,,; in particular, it com-
mutes with A;. In the notation of the present chapter, convolution
becomes a formal product: 174, = > 7> o, Tsign(m) (see also
Remark 10.6.6).

We split T as follows: T' =T [[T2 [ [ [T\ (T1 U T»)] where T} = TNC;
and T, = T N R;. For 7 € T} one has

AT = Z sign(m)mT = Z —sign(y)y = —A;.
meC v€C
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Thus
AtTe{t} = —Ate{t} = —€¢.

Obviously if 7 € Ty on has A;7ery = e;. Finally, if 7 € T'\ (Ty N T)
there exist two elements x,y € {1,2,...,n} that belong to the same row
of 7t and to the same column of ¢. Indeed 7 = (a, b) where, necessarily,
a,b € {1,2,...,n} belong to different rows and different columns of ¢
therefore there exists an element ¢ which belongs to the same row of a
and the same column of b (or vice versa): then take z = b and y = ¢ (or
x = a and y = ¢, respectively). Therefore, by Lemma 10.3.12 we deduce
that Ayrer = 0.

We thus have

1Tet = lTAte{t} = AtlTe{t}

= Z Atre{t}

TeT
= Z AtTe{t} + Z AtTe{t} + Z AtTe{t}
T€TL TET: TET\(T1UT?)
= —|Tiles + |Tz|es
[ A
A N,
[0 20
_z=1 j=1
[ k
Ai .
_ (2) _;(1_ DA e

2 - 2i— A e

M- M-

~
Il
—

N =

where in the last but one identity we used the previous lemma.
We have already seen in (10.16) that

ir () = (; > 1m<7r>> = (5)4Rr

TES,

But the Fourier transform iT(pA) coincides with the eigenvalue of the
operator 1p = ) __, 7 restricted to S * and the formula of the theorem
holds. U

Corollary 10.6.3 Let A\, u - n be two partitions. If A> u then r(\) >
r(p).
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Proof In virtue of Lemma 10.2.2 it suffices to prove the statement in the
case where A is obtained by p by a single-box up-move. Thus suppose
that there exist a,b with b > a such that

Ao =pa+1, Xp=pp—1and \. = p,

for all ¢ # a,b. Therefore one has
1

rN) =) = e 1)[A2 — (20— 1A+ A2 — (2b— 1)Ap — 12
+ (20 = Vg — pi + (2b — 1) ]
=ﬁ[ua—ub+b—a+1]
Zﬁ>0

where the last but one inequality is due to the fact that u, > up. Note
that these facts continue to hold true even in the limit case A\, = 0. [

Lemma 10.6.4 For A = (A1, Ao, ..., \x) F n one has
(i) r(A) < 35
(i) r(A) < 1 — 202G G ) > /2.

Proof (i) We have: i i
r(A):ﬁZ[AE (2= DA) € s SO~ )

i=1 =1

x>

)\1 -1 )\1 — 1
n(n — 1 Z As =
(ii) We trivially have (A\,n — A1) > A. Thus, from the previous
corollary we have
r(A) <r(A,n— A1)
1
=——— (AT = A +n® —2n\ + A7 — 3n+3)\)
n(n —1
~n(n—1)+2(M\ 4+ X —nA —n) 1 2(n— M) (A1 + 1)
B n(n —1) N n(n —1) '

O
Corollary 10.6.5 Suppose that for A+ n one has r(\) > 0. Then

n—1 AL for all X\ n
- ’"()‘)|<{1_2(n—k;>2(k1+1) if > 2.

1
|=+
n



10.6 Computation of a Fourier transform 347

Remark 10.6.6 In the following exercise, an element f of the group
algebra L(S,) will be identified with the formal linear combination
> -res, J(m)m; compare with the definition of A4; in Section 10.3. This
way, the convolution of two elements } g armand ) .5 byo is just

the formal product > ¢ (Zﬁ%g_g&l; azbs | v, and the right (resp. left)
regular representation of S, on L(S,) is simply: p(c)[} cg axT] =

Yores, @xmo ! (vesp. AN(0)[Y cg @nT] =D cg arom) forall o € S,
The exercise requires also the knowledge of Section 9.5.

Exercise 10.6.7 (1) Let A - n and ¢ be a A-tableau. Set By =3 o
Show that the map M?* 3 eqy — m™B; € L(S,) with 7 € Sy, is a
homomorphism of group representations (L(S,) with the left regular
representation).

(2) Prove the following formula for the character x of S™:

—DS T Y sme

: TESy YECr 0ER

(a similar formula can be found in Section VI.6 of Simon’s book [198]).

(3) For A\, uFn, set ¢x(p) = Xg—iﬁ, where 6 is any element in C,, (the

set of all permutations of S, of type 1). Thus ¢, is a spherical function
of the Gelfand pair (S,, X Sy, Sy). Show that, for any A-tableau ¢,

€Ri:oveC} .
'u) _ Z |{’7 t|C "Y IHSIgH(O’).
o

oeCy

(4) Use (3) to prove that for A = (A1, Ag,..., A\x) one has

bﬂ»

oA (1"72,2) = (20 — 1)\]

n—l
2:1

(cf. with Theorem 10.6.2) and

1 .
2n(n—1)(n—2)
k
D 2P 3A7(1—26) + Ai(6i% — 61+ 1)] -

i=1

Px(1"73,3)=

3
2(n—2)
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(5) Using (3) prove the final formulese (apart the formula d) in In-
gram’s paper [128].

10.7 Random transpositions

Now we are in a position to analyze the random transposition model
from Section 1.2. From the discussion at the end of Section 1.3 and
in Section 3.9 we know that this model is described by the repeated
convolution powers of the probability measure P in (10.15).

Lemma 10.7.1 Forn > 2 and k > 0 one has

2k
< (n—1)?

2k 2k

2
1-2
n

2 4
’1— +(n—1)72%1-—
n

n

|2k

Proof Dividing by |1 — % one obtains that the statement is equivalent

2k
to the relation ’Z—:g‘ < (7;127;12)’; The latter holds true as

n—4** n-4 n2-2n
<
n—2 " n—2" (n—1)2
where the last inequality can be checked directly for n > 2. |

We now show that the random transposition model has a sharp cutoff
after %nlogn steps.

Theorem 10.7.2 (Diaconis and Shahshahani [69]) There exist
universal (that is independent of n) positive constants a and b such that

(i) if k = gnlogn + cn with ¢ > 0, then |P** — U| < ae™2¢;
(i) if k = inlogn — cn with 0 < ¢ < %logn, then |P** — U|| >
1—be 2,

Proof We keep the notation of the previous sections, namely, for a
partition A F n the corresponding irreducible representation is (py, S*)
with dimension dy and character y,. Also denote r(\) = X;—(;) where
T is any transposition of S,,. We recall the expression for the Fourier

transform of the distribution P in (10.16), namely

P(py) = <1 + 1= 17"()\)> L.

n n
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In virtue of the upper bound lemma 9.9.5 we have
1 1 n-1 2k
xk 2 2
P -vir sy 3 (54 )
AFn
A#(n)
In virtue of Theorem 10.6.2 we have
(=S = 23] =
r = — — = n — = -
n(n—1) 4 J n(n —1) .’
J=1 Jj=1
and
1 n—3
-1,1)=—((n-12=(n-1+1-3)= .
P 11) = gy (0 =17 = = 1) 1= 8) =

Moreover, observing that (2,1%2) is the transpose of (n—1, 1), in virtue

of Corollary 10.4.2 we have

n—3
2,1"7%)) = — -1,1)) = — )
P((21772) = = ((n = 1,1) = 2=
From these relations one deduces
1 n—1, | 1 n-1 PO
iy | ()] By ooy |+ P (2,1772)
1 n-1 2k 1 n—1n-3*
=|= - 1" —1)?|= -
- —r(@")] + =17 ]
o 2k 412
=1-= +(n-1*1-—
n n
(from Lemma 10.7.1)
9 |2k
<(n-1)>%1-=
(- 1?12
1 n-1 2k
=di, 1) - r((n—1,1)) (10.20)

Note that d(iny = d(,) = 1 and d(3 1n-2) = d(—1,1) = n — 1 (Corol-

lary 10.4.2 and Example 10.5.15).
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Again, from Corollary 10.4.2 it follows that, for any permutation A - n
one has either r(A\) > 0 or r(\') > 0. Therefore

1
> gl
A:r(A)<0 "
A#(1™),(2,1"72)

2k

r(A)

Ar(A)<0
A£(1™),(2,1"7%)

1
— 2
= 2 4
Air(A)>0
N £(n)(n1,1)

1
> g

n

Ar(A)>0
A#£(n),(n—1,1)

IA

Now

1 1
S IS SIS SRS S TP >
AFn A:r(A)<0 A=(17),(2,1"=2)  Xir(A)=0  Air(A)>0
A7 () AA(L™),(2,1772) A#(n)
1
S 1D IR VDD
A:r(A)>0 A=(n—1,1)  Xr(AN)=0 Xir(A\)>0
A#(n),(n—1,1) A#(n)
12X+ ¥
4
Ar(A)>0  Air(A)=0
M ()
<3 ¥
-2
A:r(A)>0
Aok (r)

and therefore, recalling (10.20),

1 1 n—-1 2k 1 n-1 2k
§ : 2 § 2
An A:r(A)>0

A#(n) A#£(n)
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The first term of the last sum, namely the one corresponding to A =
(n—1,1), equals (n—1)(1—2)?* which, in virtue of the basic inequality
1 — 2 < e™?, is bounded above by n? exp(—%) = exp(—— + 2logn).
Thus, for k = %n(logn + ¢), with ¢ > 0, the latter equals e~2¢ which
tends to zero as ¢ — oo. As usual, the idea of the proof consists in
showing that the other terms are geometrically smaller than this first
term so that the same bound holds for the whole sum.

Fix a € (0,7) and split the above sum in two parts according to
whether \; is greater than (1 — «)n or not. We then have

S oa(lerhe) =Y s a(lenho)

A:r(A)>0 J=1 Xir(X)>0
A#(n) A=n—j
n 1 2k
= Y & (Eehw)
J=1 X:r(X)>0
A1=n—j

+Z ¥ d2( ;H(A))%

j>an \ir(A)>0

Ai=n—j
Z Z d2<1— j(n — J+1))
G=1 Ar(A)>0
A1=n—j

n—1 -\ 2k
+> ¥ ai-2)
Jj>an Air(A)>0 "
)\1:7’7,7]-

SOt o
+Z <) ,(1—£>2k. (%)

j>an

Here, we have used Corollary 10.6.5 in the first inequality, while the
last one follows from

2 2
9 n 9 _(n s (M n!
2 = (a) 2, e = (.7) 2= (J) (n=J)!
Adi=n—j A:di=n—j Nikj

(here the inequality follows from equation (10.14), while the last equality
is a consequence of (iii) in Theorem 3.7.11).
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In order to bound the sum (x), we choose k = %n logn+cn with ¢ > 0
as in the statement. Using the estimate 1 — z < e” we obtain

(et (-2

j=1
— (n!)? - _dkjn—j+1)
S 2 - ()

IN

oo )8 (25

= n?exp(—2logn — 4c) -

o ((n—1)H? j—1)(n—1j),1

Jj=1

j=1

IN

e 4 Z((]))')Qexp (2W10gn>

= M

|
)
a ;J'((”—J)')Q

O 20 —1)p—2G-1)(1=34/n)
< o3
n(2/n iG-1)

:42 ,

In the lust sum the ratio between the (j + 1)st and the jth term is

mn%. In order to study this quotient consider the function h(x) =
z ax/n (4] i
TH” » whose derivative is h'(2) = " (% - »L+1) Thus h(zx) is

decreasing for z < 410;‘” 1, increasing for x > 4

log — 1 and attains

m — 1. Therefore the absolute maximum of the
sequence {h(j)};j=1,...an—1 is attained at either j = 1 or j = an — 1.
The values at these extrema are less than a constant ¢ < 1: indeed
h(1) = 1n*/™ which is decreasing with respect to n and it is less than 1
as soon as n > 17; the second quantity h(an —1) = ﬁnw < ”4%1
is also decreasing with respect to n and (because a < 1/4) we have

Lpte=l <1 as soon as n > (1/a)t/(1749) Setting

the minimum at z =

1 1
¢ = max {2n4/", —n*lin > max{17, (1/a)1/(1_40‘)}}
a
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we obtain
o (2/m)iG-1) an_1 1 gon —de
—4c n —4c i —dc q €
e E — <e E ¢ =e T < 1=a
= = q q

As far the sum in () is concerned, for k = inlogn+cn (with ¢ > 0),
we have

L0 0-2) - E 000

j>an j>an

o ICON

j>an
(10.21)

as, for n > m (in fact if « is sufficiently close to 1/4 one can
take n > 7), one has 2cnlog(l — o) < —4c which infers (1 — %)2”’ <
(1 — )% < efe,

In order to bound the last sum in (10.21) we consider the ratio between
the (j + 1)st and the jth term. This is

. . nlogn . nlogn
(n=3)? (n=j=1\""" _(n=§*(, 1 ) ¢
J+1 n—j j+1 n—j

and it is decreasing in j. The first ratio equals:

(n—om)2<1 1 )"bg"g n(l;a)z

an+1 n—an

1
exp[n lognlog(1— )]
n—an

n(l—a)? (—nlogn)
7Y oxp [ 2280

« n—an

IN

2
_(1-a) e
@
where the last inequality follows from the trivial estimate log(1—z) < —z

and it holds for n > 2 > ﬁ

l-a
For n > (%) “ the above first ratio is smaller than 1. There-

fore the sum (10.21) is dominated by the first summand times n, that

is, it is bounded by e_4cn(ann)m_”7o!m)!(1 — a)"1°e" We recall (see also

Exercise 10.7.4) that we can deduce Stirling’s formula from

1
n"e"V2mn < n! <n"e "V2mn <1 + )

12n —1
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which also implies that
n"e "V2mn < n! < 2n"e "V2mn.

In virtue of this inequality we conclude that (10.21) is smaller than

—4dc n n! nlogn
(")

on
—4c (n')Q nlogn
e i —amE L T
< 46_4c \/ﬁ an,—an (1 — a)nlogn—Qn-‘rQan
V2T (1 - a)a*/a
e \/ﬁ (1 _ a)f2n+2annn(a+log(1fa))
V27 (1 - a)ema*m/a

In the last term the fraction tends to 0 as n tends to +oo (since the
dominant term is n™(@*+1°e(1=2)) and we have that a + log(1 — ) < 0).
Therefore there exists a constant a? such that the last term and thus

(10.21) is bounded by a?e~*¢. This completes the proof of the upper
estimate.

= 4e

We now start proving the lower bound. First of all, we look at the
summand in

2k
1 , (1 n-—1
AFn
XE(n)

which tends to zero the most slowly, that is the one that corresponds
to the partition (n — 1,1). We recall that if p is a representation of the
symmetric group and Y, the corresponding character we have for every
probability distribution @

Eq() = - Qaltr(p(9) = tr | > Qalelg) | =tr (o).

gESH geSh

In particular, from (10.16) and Theorem 10.6.2, we have:

Epa(xa) =tr (ﬁc(ﬂ)\)) =dy <i + n; 17"0‘)>k

which for A = (n — 1, 1) becomes

Epa(Xn_1.1)) = (n— 1) (1 - 2)k.

n
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By definition of the total variation distance it follows that ||P** —
Ullry > |P*%(A) — U(A)| for every subset A C S,,. To obtain the lower
estimate we consider the family of subsets

Ao ={9 € Sn: IXtn—1.1)(9)] < a} with 0<a < Epa(X(n-1,1))

which is well defined since Ep«r(x(n-1,1y) > 0.
Observe that for g € A, we have

|Epek (X(n—-1,1)) = X(n-1,1)(9)| = Epsr(X(n-1,1)) — > 0.

It follows that

P*k(A ) < Va?”P*k(X(nle))

S B — (10.22)

Indeed, the left hand side of (10.22) is majorized by

P* ({g € Sn | Eper (X(n-1,1) = X(n-1,1)(9)| = Eper(X(n-1,1)) — })
which, in turn is majorized, by an immediate consequence of Cheby-
shev’s inequality (Corollary 1.9.6), by the right hand side of 10.22.

To compute Varp-x(X(n-1,1)) = Ep-+ (X%nfl,l)) — Epax (X(n71,1))2, we
observe that X%n—l 1 is the character of the representation of S,, given

by the tensor product S("~11) @ =11 (see Lemma 9.1.5). By (9.5)
this decomposes as

S(nfl,l) ® S(nfl,l) _ S(n) ® S(nfl,l) ® S(n72,2) ® S(n72,1,1)

and therefore X%n_m) = X(n) + X(n=1,1) + X(n—=2,2) + X(n—2,1,1) Which in
turn implies

EP*k(X%n—l,l)) :EP*k(X(n)) + EP*’C(X(nfl,l))
+ Eper(X(n—2,2)) + Eps (X(n—2,1,1))-
Clearly Ep«x(x(n)) = desn P*k(g) = 1, because P(n) is the trivial

representation.
Moreover by Theorem 10.6.2 we have

n—4 n—>5

r((n-2,2) = and r((n=21L1) =5

which coupled with Example 10.5.15 give

n(n—3) (n?—4n+4 F
9 2

Epx (X(n—2,2)) = n
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and

EP*’“(X(n72,1,1)) =

(n—1)2(n—2) (n;4>k.

Simple computations show that
Ep(X(n-22)) + Epec(X(n-2,1.1)) — Epx(X(n-1,1)> < 0
and therefore
VC“"P*’«(X(nle)) = EP*k(X?n_Ll)) - EP*k(X(n—1,1))2
<1+ Eper(X(n-1,1)),

so that, to bound Varp«x (X(n—1,1)) we are left to estimate Ep.r (X (n—1,1))-
To this end observe that

(10.23)

2

log(l—z)=—z — ?w(x)

where w(z) > 0 and lim,_,ow(z) =1
Set k = %nlogn —cenwith0<c< élog n. Then we have

Eper(X(n_1.1)) = (n — 1) exp [k log <1 - i)}

=(n—1)exp [(;nlog"— C”) <_i - %w <i>)]

n—1 ,, {—logn—l—Zc (2)}
——e¥exp | ————w | -
n n n

which, for n sufficiently large, gives the two sided inequality

3
1626 < Eper(X(n-1,1)) < €°°. (10.24)
From (10.23) and (10.24) we get
Varps(Xm-1,1)) < 14 Epe(X(n-1,1)) < 1+ €%

€

Choose a = ; the first inequality in (10.24) ensures that a <
Ep«r(X(n-1,1y). In particular (for n large),

e2\* 1 .
(Ept(X(n-11)) — a)? = (Ep*k(x(n—m)) - 2) > T664 .

From these estimates and (10.22) we obtain

P4, < Varpa(Xn-1,1)) < 1+ e

T (Epak—a)? T et

= 16672 4 16e~%.  (10.25)
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On the other hand it is easy to prove (cf. (10.17)) that

1
Eu(X(n-1,1)) =0 and V(M“U(X(n—m)) = m Z X%’nfl,l)(g) =1
" geSn

which, in virtue of Markov’s inequality (Proposition 1.9.5), gives

U(Aa) =1-U(A5)=1-U({g€ Sn: X(n—1,1)(9)2 > 012})

VaTU(X(n—l,l)) 1

The latter, coupled with (10.25), gives

|P** —U|lry > U(Ay) — P*H(Ay) > 1 —4de ¢
> 1 — 36e2¢.

— 16e72%¢ — 16e74¢

O

In the following exercises we sketch a proof of Wallis’ formula and of

Stirling’s formula. We set (2n)!! = 2n(2n — 2)(2n — 4)---2 and (2n +
D= (2n+1)(2n—1)(2n —3)---3- 1.

Exercise 10.7.3 (Wallis formula) (1) Prove that

—n e
2 ("n,,) -5 if nis even
sin” xzdx = §
0

(n—Y if n is odd.

(2) Integrating the inequalities sin®" " (z) < sin®"(z) < sin®*"~*(z) for
0 <z < % and using (1), prove Wallis’ formula:

(2n — 2)11(2n)!!
n—oo W

Exercise 10.7.4 (Stirling formula) (1) Prove that

n+1/2
e < <1+ > < el+1/[12n(n+1)].
n

(2) Set a,, = #ﬁ and b, = an,e /12" Prove that there exists
¢ € R such that b, < ¥ < a,, and lim,, oo a,, = £ = lim,,_, o b,,.

(3) From Wallis’ formula deduce that ¢ = 1.
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(4) Use (2) and (3) to prove that

1
n"e "V2rn <n!<n"e "V2mn |1+ ———
12n — 1

and therefore n! ~ n"e="v/2wn for n — oo.

An elementary proof of Stirling’s formula for the Gamma function can
be found in [61].

10.8 Differential posets

We know (see Section 10.5) that for A + n the dimension dy of the
irreducible representation S* of the symmetric group S, is equal to the
number of standard tableaux of shape A. Therefore, from the general
theory, we get the following identity:

> d} =n! (10.26)

AFn

which has a purely combinatorial meaning: the sets

U {(s,t) : s,t are standard tableaux of shape A}
AFn

and S,, have the same cardinality. From this point of view, (10.26) is the
starting point of a very deep and interesting field of moderm combina-
torics, the so-called Robinson—Schensted—Knuth correspondence; beau-
tiful accounts may be found in [94], [182] and [205].

On the other hand, in [201] R. Stanley published a combinatorial
proof of (10.26) that made use of ideas similar to those developed in
Chapter 8. In particular, in that paper Stanley formalized a remarkable
class of posets where the operators d and d* satisfy a simple commutation
relation. The present section requires knowledge of Sections 8.1 and 8.3
(just the definition of d and d*). Let P be a (possibly infinite) poset.
We say that P is locally finite if for any choice of z,y € P with z < y
one has |{z € P:x =< z X y}| < co. We use the following notation: if
re€Pweset Ct(z)={2z€P:z>z}and C (z) ={y € P: 2>y}
Note that CT(z) N CT(y) is just the set of all z € P that cover both z
and y; there is a similar interpretation for C~(x) N C~ (y).

We are now in a position to give the definition of differential poset.
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Definition 10.8.1 Let P be a poset and r a positive integer. We say
that P is r-differential when

(i) P has a 0O-element, it is graded and locally finite;
(i) if z,y € P with z # y then |CT(x) N CH(y)| = |C~ (x) N C~(y)];
(iii) for any z € P we have |CT(z)| = |C~(z)| +r.

Note that if P has a 0-element and it is locally finite, then |C'~ (z)|
is finite for any z € P. More is true if also (iii) is satisfied. To avoid
misunderstanding, in this section we denote the rank of an element z € P

by rk(zx).

Lemma 10.8.2 If a poset P satisfies (i) and (iii) of the previous defi-
nition and P, = {x € P : rk(x) = n} then |P,| is finite for any n € N.

Proof By induction. Clearly |Py| = 1. Suppose that |P,| and |P,_1]
are finite. If © € P, then |C~(x)| < |P,—1| and therefore, by (iii),
|C*(x)| < |Pp—1] + . But then
[Prta] < [Paf (1P| + 7).
U

Now we show that if (ii) is satisfied then the sets CT(x) N CT(y) and
C~(z) N C~ (y) have cardinality < 1.

Lemma 10.8.3 If P satisfies (i) and (ii) then |C~(x) N C~(y)| < 1.

Proof Suppose that this is not true. Then there exists a counterexample,
that is a couple z,y € P, x # y with |C~ () N C~(y)| > 1, and we may
suppose that this counterexample is chosen in such a way that rk(z) =
rk(y) is minimum (it is clear that if rk(z) # rk(y) then C~ (z)NC~ (y) =
(). But then there exist u,v € P, u # v, with u,v € C~(z) N C~(y).
Therefore |CF(u) N C*(v)] > 2 and by (ii), |C~(u) N C~(v)| > 2. Since
rk(u) = rk(v) = rk(z) — 1, this is a contradiction with the minimality
assumption. |

Lemma 10.8.4 Suppose that P is a lattice and satisfies (i) and (iii).
Then P satisfies (i) (and therefore it is r-differential) if and only if it
is modular.

Proof A locally finite lattice is modular if and only if for any =,y € P,
x # y we have:

Ay € C (z)NC~ (y) is equivalent to z Vy € C*(x) N C(y).
O
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Consider the vector space L(P) = {f : P — C}. Since P may be
infinite, the dimension of L(P) may be infinite. Indeed L(P) may be
endowed with a topology (see [201]) but we prefer to restrict our at-
tention to subspaces of the form @&}_,L(Py) (for a suitable n) that are
finite dimensional by Lemma 10.8.2. On L(P) we may introduce the
operators d and d* of Section 8.3:

ds,= Y 6, and d'6,= » b, Vr€P.
yeC—(z) zeCH ()
Clearly, for any n € N we may think of d as a linear operator d :
OP_oL(Py) — ©}Z3 L(Py) and of d* as a linear operator d* : @} L(Py)
— @Z:OL(PIC)-
Now we prove the commutation rule satisfied by d and d* in a differ-
ential poset.

Theorem 10.8.5 Suppose that the poset P has 0-element, is graded, and
|P,| < 00,Vn € N. Then P is r-differential if and only if dd* —d*d = rI
(I is the identity operator on L(P)).

Proof If x € P, then
dd*6, = Y |CT(z) N C*(y)ls,
yEP,

and
d*ds, = Y |C™(x)NC~ (y)ls,

yeP,
and therefore
(dd* — d*d)s, = Y [|[CT(z)nCH(y)| = |C~ () NC™(y)]] b,

yeP,
y#T

+[ICT (@) = |C7 ()] ba-

Thus we deduce that (dd* —d*d)d, = rd,, Vo € P is equivalent to (ii)
and (iii) in the Definition 10.8.1. O

Corollary 10.8.6 In an r-differential poset, the operators d and d*
satisafies the following general commutation rule:

d(d*)" = rn(d*)""* + (d*)"d. (10.27)

Proof Straightforward by induction. |
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More generally, from the above corollary, immediately one has that if
p is a polynomial in one variable and p’ is its derivative then

dp(d*) = 19/ (d") + p(d)d.

The commutation relation (10.27) is similar to that satisfied in the
Boolean lattice (see Section 6.1) but it is simpler: there is no depen-
dence on the level of the poset. In [203] Stanley has considered several
modifications of the axioms of a differential poset and in one case he
covers the Boolean lattice (and also the lattice of subspaces of a vector
space over a finite field). Some of the results in [203] should be com-
pared to those in Chapters 6 and 8 (see, for instance, Proposition 2.10
and Corollary 2.11 in [203]).

Now we are in a position to state and prove the main result of this
section, from which (10.26) will follow as an application. For z € P,
SC(0,x) will denote the set of all saturated chain from 0 to x; in symbols

SC(0,2) ={z0,x1,...,Tn:0=xp <21 <+ - <Tp =2x}.

Theorem 10.8.7 If P is an r-differential poset, then for allm € N and
x € P, we have

> 18C(0,2)* = nhr".

Tz€EP,

Proof First, we will prove that

d™(d*)"60 = lz |SC’(07x)|21 8. (10.28)

zeP,
Indeed, arguing as in (8.15) we can say that the value of d™(d*)"dp at 0
itself is equal to the number of chains of the form
O=2p<21 < <Tp>Yp_1>Yp—2> >y =0

with x, € P,, that is to Y p |SC(0,z)|%2. On the other hand, we
can compute d"(d*)"dy by repeatedly using Corollary 10.8.6: we have
ddy = 0 and therefore

d™(d*)"do = d"*[d(d")"b]
= rnd" ' (d*)" "6

- (10.29)
=" In(n—1)---2(dd*&)

= r"nldg.

From (10.28) and (10.29) the theorem follows. O
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In order to get (10.26) from Theorem 10.8.7, we must study more
closely the Young lattice Y introduced in Exercise 8.1.13. First of all,
there is a nice pictorial way to describe Y: we may think of it as the
set of all Young diagrams ordered by inclusion: A < p if and only if the
Young diagram of X is contained in the Young diagram of p.

For instance, to say that A = (4,3,3,1) < p = (5,3,3,2) is the same
thing as to say that the Young diagram of X\ is contained in the Young
diagram of p (see Figure 10.18).

A=(4,3,3,1) 11 ©=05,3,3,2) 13

Figure 10.18. X\ = pu.

The following illustrates the bottom of the Young lattice.

NSNS

[T 1] |
NP
T

\

I

0

Figure 10.19. The Young lattice
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Definition 10.8.8 Let (A1, Ao, ..., A\;) be a partition. We say that the
box (i, ;) is an inner corner of the Young diagram of A if A; > ;41
or it coincides with the box (k, A\x). We say that in position (j,A; + 1)
the Young diagram of A has an outer corner if Aj_1 > A;; moreover we
always assume that in position (1,\; + 1) or (k + 1, 1) there is an outer
corner.

In other words, an inner corner is a box that can be removed: (i, \;) is
an inner corner if and only if (A1, Ag, ..., A\;—1,..., Ag) is still a partition.
An outer corner is a box that can be added: (j, A;) is an outer corner if
and only if (A1, A2,..., A +1,..., ) is still a partition.

+

+

Figure 10.20. The symbols + and — indicate the outer and inner corners.

Lemma 10.8.9
(i) p > X if and only if X may be obtained from p by removing one
box (equivalently, u may be obtained from A by adding one box);
(ii) if A = (A1, A2y ..., Ag) covers h elements in Y then it is covered
by h + 1 elements.

Proof (i) is trivial.

(ii) Observe that (¢, A;) is an inner corner if and only if (i4+1, A\j+1+1)
is an outer corner. Therefore, recalling that (1,A; + 1) and (k + 1,1)
are outer corners and (k,A;) is an inner corner, we have that if A has

an inner corner exactly in the rows i; < i < --- < 45, = k it has an
outer corner exactly in the rows jo=1< 71 =91 +1< - < jh1 =
tho1+1<jgn=k+1 ]

Corollary 10.8.10 Y is a 1-differential poset.

Proof We have already seen that Y is a locally finite modular lattice
with O-element (see Exercise 8.1.13). Moreover it is graded: if A F n
then rk(A\) = n. Then, applying Lemma 10.8.4 and ii) in Lemma 10.8.9,
we conclude immediately that Y is 1-differential. 0
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In order to apply Theorem 10.8.7 to the Young lattice, we need a
description of the saturated chain SC((),\) (in this setting, the zero
element is the trivial partition (0) and it is denoted by @). Let ¢ be
a standard A-tableau, with A a partition of n. We can consider the
following chain of partitions:

AT =

A"~ 1 is the partition whose Young diagram is obtained by the Young
diagram of A by removing the box containing n;

A"~2 is obtained by A"~! by removing the box containing n — 1;

AL = (1)

A0 = (0).

Clearly, each M is a partition: n is always in a removable box in a stan-
dard tableau of shape A and the same holds for n— k in A»~*. Moreover,
A> AT 2 5.5 A s X0 (this construction has a close resemblance
with that used in Section 10.5 immediately after Definition 10.5.4).

The following lemma is obvious.

Lemma 10.8.11 Let ST(\) the set of all standard tableauz of shape .
The map

ST\ >t (AN ..., A™) € SO0, \)
is a bijection.

Example 10.8.12 If

112|418
t=[3|5|6
719

Figure 10.21.

then the corresponding saturated chain is

o< < (10 < [T] < [TT] < )

Figure 10.22.
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Finally we can use Theorem 10.8.7 to prove (10.26).

Theorem 10.8.13 For a partition A of n, let dy denote the number of
standard tableaux of shape A. Then

ZdQ =nl.

AFn
Proof Y is a 1-differential poset and dy = [SC(0, ). O

The theory of differetial posets has been generalized by S. Fomin to
a class of graded graphs; see the papers by Fomin [92] and [93]. See
also Sagan’s book [182], Section 5.2. In recent years, several papers on
differential posets and related subjects have been written by J.D. Farley
(see for instance [83, 84, 85]).

10.9 James’ intersection kernels theorem

In this section we present a short elementary proof of a theorem of
G.D. James that generalizes, to all the irreducible representations of
S,, the characterization of the irreducible representations S™ %% =
M"#*+Nkerd. Actually, James used a characteristic-free approach to
the representation theory of S,,, namely he considered representations
of S,, on vector spaces over arbitrary fields (for instance, the representa-
tions of finite groups over fields of positive characteristic, the so-called
modular representations, are well studied: see Huppert’s book on char-
acter theory [125] and the monograph by Curtis and Reiner [48]). We
are interested only in unitary representations on vector spaces over the
complex numbers (these are also called ordinary representations). We
follow the proof in [187] which is based on a generalization of Theo-
rem 10.6.2; see also [186, 189]. The original sources are James’ paper
[131] and monograph [132]. See also the exposition in Appendix C of
Sternberg’s book [212].

Let a = (a1, as,...,a;) be a composition of n (see Definition 10.5.4).
Fori,j € {1,2,...,k}, i # J, set

b= (al,ag,. cQi—1,0; + 1,041, .. a5-1,a5 — 1 a4, .. .,ak)
and define a linear map

di’j M — Mb



366 Basic representation theory of the symmetric group

by setting, for each a-tabloid {t},

dijeqy =) eqs)
{s}
where the sum runs over all b-tabloids {s} such that: the jth row of {s}
is contained in the jth row of {t}, the ith row of {t} is contained in the
ith row of {s}, and, for k # 4, j, the kth row of {s} coincides with the
kth row of {t}. In other words, d; jegs) is the characterisitic function of
the set of all b-tabloids {s} that can be obtained from {¢} by moving a
single number from the jth to the ith row.

The operator d; ; commutes with the action of S, on M* and MP.
The goal of this section is to present a characterization of the irreducible
representations of S, as intersections of the kernels of the operators
diiv1-

We first prove the easy (assuming the results from Section 10.3):

Lemma 10.9.1 Let A = (A, \a,...,\r) be a partition of n and S*
be the corresponding irreducible representation (see Definition 10.3.11).
Then,

S)\ Q M)\ m (ﬂf;ll ker di,iJrl) .

Proof Let t be a A-tableau and e; = Ajeqyy as in Definition 10.3.8.
Then d; jy1e; = Atdi’i+1e{t}. But d;ir1eq4y = Z{S} s}y, where the sum
runs over all tabloids {s} obtained by moving a single number from the
(i + 1)st to the ith row. Therefore, there exist two numbers on the
same row of s and on the same column of ¢, so that, by Lemma 10.3.12,
Ageqsy = 0. Note that

(Al,)\27 .. .7>\i_1,>\i JF 1,)\1_‘_1 - 1,)\1_‘_2, .. .,Ak)

is not necessarily a partition; but this is not a problem in the proof of
Lemma 10.3.12. O

For a = (a1, as,...,a,) a composition of n we now introduce a Laplace
operator A, € Homg, (M®, M*) that generalizes, in the present setting,
the operator A in Section 6.1 and the operator A,, in Section 8.3.

If {t} is an a-tabloid, we put

Aepy =Y equy
{u)

where the sum runs over all a-tabloids {u} that can be obtained from {t}
by picking two numbers z, y that belong to different rows and switching
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them. Clearly, A is S,-invariant and it may be represented in the fol-
lowing way: if 7" is the set of all transpositions in S, and Ty =T N R,
is the set of all transpositions that move two elements belonging to the
same row of ¢ (R; is as in Definition 10.3.5) then

AE{t} = Z Je{t}.
o€T\Tyyy

Before presenting the spectral analysis of A, we need the following
lemma which is just a reformulation of the computation of the Fourier
transform in Section 10.6.

Lemma 10.9.2 Let p = n be a partition of n and V be an irreducible
representation of S, isomorphic to S*. Then, for any f € V we have

(Z a) f= @r(u)f

oeT

where r(u) is as in Theorem 10.6.2 (with X replaced by p).

Proof The element ) __,. 0 belongs to the center of S,, and therefore
its restriction to V is a multiple of the identity: (Y, cr0)|v = cly.
Taking the traces from both sides of the last identity we get

TIxu(o) = cdy
from which the lemma follows. |
Lemma 10.9.3 Let u = (p1, p2, ..., pug) and a = (a1, as,...,a) be
a partition and a composition of n, respectively. Then the S*-isotypic

component (see Definition 9.3.5) of M® is an eigenspace of A, and the
corresponding etgenvalue is

n(n — 1)7”(M) B Z ai(a;— 1).

2 ,
=1

Proof Suppose that V is an irreducible sub-representation of M* iso-
morphic to S* and that

f= Z f{theqwy €V

{t}€%q

where T, is the set of all a-tabloids (as in Section 10.5).
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Then

Z f{thHAey

{t}eT sy

Z f{t}) Z €{t}

{t}e%y a€T\Ty

Do) D oem - oefry

{t}GT{t} oeT UET{t}
k ai(a; — 1)
o Yer- (zz )f
oceT i=1
n(n — 1 k a;(a; — 1)
= () l DD ]
i=1

where =, follows from the fact that oeg,y = ey for any o € Ty, and
=(«) follows from Lemma 10.9.2. O

We now prove some formulae for the operators d; ; and A,. Note that
d;; is the adjoint of d; ; and the formula below for A, is a generalization
of the analogous formula for the Johnson scheme given in Lemma 6.1.3.

Lemma 10.9.4 Let a = (a1, aq,...,a,) be a composition of n.

(i) Ifi,5,k € {1,2,...,h} are distinct, then, for all f € M°,
dikdi i f = dijf +di jdir f
(ii)

h—1
MY [ kerds; :M“ﬂ<ﬂ kerdm1>

1<i<j<h i=1
(iii)
= Y djidijf - Zj—lajf

1<i<j<h

Proof (i) If {t} is an a-tabloid, then d;xdkje(ry = D (4, e(sy where
the sum runs over all a-tabloids {s} that can be obtained from {t} by
moving a number x from row j to row k and then a number y from row
k to row i. Summing up the cases x # y we get exactly d; rdi jeqs);
summing up the cases z = y we obtain exactly d; jef.
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(i) If f € M (ﬂ;:ll ker di,i-l—l) then using (i) one has, for all i €
{1,2,...,h—1}and 1 <t < h—1,

diivtf = (diivrdiprive — digr,itediivr) f

=d;iit1dit1,i4¢ S

In particular, if d; ;f = 0 holds for 1 < i < j < i+t — 1 then
it also holds for 1 < ¢ < j < ¢+t and, by iterating, we get f €
Me() (ﬂlgigjghkerdLJ.

(iii) If {t} is an a-tabloid, then d; ydi je(ry = > ¢, €(s} where the sum
runs over all a-tabloids {s} that can be obtained from {t} by choosing
two different rows i, j, with ¢ < j, moving a number x from row j to
row 4 and then moving a number y from row 4 to row j. Summing up
the cases ¥ # y we get exactly Ageqyy; summing up the cases z = y we
obtain exactly 37, ;<) a; = Z?Zl(j — 1)a; times egyy. O

We now prove that M* (ﬂ;:ll ker di7i+1> is an eigenspace of Aj.

Lemma 10.9.5 If A = (A1, Ao, ..., \x) F 1 then M* (m?;f ker dmﬂ)
is an eigenspace of Ay and the corresponding eigenvalue is — Zle(j —

1))

Proof Using (ii) and (iii) in the preceding lemma, if f € M* and
dijt1f = 0forall ¢ = 1,2,...,k — 1, then also d; ;f = 0 for 7 < j.
Thus, Axf = — Y51 (j — DA f. O

From Lemma 10.9.1, Lemma 10.9.3 and Lemma 10.9.5 we get another
proof of (10.19) in Theorem 10.6.2.

Corollary 10.9.6

k
W= nTD > - @i—1A].

=1

Proof S? is an eigenspace of Ay. From Lemma 10.9.3 the correspond-

ing eigenvalue is %r(/\) - Zle %, from Lemma 10.9.1 and
Lemma 10.9.5 it is equal to —Z?Zl(j — 1)A;. Equating these two

expressions we get the result. Ul
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We are now in a position to prove James’ intersection kernel theorem
for the ordinary irreducible representations of .S,.

Theorem 10.9.7 For any partition A = (A1, A2, ..., A\x) F n we have
h—1
SA = M)\ﬂ (ﬂ kerdiyi_‘_l) .
i=1

Proof We show that S* is the eigenspace of A, with smallest eigen-
value. Indeed, from Lemma 10.9.3 (with a = A\) and Corollary 10.6.3 we
have that if > A, then the eigenvalue corresponding to the S¥-isotypic
component is strictly greater than the eigenvalue corresponding to S™.
Moreover from Proposition 10.3.16 and Corollary 10.3.22 we have that

=5 B | s
u>A

Finally, Lemmas 10.9.1 and 10.9.5 force M*) (m?;f ker dmﬂ) to be

equal to S*. |

James’ intersection kernel theorem may also be proved for a class of

irreducible representations of GL(n,q). See James’ book on the repre-

sentation theory of linear groups [133] and, for a proof similar to the one
in this section, [175].
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The Gelfand pair (59, 521 S,,) and
random matchings

11.1 The Gelfand pair (Sa,,S215S,)

Let X denote the set of all partitions of {1,2,...,2n} consisting of two-
elements subsets: such partitions are thus of the form

{1,432}, {is, 34}, ..o, {ion—1,%2n}},

where {i1,12,...,42,} = {1,2,...,2n}. The subsets {i1,i2}, {i3,i4},.. .,
{ian—1,142n} are the parts of the partition; note that there is no order
between or within the parts. The symmetric group So, acts on X in a
natural way: if m € Sa, and © = {{i1,i2}, {i3, 94}, ..., {t2n-1,%2n}} € X,
then

e = {{mi1, mia}, {mis, wis}, ..., {Wiop_1,Tion}}.

The permutation representation L(X) associated with this action will
be the subject of the present section.

Fix an element zg = {{il, ig}, {i3,i4}, ey {ign_l,ign}} € X and de-
note by K = {g € Sa,, : gzg = xo} its stabilizer. If k € K and 1 < h < n,
then k{iop_1,i2n} is again one of the subsets {i1,i2},..., {i2n—1,%2n},

that is K permutes among themselves these n two-elements subsets. We
thus have a homomorphism ¢ : K — S,,, where S, is viewed as the group
of all permutations of the above n two-elements subsets, and whose ker-
nel is ker(¢) = Sy x - - - X Sy (n-times); it is easy to see (exercise) that K
is indeed the wreath product of Sy with S,,: K = S51.5,,; see Section 5.3.
In particular,

(2n)!
nl2n’

X =

Let now z,y € X, say © = {{i1,42}, {is,%4},...,{l2n—1,%2n}}, and,
respeCtiVGIY7 Y= {{j17j2}7 {j37j4}? B {j2n717j2n}}- With the pair z,y

(11.1)

371
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we associate the graph C(z,y) whose vertex set is {1,2,...,2n} and
whose edges are {i1,i2}, {43,724}, ..., {ion—1,92,} and {j1, 42}, {Js,ja},
R} {j2n71aj2n}~
For instance, if 2n = 10 and = = {{1,3},{2,4}, {5, 7}, {8,6},{9,10}}
and y = {{1,2},{3,4}, {5,6},{7,8},{9,10}}, then C(z,y) is the follow-
ing graph

1 3 5 7
9
10
2 4 6 8
Figure 11.1.

It is immediate that C(z,y) is a disjoint union of cycles of even length:
any vertex has degree two as it is incident to exactly one edge in x
and one edge in y. If 2A1,2Xo,... 2 g, with Ay > Ao > -+ > A
are the lengths of the cycles of C(x,y), then E?Zl A; = n so that
A = (A1, A2,...,A;) is a partition of n. Following [130, 64] we define
a function from X x X to the set of all partitions of n by setting, for
z,y € X, d(z,y) = A, where X is as above. The following facts are easy:

(i) d(z,y) = (1,1,...,1) if and only if x = y;

(ii) d(z,y) = ( x) for all x,y € X;

(iii) d(x,y) ( ,y') if and only if there exists m € Sa,, such that
() =2’ and 7T(y) =v.

Indeed, if d(z,y) = d(2’,y’) then the graphs C(z,y) and C(z',y’) are
isomorphic and an explicit isomorphism (that sends edges of C(z,y) to
edges of C(z',y')) yields the desired m € Sa,,.

:1

Theorem 11.1.1 (S3,,5215,) is a symmetric Gelfand pair and the
number of its spherical representations equals the number of partitions

of n.

Proof (x,y) and (y,x) belong to the same orbit of S3, on X x X and
therefore, by Lemma 4.3.4, (S2,,S521S,) is a symmetric Gelfand pair.
In addition, (iii) implies that the orbits of S31 S, on X may be indexed
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by the partitions of n: such orbits correspond to the “spheres” Ay =
{z € X : d(xo,z) = A\}. Thus, the number of irreducible representations
that appear in the decomposition of L(X) is the same as the number of
partitions of n. |

11.2 The decomposition of L(X) into irreducible components

Here we use the notation and terminology for the representation theory
of the symmetric group from Chapter 10.

For A Fn, A = (A1, A2,...,As) we denote by 2\ the partition of 2n
given by 2X\ = (2A1,2Xa,...,2);). If ¢ is a 2\-tableau, {t} its associated
2\-tabloid and

x = {{i1,i2}, {i3, 44}, ..., {lon—1, %20} }

is an element of X, we say that {t} covers x if io—1 and ig), belong to
the same row of {t}, for all h=1,2...,n.

For a 2)-tabloid {t}, let C; denote the set of all x € X covered by {t}
and 1¢, be the characteristic function of C;.

Then, for every A = n we may define a map Dy from the set {eg :
{t} is a 2X-tabloid} into L(X) by setting Dy (egy) = 1¢,. It is clear that
D, extends to a linear map (still denoted by Dy) from M?* to L(X).
Moreover as x is covered by {t} if and only if 7z is covered by w{t},
x € X, {t} a 2\-tabloid and 7 € Sy, one has Dx(mey) = mDx(egs),
that is, D) intertwines the representations of Sy, on M 2X and L(X).

Now we are in a position to obtain the decomposition of L(X) into
irreducible representations:

Theorem 11.2.1
L(X) = ©a-n S (11.2)

Proof First we show that, for A F n, S?) is contained as a sub-
representation in L(X). Since D) intertwines the representations of
So, on M?* and L(X), and S?* is an irreducible subspace of M?*, we
only have to show that there exists v € S?* such that Dyv # 0. For this
purpose we introduce the following definition.

If ¢ is a 2X-tableau and zg = {{i1,i2}, {43,494}, .., {ion—1,%2n}} is a
fixed element of X, we say that t is good with respect to xq, or simply,
xg-good, if, for h = 1,2,...,n, isp_1 and iy, are on the same row in
t, one on an odd column and the other on the successive (from left
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to right) column of the diagram of 2X (in the diagram of 2\ every odd
column is followed by a column of the same length). For instance, if
xo = {{1,3},{2,5},{4,6},{7,9},{8,10}} then the tableau is z¢-good.

6 (10| 8
1]3

Figure 11.2.

We now show that if ¢ is zo-good, then Dye; takes the value \I\5!---
Allon xg, where N = (A}, A}, ..., AL) F n is the conjugate partition of .

We have Dye; = ZUEQ sign(o)Dxefsy. But if ¢ is zp-good and
o € Cy, then {ot} covers z¢ if and only if ot is xg-good. Indeed these
are the cases if and only if, for each odd column of ¢, the restriction of
o to the numbers on the column has the same action of its restriction
to the even column immediately on the right: since this happens if and
only if o € C;N K, where K is the stabilizer of xo, then Dyefq4y(70) # 0
if and only if 0 € Cy N K. Since |Cy N K| = M IA4!--- X1 and for every
o € K NC; one has sign(o) = 1, the assertion follows.

So Dye; # 0 and this proves that L(X) contains an invariant sub-
space Sa,-isomorphic to S?*. Since the number of irreducible sub-
representations of L(X) is the same as the number of partitions of n
we have proved the decomposition (11.2). O

Other proofs of this decomposition may be found in [134, 138, 165,
183, 221, 222] and the recent paper [103]. See also [24]. g-analogs of this
Gelfand pair are considered in [13, 14, 101, 119, 126, 127, 140, 145, 158].

11.3 Computing the spherical functions

Let z¢ be a fixed element of X and K its stabilizer. The spherical
function in DyS?* is its (unique) K-invariant element ¢ € D, S% such
that ¢y (zo) = 1.

If t is an xg-good 2)\-tableau, from the previous section we immediately
have that

1
(03 7P Dxey (11.3)

BEVIEVEED)
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where P = 1/|K| ), c x k is the projection to the subspace of K-invariant
functions. But

1 .
PDye; = — Z Z sign(o) Daefkot};
‘KwkeKaeCt

setting K; := K NCY, a system of representatives for the cosets of C;/ K}
is given by the subgroup C of C; consisting of those elements that fix
every number belonging to an even column of ¢ (in other words, Cj is
the group of all permutations of the numbers on the odd columns of ¢
that fix such columns setwise, multiplied by the identity permutation of
the set of numbers on the even columns of ¢). Since |K;| = Aj!--- A/l
and sign(k’) = 1 for all k € K, we have:

PDje; = % Z Z Z Dyegrrronsign(k'o)

keK k'eK: 0€Cy

1 .
= )\/1' ce )\;lm Z Z D)\e{kot}SIgn(o.)'

keK oeC]

(11.4)

(Here is another proof of the decomposition of L(X): (11.4) when writ-
ten without Dy shows that Pe; is a nonzero K-invariant vector in S*.)
If 4 n and, as in the previous section, A, = {x € X : d(z,z0) = pu},
14, is the characteristic function of A, and f complex valued function
on A,, then

1
Pf:m > f@) | 1a,.

€A,

Moreover, if x € X then the value of 20602 sign(o)Dyes+y on x is equal
to Y, sign(o) where the sum runs over all ¢ € C} such that {ot} covers
z. Thus, defining aj, = X,ccysign(o)|{z € A, : {ot} covers x}|, which
does not depend on t, we get

A

a

_ M
O = 7\A#|1A“' (11.5)

pukn

11.4 The first nontrivial value of a spherical function

In this section we want to use the above results to give an explicit formula
for the first nontrivial value of the spherical functions ¢, that is, for
AEn, p=(1""1,2) and = € A, we want to compute ¢, (z). Since the
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values of ¢, depend only on d(z, z¢), such a quantity will be denoted by
o).

From the preceding section, we have to compute the constants |A,,|
and af;. If ¢ is an xp-good tableau, a moment of reflection shows that
if 0 € C}, {ot} covers some z € A, if and only if o is the identity or a
transposition. In fact, the elements of A, are exactly those of the form
mxo, with 7 a transposition of two numbers in two different parts of the
partition zg (following [55], such a transposition will be called a switch),
and then an « € A, may be covered by a tabloid {ot} with o € C}, iff
x = mxg, where 7 switches two numbers on the same row in ¢ (but in
different parts of xg so that {t} covers x and we may take o = identity),
or two numbers on the same odd column in ¢ (and so {nt} covers x and
we may take o = ).

The number of z € A, covered by {t} is Zle Ai(A; —1). In fact there
are exactly 2 (AQ) = X\;(A\; —1) transpositions that switch two numbers on
the ith row that belong to differents parts of z¢. For every transposition
o € Cy, there exists exactly one € A, covered by {ot} (such an x
is given by o) and the number of transpositions in C} is 37, (’\;),

2

where ) is the partition conjugate to A\. By Lemma 10.6.1, this quantity

equals Zle Ai(¢—1). Since |A,| = n(n—1), applying (11.5) we obtain

0r) = 2oy [ oM =D = M=)
i=1 i=1

n

1 .
= nio D Z (A — ).

i=1

(11.6)

This formula has already been obtained using the theory of zonal
polynomials (see [59, 202]) or the character theory of the symmetric
group [64].

11.5 The first nontrivial spherical function

In this section we compute ¢ (p) for p Fn and A = (n — 1,1). First
some notation. If ji,...,Jom, m < n, are 2m distinct numbers in
{1,...,2n}, we denote by P({j1,42}, -, {j2m—1,J2m}) the set of all
partitions € X such that {j1,jo}, ..., {jam—1,jom} are parts of z, and
by 1({j1,72},- -, {j2m—1,72m ) the characteristic function of such a set.

We observe that if o = {{j1,J2},---,{jom—1,J2m}}, # F n and the
multiplicity of 1 in p is denoted by a;(u), then any z € A, is contained
in exactly aq(p) sets of the family {P({izr—1,42:-}) : 7 =1,2,...,n}.
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We then have, for h =1, 2,.

P1({ian—1,%2n}) = \K| Z (k{i2n—1,12n})

keK

1
—pl=

1({i2r—17 ZQ’I"})‘|

LS SN

pEn

= Z ali/i) lA“.

pnkEn

3
M-

In a similar way, if {4, 7} is not one of the parts of x, then

P1({i,j}) = |K| > 1(k{i,5})

keK

—P | Y 1(s))
(3) =7 (e

n—a(p)
=P —1
; 2n(n —1) A

o n—ai(p)
= Zmuu.

pukn

If ¢ is an zo-good 2)-tableau then, Dyeryy = 1({ian—_1,%21}), where
ion—1 and igp, are the numbers on the second row of ¢t. Moreover Cj is
formed by two elements: the identity and the transposition (i2p—1,%2m—1),
if 49,,—1 and 49, are the numbers on the first two cells of the first row of
t, while Cy = C} x {id, (iap,i2m)}. Since t is zg-good, {izp_1,42n} and
{i2m—1,12m } are two of the parts of xy and so we have

Dyey =1({ion—1,%2n}) — 1({i2m—1,92n-1})
+ 1({i2m—1,%2m}) — 1({i2n—1,2m})-

But then
or) = 5 PDyer = 3 [‘“n") - Mnl_ =) 14,
' pnhkn
pEn

This formula has already been obtained with a similar but more
particular argument in [59].
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11.6 Phylogenetic trees and matchings

A rooted binary tree is a tree T (that is a finite connected simple graph
without loops or circuits) with a unique vertex R (the root) of degree 2
and all the remaining vertices of degree 3 (internal vertices) or 1 (the
leaves: in the pictures below these are indicated with e).

R

Figure 11.3.

A labeling of the set L of the leaves of T is a function o : L —
{1,2,...,|L|}. A phylogenetic tree is a rooted binary tree where the
leaves carry different labels (in other words o is a bijection). We identify
two phylogenetic trees if there exists a graph isomorphism (necessarily
carrying root to root and leaves to leaves) which preserves the labeling.
For example, there is only one phylogenetic tree with two leaves, namely:

1 2

Figure 11.4.

and there are exactly three distinct phylogenetic trees with three leaves:

2 3 1r 3 1 2

Figure 11.5.
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Schroder [194] showed that there are (2n)!/2™n! distinct phylogenetic
trees with n+1 leaves. The goal of this section is to give a combinatorial
proof of this formula by explicitily giving a bijection between phyloge-
netic tree and matchings. Note that T is not necessarily homogeneous
in the sense of Chapter 7 (see example below). Note that a tree with ¢
leaves has necessarily 2¢ — 1 vertices (including the root): this can be
easily proved by induction (exercise).

Notation: given two adjacent vertices x and y in a rooted binary tree,
their distances d'(z, R),d'(y, R) from the root R differ by one. Suppose
d'(z,R) < d'(y, R): the vertex z minimizing this distance is called the
father of y and, reciprocally, y is the child of x. This way all vertices
distinct form the root R have exactly one father, and all vertices which
are not leaves have exactly two children. Two children of the same father
are called siblings. Note that a phylogenetic tree is uniquely determined
once the root and the parental relations are given.

A perfect matching (or simply a matching) on 2n points is a partition
of {1,2,...,2n} into n two-element subsets, that is an element of the
homogeneous space Sa,, /(52 1.S,) studied in the previous section. From
a graph theoretical point of view, given 2n vertices, a matching is a set
of edges which is incident to all vertices and minimal, or, equivalently,
such that each vertex has degree one. In this setting, although from the
graph theoretical point of view all matching are graph-isomorphic, no
identification occurs.

We have already seen (see (11.1)) that there are (2n)!/2"n! distinct
matchings on 2n elements. For example, there is only one matching on
two (n = 1) points and there are exactly three distinct matchings on
four (n = 2) points:

{{1233,4}}, {{1,3}{2,4}} and {{1,4}{2,3}}.

We now present a proof, due to Diaconis and Holmes [63],[64], the set

of phylogenetic trees on n+ 1 leaves and the set of perfect matchings on
2n points are equipotent.
Algorithm. Start with a phylogenetical tree T with ¢ leaves which are
labeled with the symbols 1,2,...,¢. Extend the labeling to all internal
vertices (root excluded) with the symbols ¢+1,¢42,...,2(¢/—1), giving,
at each step, the minimal (not yet used) label to the father (not yet
labeled) which has both children already labeled and one of these two
labels is the minimal possible available (among the children whose father
is not yet labeled).
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R R R

Figure 11.6.

When all vertices (except the root) are labeled, create a matching
on 2n = 2(¢ — 1) points by grouping siblings. For instance, from the
example above we get the matching

{1,5}, {6,4}, {8,7}, {3,2}.

Conversely, suppose we are given a perfect matching on 2n points.
We now construct a phylogenetic tree that corresponds to the matching,
that is we invert the correspondence described above.

The vertex set of the tree is {1,2,...,2n, R}, R is the root, the set
of leaves is L = {1,2,...,n + 1} and the pairs of siblings are exactly
the matched pairs. We only have to assign a father with each matched
pair. Consider those matched pairs in {1,2,...,n + 1}: by the pigeon-
hole principle at least one such a pair exists. Take the pair with the
smallest integer and choose n + 2 as their father. Next among the pairs
in {1,2,...,n + 2} with no father assigned choose the pair with the
smallest integer and let n + 3 be its father. Continuing this way, this
procedure ends when assigning to the last pair the root R as a father.

This way one obtains the desired phylogenetic tree (note that the
number of fathers is n and equals the number of pairs in the matching).

11.7 Random matchings

We now study a natural invariant random walk on X = S, /(S21.5,).
First we give an informal description due to Diaconis.

Consider n couples at a party each talking only to the person they
arrived with. The host, seeking to let the people know each other, picks
two of the couples at random and switches a random person between
them. Identifying each person with a number from 1 to 2n we can
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model the above mixing procedure with a Markov chain on the set X
of all partitions in two elements subsets of {1,2,...,2n} and transition
matrix P

iy i d(ey) = (171,2)
pla,y) = "7V :
0 otherwise

where d is the function defined in Section 11.1. Indeed given an element
x the number of distinct couples of pairs in z is (g) and for each of this
couple we have two different element y with d(z,y) = (1", 2).

Exercise 11.7.1 Translate this random walk into the setting of phylo-
genetic trees.

As usual our main goal is to study the rate of convergence to the
stationary distibution. This random walk is clearly a procedure that
generates a random matching.

Theorem 11.7.2 (Diaconis and Holmes [64]) Let 7 be the uniform
distribution on X and Vék) the distribution probability after k steps if the
ingtial distribution is the Dirac function centered at {{1,2},{3,4},...,
{2n — 1,2n}}. There exists a positive constant a such that if k =
sn(logn + c) then

k _
6" = 77y < ae=?.

Proof In virtue of the upper bound lemma (4.22) we must estimate from
above the quantity

D danpY (11.8)

AFn

A#(n)
where A = (A1, A2,..., ) F n, doy = dim(S?*") and (recall (11.6))
Br = ﬁ >oi_i Ai(A; —4). The bound will be achieved in several
steps. Step 1 and Step 3 are the analogs of Lemma 10.6.4, while Step 2
is an analog of Corollary 10.6.3. The rest of the proof is similar to the
proof of Theorem 10.7.2 (upper bound for random transpositions) but
with some more technicalities. Ul

Step 1 B\ < \i/n.

Proof By < n’?;;ll) SN = % < A1/n, where the first inequality

follows immediately from the condition that Ay > Ao > -+ > A,. ]
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Step 2 If A\ > u then By > B,.

Proof It clearly suffices to show the inequality in the special case:

Aa = g +1

Ap=pp—1

Ac:: He
for some a < b and all ¢ # a,b. Then

1
Br = Bu = — [Aa(Aa — @) + Ap(Apy —b) — pa(pta — @) — po (s — b)]
1
= — 2(ptq — - 2 .
n(n—l)[ (o — ) +b—a+2] >0
O
Step 3 If A\ > 7 then By < 1 — (=AU,
Proof Using the previous step we get, for Ay > 3:
1
Bx < Bonm-x) = Py M(Ar = 1)+ (n = A1) (n— Ay = 2)]
_q_ (n—XA)(2M +1)
B n(n —1) ’
O
Step 4
2n)! 2593
Zd2,\§ (n)§n2
& (2n — 2j)!41279 7!
A1=n—j

Proof Recall that, by Proposition 10.5.17 for the dimension dy of the
representation S*, we have the estimate

n
< -
e ()i

where A = (A2, A3,...,A\x) F (n — A1). We also recall that as L(X) =

DrrnS?, one has (227:2: = > \rnd2x. Combining these two facts we

deduce
2n
Z d2)\ < (2)\1) ZdQX
-7

AFn
Ai=n—j -
(20 (25)! (2n)! < n2i27
C\2N\ ) 2950 (2n—2j)l5120 — 41
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Step 5 If \y > n/2 > 4 then the eigenvalue (B is nonnegative.

Proof For any partition A = (A1, Ag, ..., Ag) wehave A > (A1, 1,1,...,1).
Using Step 2 we get:

2n(n —1)8x > 2n(n — 1)Bx, 11,...1)
’I’L*)\l
=20 (M —1)+2 ) (1—1)
i—2
=\ —n? 2\ n+ (n—3)\)
2
> % —m >0

Set Rj ={AFn: A =n—j (>0}

Step 6 For every a € (0,3) there exists a positive constant ay (not
depending on n) such that if k = 3n(logn + ¢) with ¢ > 0 then

i": Z dz)ﬂik <aje %

Jj=1XER;

Proof Using Step 3 and Step 4 we can estimate the term corresponding
to j = 1 in the sum of the statement. Indeed for k = In(logn + ¢) and
A= (n—1,1), we have that

on—1 1%
dor B2k <om? |1 - —
205" < 2n n(n —1)

2n—1

< 2n? exp(—2k )

n(n—1)

2n —1
= 2n% exp [—(logn +c¢) I }
n—1

< 2e7%,
To bound the remaing part in the sum we notice that, for j < an < 7,

j2n—25+1)
n(n—1)

. -2
> 20 —-1) 2%
n n

2
=+
n
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This, coupled with Step 3 and Step 4, gives

i P j(2n —2j + 1)1
dor " < . [1 - ]
2 2 s JZ:; J! n(n—1)

j=2 AER;
o 202 i(2n — 25 + 1
B At EPW Il k)
, ! n(n —1)
Jj=2
—4k\ = 1227 —2k 2;2
< 207 — 1) = =~
<on(S) 5 {5 o0 -
o 122 252
_ _—2c n - J
=e Jz:; 2] exp{—(logn +c) [2(3 —-1) - n] }
an 2%,
< 67202 " )
< S
= 7

The remaining part of the proof consists in bounding the last sum. Set-
252

EN—
ting ¢t; = & ;! 2. we observe that the ratio between two consecutive t;’s

1S

tita 2 @j+2)/n :
) = h(j+1).
t;  j+1 G+1)

. dz—2 . . —
The function h(z) = 2n~ % , x € [3,an] is decreasing for 2 < 7 = Thogn
and increasing for x > T and thus attains its maximum value at the

extremes. We have
h(3)

h(an) = Zplen=2/n 5 0asn— oo

%nlo/" — %asn—>oo

where in the second estimate we have used the fact that o < %. We

deduce that, for n sufficiently large, the ratio tjtﬂ is smaller than ¢ < 1
J

and thus
an an 1
. Jj—2
Zta szq §t21_q~
j=2 j=2

— 2 as n — oo the proof is complete. |

Since ty = 2n8/"

Step 7 For every o € (0, %) there exists a positive constant ay (not
depending on n) such that if k = $n(logn + ¢) with ¢ > 0 then

z": Z dz)ﬂ?\k < age” %

j=an )\GRJ
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Proof By Steps 1 and 4 we have
n n -\ 2k
2n)!
< S (1-4) et
3 Y i _Z( n) o)
j=an A\eR; j=an

If k= %n(logn + ¢), ¢> 0 the term which depends on k becomes

.\ 2k .\ nc .\ nlogn
(-5) = 05) (-0
n n n

as j > an if n is sufficiently large we have

(1 - ‘7> <(1—a)*©<e 2,

n
It remains to bound uniformly
n .\ nlogn
2n)!
Y (12 __@wt (11.9)
= n (2n — 2j)127 4!

The ratio between two consecutive terms of the above sum is given by

[ ]"lognm—j)(zn—%—l)

G+l n—j
which is a decreasing function of j. For j = an it equals
nlogn 2
1 1 2n 1
1—-— ——m—5)2n-2j-1)< TT-a
[ n(l—a)} an—i—l(n NEn =2 )_an—l—ln ’

which goes to zero as n goes to +0o because 0 < o < 1/4. Thus we can
estimate from above the sum (11.9) by n times the first term i.e. by

2n)! .
n(2n—20(m)!)2an(om)!(l—a) log :

that, by Stirling’s formula, is bounded by
,ynnom-&-%nn log(1—a) (1110)

where «y is a suitable constant. Since « + log(l — ) < 0, the quantity
(11.10) goes to zero as n goes to +00 and this ends the proof. |

We consider now the contribution in the upper bound lemma given
by the negative eigenvalues. We recall that if A = (A1, Aa,..., Ay) F n,
then A = (N, Ay, ..., \)) F n denotes the conjugate partition of A. We
denote by @, the set of all partitions A of n such that A\ = h and the
corresponding eigenvalue () is negative.
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Step 8 If A € Uj,<2,@n and n is large, then 18A] < %

Proof The smallest element in UhS%th with respect to <, is the
partition § = (25,15 ). We compute the corresponding eigenvalue:

2n
3

w3

1

o=y 20+ 3 10
3
1 dn  4n n(n+3) 2n(2n+3)
“n(n-1) [3+3_”_ 18 18
_ —5n+21
- 18(n—1)°
For n sufficiently large we deduce that |3, , | < 3. O

Step 9 There exists a positive constant az (not depending on n) such
that if k = in(logn + ¢) with ¢ > 0 then

n

33 dan B3 < age

h=1X€eQh

Y

Proof Using the previous step we have

i 2k
23: Z dox B3 < (1) Zdz,\
h=1XeQn 3w

- (1) e

by Stirling formula

<a(s) (2)

for k = in(logn + c)

n" 2\" —2e
SBnnlogB (6) €

2c

< age

O

To establish the upper bound we are left to consider the remaining
terms with negative eigenvalues.
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Step 10 There exists a positive constant ay (not depending on n) such
that if k = in(logn + ¢) with ¢ > 0 then

z”: Z dorB3F < age™?c.

h=22 AeQp

Proof With respect to < the smallest partition is (1"). The correspond-
ing eigenvalue is

Bany = Z (1—1)
i=1
which, by Step 2, implies
BAl <1/2, VA€ Qp. (11.11)

On the other hand we have, always for A\ € @, that

om\ [2h
day < (22) <h>cz2A (11.12)

where A - (n—h) is obtaining by deleting the first column of the diagram
of A. Indeed forming a 2\ standard tableau, we have @ h) ways to choose
the elements in the first two columns and when we have selected these
2h elements we have (2;) ways to choose among them the elements in
the first column. Note that we do not guarantee that all the remaining
h elements respect the tableau order and this explains the inequality.

From (11.12) we deduce

(2n)!
I S

AEQH AFn—h
(2n)! (2n — 2h)!
T (2n—20)I(R)2 27 P (n — h)!
(2n)!

“on=h(n — WI(A)2

Using Stirling’s formula we have that, if A > 2/3n, the latter term is
bounded above by 'y”n%”, for a suitable constant . Thus, taking into
account (11.11) we deduce that for k = In(logn + c)

n 2k
Z Z B3Fdyy < g : <;) Z doy < age” %

h=2/3n AEQn AEQn
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It is clear that Step 6, Step 7, Step 9 and Step 10 give the proof of
the theorem. Ul

Now we proceed by giving the lower bound. The techniques we use
are different from those used in the previous lower bounds. We adapt
to this case the original method developed by Diaconis and Shahsha-
hani [69]; see also the treatment of the random transposition model in
Diaconis’ book [55]. Our treatment follows quite closely Chapter 4 of
Feller’s monograph [87]. A variation of this method can be found in
[64]. First we need the so-called principle of inclusion—exclusion. We
have already given a proof of it in Section 8.4; in order to make this
section selfcontained, we sketch another (less conceptual) proof.

Proposition 11.7.3 Suppose that Ay, As, ..., A, are finite subsets of a
finite set Q. Then
|A1UA2U~~UAH|:Z(—1)T*1 Z |[Aiy MA; N NA; |

r=1 1<ig <ip<-<ip<n
(11.13)

Proof We prove the result by induction. For n = 2 it is just the trivial
equality |41 U As| = |A1| + |A2| — |A1 N As|. Suppose that (11.13) holds
and let us prove it for n + 1. We have
[AfUAs U UA,UAp 11| = A1 UAU-- U A, + |Anta]

— (A1 NAns1)U (AN A1) U U(A, N Apt)]

=> (-t > |[A;, N Ay, NN A |+ | Anga]
r=1

1<i1 <2< < <N

n
+) (-1 > |Ai, N Ay N N Ay, N A
r=1 1<i1<i2< - <i,<Nn
n+1
=) (1)t > |A;, N A, N N AL
r=1 1<iy <ig<--<ip<mn+1

We now apply the principle of inclusion—exclusion in our setting.

Lemma 11.7.4 Fiz the element xo = {{1,2},...{2n—1,2n}} € X and
let

A={xe X :3ke{l,2,...,n} s.t. {2k—1,2k} € z}.
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Then
- 1 2n—=7) (n
1= g ()

r=1 ’
Proof For each i € {1,2,...,n} define A; = {z € X : {2{ — 1,2i} € x}
and for 1 <141 < ip < - <14, <n define

Ai1,i2,...,i7‘ = {I S X . {22‘171,22‘1}, {221271,2212}, ey {27}71,22}} € ZL'}

It is immediate to check that the cardinality of A;, ;, . ;. depends only
on the number r and equals the number of partitions of a (2n — 2r)-
set consisting of two-elements subsets, namely % Since A;, N
oNA;, = Ay, and A = Ay UAy U L. U A, by the method of

inclusion—exclusion we have

|A| = Z(_l)”—l Z |Aiy ig,.in] = Z(—l)r_lm (Z)

r=1 i1 <o < <y r=1 ’

T

O

Lemma 11.7.5 Let 7 be the uniform distribution on X and A as in the
previous lemma. Then

1
li A)=1-—.
T =17

Proof By the previous lemma we have

|A i L [2(n — r)]127(n!)?
1-m(A)=1- |X|| - Z:;(—l) [[(n — r)!]]Q(Qn)!T! '

By the Stirling formula, for r fixed and n — oo the term %W is

asymptotical to 2% On the other hand
[2(n —r)]Y(n!)?
[(n—7)2(2n)! —
thus, if we want to compute the following limit

L ~[2(n —r)]127(n!)?
nlingo Z(_l) [(n —r)1]2(2n)!r!

r=0

(11.14)

it suffices to choose N sufficiently large such that Y 2 41 i—, is small

and then take n > N in such a manner that Zyzo(fl)T%
N (=171

is close to >, 57— -7 which, for N — oo, tends to ﬁ ]
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Theorem 11.7.6 Let m and I/(()k) be as in Theorem 11.7.2. If k =
in(logn — 2c) and ¢ > 0 we have

1§ = 7|y > e — exp(—€®) + o(1) as n — oo.

Proof First of all, if A is as in the previous lemmas, then uék)(A) is
larger than the probability that after k£ random switching there is a
pair that has not been exchanged and this probability is equal to the
probability py that, after having chosen k pairs of elements in {1,...,n}
there exists an element that is not contained in any of the pairs chosen.
Such a probability py can be computed using the inclusion—exclusion
method: fixed r numbers between 1 and n the number of couples that
one can form from the remaining n — r numbers is W This
implies that

o= zn:(—l)’(’:) {(”—T)(T;—r—u]k

(m)" =
e ()00 (i)

To estimate from below this quantity we follow quite closely Chapter 4
in [87]. Set [n], = n(n —1)---(n —r 4+ 1). Clearly, [n], < n" and

x

therefore, using 1 —z < e™*, we get

(] (1 - ni1>k (1 - %)k < (nef%k)r.

Moreover, using x exp(l — z) < 1, one obtains that (for x =

o (15 55) (-5

—1
n’r—Lr—l)

(n—1—7r) ("nil’”)%

= (n—1) (1 - ni 1)%”

2k+r ] T

{(n — e n1-7

v

v

The ratio between the extremes of these inequalities is equal to

("e%%) ):{ n ep{2kr+m+2k}}r

((n —1)e ity n—1 nn—1-r)
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which, for k = %nlogn — cn with ¢ > 0, becomes

n r+logn —2c+rlogn —2cr] )"
exp .
n—1 (n—1-r)

This quantity, for r fixed, tends to 1 as n — co. Moreover, always for
k= %nlog n—cn

[l (1 - ni 1>k (1 - %)k < (ne—%’?y _ e

Thus, if n is sufficiently large we have

() (-5 (155 = e et

r=0

More generally, setting A = ne= > if k,n — oo in such a manner that A
remains bounded, then py — e~*. Thus V(gk)(A) > 1 —exp(—e?®) +o(1)
where o(1) tends to zero as n — co. Finally, we have

m(A) = 7 (A4)] = 1§ (A)) — 7(A) > e — exp(—e) + o(1)
which ends the proof. |

Exercise 11.7.7 Use the same techniques to derive the lower bound for
the random transposition model (Theorem 10.7.2).



Appendix 1

The discrete trigonometric transforms

Let (X, ) be a finite probability space. Suppose that there is an invo-
lution on X, that is a bijection ¢ : X — X such that 02 = id. Define
an action of o on L(X) by setting

(@ f)(x) = flox)

for all z € X and f € L(X). Suppose that the probability measure = is
o-invariant, that is 7(oz) = 7(z) for all z € X.

We can decompose the set X in the following way: set Xo = {z €
X : o(z) = «}, then choose X1 C X \ Xy in such a way that X =
X 1 [[Xo][ X1 and X_; is the image of X; under o. Clearly X; and
X _1 are not uniquely determined.

We can define

V= {feLX):of = f}={f € LX) : f(ox) = f(x), Vo € X}
the space of o-even functions and
W={feLX):of =—f}={f € LX) : flox) = —f(2), Yz € X}
the space of g-odd functions. Clearly, for any f € L(X) we have
frof  f—-of
2 + 2

It is easy to show that the decomposition L(X) = V@ W is orthogonal
with respect to (-, ), (recall that we have assumed the o-invariance of
).

Moreover the maps

f= ceV+W

L(Xo [T X1)

v
f J1Xo0 11X

—
—

392
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and
f — f|X1a

where the symbol | denotes the restriction, are natural isomorphisms of
vector spaces (a g-even (resp. -odd) function is determined by its values
on Xo[] X1 (resp. X1)). If 7 is defined on X [[ X1 by setting

_ mx) if xeXp
2n(z) i zeX;

and 7 is defined on X; by setting 7(x) = 2n(x) for z € X5, then we
have

(fis fo)r = (frixo 11 x00 P21x0 11 X007 V1 f2 €V
and

(f1: f2)r = (f11x,» f21x, 07 Vi, f2 €W.

Proposition A1.0.8 Let T be a linear operator on L(X) represented

by the matriz (t(z,y)), ,ex- Then

(i) T is selfadjoint with respect to (-, ) if and only if m(x)t(x,y) =
w(y)t(y,x) for all z,y € X;

(ii) T is o-invariant, that is To = oT, if and only if t(ox,oy) =
t(z,y) for all z,y € X; moreover this condition is equivalent to
the T-invariance of the space V. and W.

Proof (i) is an easy exercise (compare also with the proof of Proposi-
tion 1.5.3).

(ii) Assume that V and W are T-invariant. Then, for f € L(X), we
have T(f +of) € V and T(f — o f) € W, that is

{T(f +of) = oT(f+0of)
T(f —of) =—oT(f—af).

Subtracting the second equation from the first, one gets that oT'f =
Tof. ]

In the following proposition, under the assumption of the symmetry
with respect to o, the spectral analysis of T' is reduced to the spectral
analysis of two operators on L(Xo ][] X1) and L(X;). The easy proof is
left as an exercise.
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Proposition A1.0.9 Let T be a linear operator on L(X). Suppose that
T is selfadjoint and o-invariant. Then we have
(1) A function f € V satisfies Tf = Af if and only if Tf(z) =
Af(xz) for all x € Xo]] X1, where T is the linear operator on
L(Xo ]I X1) associated with the matriz

’ t(w,y) +t(w,0y) ifye Xy

moreover T is selfadjoint with respect to 7.

(ii) A function f € W satisfies Tf = \f if and only if T f(z) = \f(x)
for allz € X1, where T is the linear operator on L(X1) associated
with the matrix

f('le‘vy) :t(l‘,y>_t(l‘,0'y), %yEXl;
moreover T is selfadjoint with respect to 7.

We want to apply Proposition A1.0.9 to get the so-called discrete
trigonometric transforms (DTT). These transforms are defined on the
space L(P,) where P, is the path {0,1,...,n — 1}. For each trans-
form we have a positive function 7 defined on P,, and a set of functions
So,51,...,5,—1 that are orthogonal with respect to (-,-)r. Therefore
each of these transforms has the form, for f € L(PR,),

n—1

F(h) =" f(k)S (k) (k)

k=0

associated with an inversion formula

n—1 1 N
= h)Sh.
f= 2 mE/ s

The set Sp,S1,...,5,—1 has the remarkable property to be a set of
eigenvectors of the linear operator on L(P,,) represented by the matrix

Bo B
1 0 1
1 0 1
1
— 1.1
> (1.1)
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where [y, 31,02 and (3 are coefficients that depend on the particular
transform.

Altogether there are 16 matrices (and the corresponding transforms)
and in the following table we name them and we specify the correspond-
ing choice of the parameters 5’s (DCT means discrete cosine transform;
DST discrete sine transform,).

Table A1.1.
(ﬁ27ﬁ3) (250) (170) (Ll) (1771)
(Bo, B1)
0, 2) DCT-1 DCT-3 DCT-5 DCT-7
(0, 1) DST-3 DST-1 DST-7 DST-5
1, 1) DCT-6 DCT-8 DCT-2 DCT-4
(—1,1) DST-8 DST-6 DST-4 DST-2

For instance, the DCT-1 is obtained by considering an orthonormal
basis for the matrix

— O

1 0 1
2

The eigenvalue problem for the matrix (1.1) may be also written in
the form

(Bof(0) + Brf(1)) = Af(0)
(f(k=1)+ f(k+1)=Af(k) fork=1,2,...,n—2 (1.2)
(Bof(0) + Brf(1)) = Af(n—1).

In the system (1.2) the central row represents the eigenvalue problem
for the discrete Laplace operator (Af)(k) = w while the first
and the last row are boundary conditions.

In the following tables we give the value of S (h) for each trigonometric
transform, together with the corresponding eigenvalue Aj.

The fact that the functions S;, shown in the above tables, solve the
eigenvalue problem (1.2) may be proved directly by means of elementary
trigonometry (see Exercise A1.0.10). In what follows, we will show how

SIS
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Table A1.2.
Sh(k) An
m hm
DCT-1 cos hk—— cos
n—1 n—1
DCT-2 cosh (lc + 1) T cos hm
2)n n
h+ 1
DCT-3 cos (h + 1) K cos M
2 n n
h+ 1
DCT-4 cos <h + 1) (k + 1) T cos M
2 2 n n
™ hm
DCT-5 cos hk T cos T
n—; n—1

DCT-6 cosh <k + >

DCT-7 cos (h + cos

COs

— | ~— | D=
TN &
3
—
N——
3
—
> >
+ T+
= =
~— | NI
3 3

DCT-8 cos (h +

3
+
=
S
+
ol

to obtain the formuleae for the Sj’s by a repeated application of Proposi-
tion A1.0.9. We start by applying it to the simple random walk on C),,
that will be seen as the set of integers mod n.

DST-1 Consider the involution

0: Copya —  Copyo
k — 2n —k,

which fixes n and 2n+1 and switches n—k with n+k, fork=1,2,...,n
(that is, it is the reflection of Cy,, through the axis from n and 2n + 1).
Therefore Xg = {n,2n + 1} and we can take X; = {0,1,...,n—1}. If
we apply (ii) in Proposition A1.0.9 to the simple random walk on Ca,, 12
we get the following eigenvalue problem on X;:

3£(1) = Af(0)
L(f(k=1)+ f(k+1)) = Af(k) for k=1,2,...,n—2 (1.3)

Lf(n—2) = Af(n—1).
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Table A1.3.
Sn(k) Ah
i ™ (h+ D)
DST-1 sin(h + 1)(k + 1)n+ T «:os,ni_~_1
DST-2 sin(h 4 1) (k + 1) T cos (DT
2)n n
h+ L
DST-3 sin (h + 1) (k+ 1)z cos (ht3)m
2 n n
h+ 3
DST-4 sin (h + 1) (k + l)I cos (ht3)m
2 2'n n
DST-5 sin(h + 1)(k + 1)L1 cos w
+3 n+ 3
DST-6 sin(h 4 1) (k + 1) - cos w
h+ L
DST-7 sin (h + 1) (k+1)—— cos %
2 n+ 3 n+3

1) m (ht3)m

. 1
DST-8 sin (h + 5) (k + 3 )0z

1
2

Indeed the matrix (x,y) in (ii) Proposition A1.0.9 now reduces simply
to t(xz,y) with x,y € X, because in this case t(z,o0y) =0 if z,y € X;.
Note that Tf(0) = 3 f(1) because 2n +1 ¢ X;.

Observe that (1.3) is nothing but the eigenvalue problem for DST-1.

To solve it, write the eigenfunctions of the simple random walk @ on

Conyz in the form ey, (k) = wPHDEHD with w = exp (nTl) . Then

L(Copy2) = {e—1) ® (e, ean) B+ B (en—1,€nt1) D (en).

where (vg,v1, ..., vx) denotes the linear span of the vectors vg, vy, ..., vk
and should not be confused with the scalar product (-, -).

The functions e_; and e, are even with respect to o; moreover (e,
ean—p) for h =0,1,...,n — 1, is the eigenspace of @ corresponding to

(hn':ll)ﬂ and contains the o-odd function

the eigenvalue A\, = cos

en(k)—en(2n—k) = wFTDEFD _,=(hFDHD) — 97 6in (o Dk + D 1)7r.
n+1
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Omitting the factor 2i, we obtain the formula for the DST-1 in
Table A1.3 that is, the coefficients of DST-1 is just the imaginary part
of ey,.

DCT-1 Consider the involution

o: Cop_g — Copo
k — —k.

Then applying (i) in Proposition A1.0.9 to the simple random walk on
Cp—o one gets the DCT-1, by taking X; = {1,2,...,n—2} and therefore
Xo]IX1=1{0,1,...,n —1}. This has already been done in Section 2.6
(but on {0,1,...,n}).

In other words the formulee for the DCT-1 and DST-1 are obtained
from the DFT by restriction to the space of odd and even functions,
respectively (recall that even and odd refer to a symmetry of C,, that
fixes two opposite points).

DCT-2 Consider the involution

o: Cy, — Cop
kK — 2n—1-—k,

which does not have fixed points (but it fixes the edges {2n — 1,0} and
{n—1,n}).

Taking X; = {0,1,...,n—1} and applying (i) in Proposition A1.0.9 to
the simple random walk on Cy,,, we get the following eigenvalue problem
on Xi:

3 (F(0) + f(1)) = Af(0)
%(f(k:—l)Jrf(kJrl)) =Af(k)for k=1,2,...,n—2
3 (f(n=2)+ f(n—1)) = Af(n - 1)
which is the problem corresponding to DCT-2. The problem may be

solved by considering the eigenfunction of the simple random walk on
Cy,, that are even with respect to o. But if w = exp (%) then

Wk o ohCn=1=k) _ o —% .o Kk + ;) hw}
n

and one gets the formula for DCT-2 in Table 2.

DST-2 It may be obtained by mean of the same involution o on Cyy,
used for DCT-2, but now invoking (ii) in Proposition A1.0.9. In other
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words, DCT-2 and DST-2 are obtained by restricting the DFT to the
space of even and odd functions, respectively (odd and even with respect
to a symmetry of C,, that fixes two edges).

The remaining discrete transforms may be obtained from DCT-1,
DCT-2, DST-1, and DST-2 by applying Proposition A1.0.9 to the fol-
lowing involution on the path P, = {0,1,...,n— 1}

c: P, — P,
k — n—1-k.

Clearly o is the reflection with respect to the central point when n is
odd; with respect to the central edge when n is even. In any case, we

can take X; = {O, 1,..., [”772} } and we have

- 0 if n is even
o {”T_l} if n is odd.

For instance if we apply (i) of Proposition A1.0.9 to DCT-2 on Py, 1,
we get DCT-6, while if we apply (ii) of Proposition A1.0.9 to DCT-2 on
Popy1 we get DCT-8.

In other words, if we want to get a transform corresponding to Gy, 51,
B2, B3 in Table 1, we can take the transform corresponding to (g, 01,
01, Bo in the same table and then

e if (B2,03) = (2,0) we can use the symmetry o on Ps,_1 and restrict
to the even functions;

e if (f2,03) = (1,0) we can use the symmetry o on Ps,11 and restrict
to the odd functions;

e if (B2,03) = (1,1) we can use the symmetry o on Py, and restrict to
the even functions;

e if (B2,05) = (1,—1) we can use the symmetry o on Ps, and restrict
to the odd functions.

Exercise A1.0.10 Use the well-known trigonometric formulee cos o cos 3

= 2cos aT_ﬁ cos M and sinasin 3 = 2cos Tﬁ sin a+ﬁ to derive the
eigenvalues in Table 2 and Table 3 (but verify the boundary conditions!).

Exercise A1.0.11 Verify all the details of the derivation of the DTT’s
by means of Proposition A1.0.9. Show that no other transforms may
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be obtained following this procedure (if we continue to apply Proposi-
tion A1.0.9 to the DTT’s no system (1.2) different from those in Table 1
can appear).

In the following table we report the value of w(0),7(1),...,m(n — 1)
for all the DTT’s. We have used the formulee for # and 7 in, but in
many cases we have divided the value by 2 or 4.

Table A1.4.
w(0) (k) m(n —1)
k=1,...,n—2

DCT-1 1 2 1
DCT-2 DST-1

DCT-4 DST-2

DCT-8 DST-4 1 1 1
DST-5 DST-6

DST-7

DCT-3 DCT-5 1 2 2
DCT-7

DCT-6 DST-3 2 2 1
DST-8

Now we give a table with the value of ||Sy||2 for each DTT.

Exercise A1.0.12 Prove the following trigonometric identities

sin(na) cos[(n + 2e — 1)qa]

2sin «

n—1
Z cos?[(k + €)a] = g +
k=0

and
sin(na) cos[(n + 2e — 1)a]
2sin

Z_: sin?[(k + €)a] = g -
k=0

for any € € R and « # hr.
Use (1) to prove the formulae in Table 5.

Exercise A1.0.13 Study the effect of transposition in Table 1 (for
instance, if Sy (k) are the coefficients of DCT-3 and Sh(k) are the coef-
ficients of DST-3 then Sy, (n — 1 — k) = (—=1)"*18},(k)).

If X is the graph with edge set E, its adjacency operator is

[Afl(z) =Y f()

y~z
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Table Al.5.
1501 [EAE 1 Sn—1]2
h=1,...,n—2
DCT-1 2n — 2 n—1 2n — 2
n n

DCT-3 n n n
DST-3
DCT-4 n n n
DST-4 2 2 2
DCT-5 2n—1 2n —1

2n —1
DCT-6 " 2 2
DCT-7 2n —1 2n—1 _
DST-8 2 2 n—1
DST-6
DCT-8 2n+1 2n+1 2n+1
DST-7 4 4 4
DST-5

n+1 n+1 n+1
DST-1 5 3 5

n n

for all f € L(X) and z € X.
We recall that its Markov operator is

(M f)( deg 72 I

y~w

for all f € L(X) and « € X. Clearly, if X is regular of degree d, we
simply have M = %A. If X is not regular, then A and M give rise
to two different notions of spectrum: the adjacency spectrum and the
Markov spectrum respectively (the latter coincides with the spectrum
of the simple random walk on X; see Section 1.8).

Exercise A1.0.14 Use DST-1 to show that the adjacency spectrum of
the path P,:

0 1 2 n-2 n—1

1

Figure Al.1.
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is {COS% ch=0,1,...,n—1}.
Compare with the Markov spectrum of P, ;1 that was computed in

Theorem 2.6.1.

Exercise A1.0.15

(1) Use DCT-2 to show that the spectrum of the simple random walk
on the graph constituted by the path P,_; with a loop in 0 and in n —1
is {cos%’r ch=0,1,...,n—1}.

Figure A1.2.

(2) Use DCT-6 to show that the spectrum of the simple random walk
on the graph constituted by the path P,_;with a loop in 0 is {cos 2=

n—2% -
h=0,1,...,n—1}. ’

Figure A1.3.

(3) Show that the random walks in (1) and (2) can be obtained by
lumping the simple random walk on the discrete circle.

For the solutions of these exercises see the books by Feller [87] and by
Karlin and Taylor [136]. There is also a huge literature on the DFT’s,
the DTT’s and other transforms and their algebraic theory and their
numerical applications; see for instance [226], [31] and [72]. For the
DTT’s see also [121], [178] and [214]

In the last part of this appendix we use the DTT’s to analyze a random
walk on the homogeneous rooted tree T, , (of depth n and degree ¢).
It is taken from [191]. See also [190]. Besides the basic notation and
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definitions introduced in Chapter 7, this part is essentially selfcontained.
Indeed, although some results can be deduced from the theory developed
in Chapters 7 and 8, the presentation below is independent and requires
only elementary linear algebra.

Let ¥/ be the j-th level of the tree T, , and L(X7) be the corre-
sponding space of complex valued functions on ¥7. We define, for
j = 1,2,...,n, an operator d : L(¥7) — L(X~!) by setting, for f €
L(¥7) and z129 - - - Tj_1 € ni-l

q—1

df(xl,xz, e ,Ij_l) = Z f(l‘hl‘g, ey Ij—l; ZL']‘).
ijO
Moreover we set df = 0 if f € L(X°) = L(().
The adjoint of the operator d is the operator d* : L(X/~!) — L(XY)
defined by setting, for f € L(X7~!) and z12o - - x; € 7,

d* f(zi,29,...,25) = f(x1,22,...,25-1) forj=1,...,n

and d*f = 0 if f € L(X"). Indeed, for j = 1,2,...,n, f € L(X7) and
g € L(X71) we have

q—1 g—1 q—1

(fig)=>_ > - > df(zr,wz,.. wi1)g(n, e, wi)

x1=02x9=0 z;—1=0

:Z Z Z (Z f(ml,mg,...,xj)g(ml,xz,...,xj1))

r1=0x2=0 z;—1=0 \z;=0

qg—1 g—1 q—1 q—1
:Z Z Z (Z f(xl,xg,...,:cj)d*g(ml,xg,...,:cj_l,xj)>

x1=02x9=0 z;—1=0 \z;=0

Moreover we have the obvious relation
dd* = ql, (1.4)

where I is the identity operator.

If we define W; = L(¥7) Nkerd (and Wy = C), by the standard
orthogonal decomposition V' = ker T' @& Im(T*), where T : V — W is a
linear map, we have

LX) =W @d (LX) =W e d (W;_1) & (d*)*(L(X7?) = =
=W;od" (Wi—1) @ & (d*)" 7 Wy
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Exercise A1.0.16 Prove that the above decomposition is orthogonal.

We now describe the random walk on the tree. The transition rule
is the following: one passes from an internal vertex to its father with
probability % and with equal probability (i.e. 2%1) to one of its children;
one passes from the root to one of its children with probability equal to
é and from a leaf to its father with probability 1. Looking only at the
levels of the tree we have that one bounces back at the root and at the
leaves while for the internal levels one goes up with probability % and
one goes down with the same probability.

b1

N —

—
N [—
<—

N [—

[ ] L Tl

Figure Al.4.

The transition operator M, associated with the above Markov chain,
can be expressed in terms of the operators d and d*. More precisely,
if, for f € L(T,,), we denote by f; its restriction to L(X7), we have
that

1 1 )
(Mf)j:%dfj-i-l"'gd*fj_l forj=1,2,...,n—1,
1
(Mf)o = gdﬁ

and finally
(M f)n =d" fr.
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In virtue of (1.4) the space U, =Wy @d*Wk @@ (d*)"*Wy is clearly

M-invariant. Set f = afg+afd*g+---+ak_, (d*)""*g, with ¢ € Wy

and of, o, ...af_, undetermined coefficients. Note that aj k(d*)g is

the restriction of f to L(X77*). Then, for k > 1,

Mf= Odg+

2q

k
A ggr d(d*)2g + 0 g
o g+ q( )%g 5 g )+t

2q

b d @)y,

k k
+ <ank d(d*)n—kg + O(n*2k72 d*(d*)n—k—29>

The jth term of this sum belongs to L(X/*F) for j = —1,0,1,...,n—k;

k:
moreover, for k = 1, the coefficient of dg in the first line is =% (but this
is irrelevant, as dg = 0). Thus, by (1.4), the above sum becomes

k k
af af  as| .
i § 04 20y
2 97 { 3 ] 9+
i hek—2
+ | | @) g e (@) .
Therefore f is an eigenvector for M if and only if (af, ok, ..., aﬁ_k)

is an eigenvector of the (n — k + 1) x (n — k + 1) matrix

o= O
o O vl
o= O

. D=

10

This is DST-3. Therefore the eigenvectors are given by

f=sin <n(hZ%r)17r>g+sin< m )(d*)g—i— 4+

4o 4 sin <(n = k)mw> ()

. . E h+1
and the corresponding eigenvalues are Aj = cos (n7 7™ ), where g €

Wi and h = 0,1,...,n — k. Each eigenvalue has multiplicity equal to
dimWy, = ¢* — ¢*~ 1.
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Similarly, if k = 0, f = adg+ald*g+---+al(d*)"g is an eigenvector
for M if and only if (a,ad,...,al) is an eigenvector of the (n + 1) x
(n + 1) matrix

O wl= O
= O
O = O

10
This is DCT-1. Therefore the eigenvectors are given by

h 2h
f =1x0 + cos <n7r> 151 + cos (nﬂ') 1y2 + - 4 cos(hm)lgn

and the corresponding eigenvalues are \) = cos (hﬂ'>, where h = 0, 1,

n ey

n. Each eigenvalue has multiplicity equal to 1.



Appendix 2

Solutions of the exercises

1.4.3. We have p®™ (z,y) > 22% for all z,y € Copmt1. In fact, there
always exists a path (g = z,x1,...,290_1,22¢ = y) of even length
2¢ < 2m from x to y; if £ < m then the extended path

(960 =T, X1,y T20—1,T20, X201, L20y+ -+, X20—1,T2¢ = Z/)

(where the edge (z2¢—1,T2¢) appears m — £ times) fulfills our require-

ments. Therefore in the corollary we can take ng = 2m and € = 2§m,

22m

2 1
obtaining A = (W) <2and1l—c¢c= (1 — 22%) < e T

2.5.4. Hint. One has ||p® — n||ry = =L and ||p® — 7|7y =

1
n n(n—1)"

3.1.9. Hint. The stabilizer of any point (g, z) is trivial.

3.3.5. (1) Suppose that P is positive and take o € C, v,w € V. Then
the quantity

(P(v + aw),v + aw) = (Pv,v) + a(Pv,w) + a{Pw,v) + |a|*(Pw,w)

is positive. Therefore, in particular, a(Pv,w) + @(Pw, v) must be real
and thus equal to its conjugate @(P*w, v)+a(P*v,w). As « is arbitrary,
we obtain (Pv,w) = (P*v,w), and therefore P* = P.

(2) Let v € V and A € C. If Av = Av, then A(Bv) = BAv = ABuw.
In other words, any eigensapce W of A is B-invariant. Then one may
diagonalize the restriction B|y the restriction of B to W.

(3) If P =", \iE; is the spectral decomposition of P (E; is the
orthogonal projection onto the eigenspace corresponding to the eigen-
value );), then the positivity yields \; > 0 for all ¢ = 1,2,...,m. Then
take @ = > v/\;E;. As far uniqueness is concerned, suppose that @

407
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is positive and Q?> = P. Then QP = PQ and, by (2), there exists a
common basis of eigenvectors.

(4) Let P be the square root of A*A, that is P? = A*A. Set U =
AP~!. Then the linear operator U is unitary: U*U = AP 2A* =
AAY(A*)7LA* = I. As for uniqueness we have that if A = UP and A =
U, P, are two polar decompositions of A, then Uy := PPl_1 =U"'U;
is unitary and U3Us = I yields P, *P2P; ' = I, that is P? = P?. But
then the uniqueness of the square root in (3) applies forcing P = P; and
U=U.

3.5.3. p(g1)p(92) = p(92)p(91),Y91,92 € G = p(g2) = M,Vg2 € G =
every subspace is p-invariant.

3.7.3. (1) Let n = |G| be the order of the group G. Then for any
element s € G one has s™ = 1 and therefore

p(s)" = p(s™) = p(lc) = 1. (2.1)

This implies that all the eigenvalues Ay,..., Ag of p(s) are nth roots of
unity.

(2) The eigenvalues A1, ..., \g of p(s) are complex numbers of modulus
one. Therefore, (\;)~! = A; for all j’s.

3.7.10. (3) One has

> (vl =3 (a1 (M)otn -

gESn a=0
- ia(a— 1)(Z>p(n—a) —ag:o( )p(n—a)+nv
=n(n— 1)2:2 (Z_g)p(n—a) —nazijl (Z_Dp(n—a)—i-nl
n—2
:n(n—1)§ (”; >p(n—2—a)
—n:Z:: (ngl)p(n—l—a)—i—n'
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3.8.4. Hint. We have x1, x2 and p; with 1 <t < [g]

3.9.11. (2) Suppose that (p,V) is irreducible. Consider (p|a,V) (the
restriction of p to A) and let W < V' be a nontrivial irreducible p|a-
invariant subspace. By part (1) we have that W is one-dimensional.
Set H ={g € G: p(g)W C W}. Then A < H and, if ¢ denotes the
number of distinct subspaces among the p(g)W’s, with g varying in G,
then clearly ¢ = |G/H|. But d, < { as (tW),.,, = V where T is a set of
representatives for the right cosets of H in G, that is G = [ [, tH. As
|G/H| < |G/A| we conclude.

3.9.13. Formula (3.21) may be rewritten in the form

1C®)|
Z Xp2 (t) = 6014)2
= |G‘
showing that the matrix U = (Upt) ,cg ser With Ups = ‘?C(;t‘)‘xp(t) is

unitary (recall that |T| = |G]). Therefore

|C(t1)] |C(ta
E Xp(t2) = 0
G |G| =

and we are done.

3.12.5. Hint. Show that £(1s,) = 10, £(1,2) = 7, £(1,2)(3,4) = 6,
0(1,2,3) =4,£4(1,2,3)(4,5) = 3,4(1,2,3,4) = 3 and, finally, £(1,2,3,4,5)
= 2. The computation yields 34 nonisomorphic graphs on five vertices.

3.13.8. (3) Suppose, by contradiction, that there exists an intermediate
subgroup H such that K < H < Gandlet h € H\K and g € G\ H. By
double transitivity applied to (K,hK), (K,gK) € X x X, there exists
r € G such that rK = K and rhK = gK. But then r € K, rh € H and
g € H, a contradiction.

3.14.1. Hint. (1) Use the fixed point character formula (3.22) to com-
pute the characters of M™~ 1t M™=22 and M™ 251 and then use the
decompositions (3.28), (3.29) and (3.32).

4.2.4. (1) Let T € Homg(L(X),L(X)) be the G-invariant operator
represented by the G-invariant matrix r(z,y). As r(z,y) is constant on
the G-orbits on X x X there exist aqg, aq,...,any € C such that

r(z,y) = aoro(z,y) + curi(z,y) + - + anrn(z,y) (2.2)
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where

0 otherwise.

i g) = {1 if (2,y) € ©;

But r;(z,y) is the matrix that represents the operator A; and this
proves 1.

(2) It is immediate to check that, for g € G and (z,y) € O, Z; ;(9, gy)
= ¢=; ;i (z,y) and thus, in particular, |Z; ;(gz, gy)| = i (z, y)| = & ;(s)
depends only on the G-orbit ©.

(3) Denote by r = r;-r; the matrix that represents the operator A;A;.
For (z,y) € ©5 we have

r(m,y) = Z Ti(.’l,‘,Z)Tj(Z,y) = |{Z : ’I"i(LU,Z) = 1,Tj(Z,y) = 1}|
zeX
=z (2,2) € @i, (2,9) € ©;}] = & ;(s),
showing that the coefficient a5 in (2.2) equals &; ;(s).
(4) It is clear that the set {(y,z) : (x,y) € ©,} is a G-orbit, say ©;.
Then, for f,g € L(X), we have
(Aif,g)=> Aif(x

reX

=> > fwe)

re€X yeX:(z,y)€EO;

=> fw Y. g

yeX z€X:(y,x)€EO,/

= <f7 Al'g>

4.8.4. The automorphism 7 : Ay — Ay given by 7(123) = (132)
and 7(124) = (142) satisfies the condition of Gelfand’s lemma (Exer-
cise 4.3.3).

4.9.3. Hint. If P is in detailed balance with a probability measure 7, it
is also in detailed balance with 7(z) = |—Cl;‘ >_gec T(gz). Note that this
does not require the transitivity of the G-action on X.

4.9.5. (1) The function ¥ f(x) = \Il(il > rex f(kx) is the projection of

f on the space of K-invariant functions on X; therefore X f = 0. But

fxo) = f(xo).

(2) In each V; use an orthonormal basis f; 1, fi2,..., fi,q, with fi1 =

Vdig;.
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5.1.17. Hint. Show that any simple, connected graph X with no loops
and |X| < 5 has a nontrivial automorphism. See Examples 3.12.3, 3.12.4
and Exercise 3.12.5.

7.2.1. Hint. (2) The isomorphism is given by
Aut(Tq,2) 3 g = (ggm_l(l)’ 9951 2)7 995 (a)} 90)-

8.2.9. Hint. Any automorphism of ©, 41 is also an isometry of the
tree in Example 8.1.11 and an isometry of {¢ € ©,, yp41 : |dom(¢)| = n}
which coincides with the Hamming scheme.

8.2.10. Solution: €3, Q31 and {23, are empty.
8.3.7. Hint. See Exercise 8.8.14.

8.3.8. Hint. We have a0 =1,a,; =0for j >1,b,0=qg—1,b,,; =¢q
for 5 =1,2,...,n and

1 ifn>N—-k i=n—N+k

0 otherwise.
8.6.7. For 0 < h,m < n, the orbits of GL(n,q) on G x Gy, are the sets
Q ={(V,W) €Gp X Gpp : dim(VNW) =1},

for max{0,h + m —n} < r < min{h.m}. Then we can apply Exer-
cise 3.13.5.

8.7.2. Hint. Use the map <é g

> — (A, B,CA™1).

8.7.12. Clearly 6(¢, ¢o) = k if and only if dim(ker¢) = n — k if and
only if dim(I'm¢) = k. We have (Z)q choices for ker¢. Once we
have chosen ker ¢, we can take a basis v1,ve,...,v, for Fy such that
Vk41, Vk42,---,Vn € ker¢. Then ¢ is an arbitrary linear map sending
v1,V3,...,V onto a set wy,ws,...,w; of linear independent vectors in
F7"; this can be done in (¢™ —1)(¢™ —q) - -- (¢™ — ¢"!) different ways.

8.7.14. It is clear that x, is a character of X}, . Moreover Xy, 4, =
X, - Xo, and therefore 1 — xy is a group homomorphism. Since x.
is trivial if and only if ¢» = 0, the homomorphism is injective. Since
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| X ] = |X9, |, it is also surjective. Note that we have only used the

existence of y and the fact that X7, = Xg)m. For more on character

,m|a

theory of Fy we refer to [155].

8.7.15. It suffices to show that V; is G2, -invariant: if (a, 3,7) € G% s
e Xl and ¢ € X7, then

and clearly rk(ay8~1) = rk(y).

8.7.16. We denote by (V,v,w) a triple with V' C Fy a subspace with
dim(V) =n—1,v € Fy \ 'V and w € Fy \ {0}. Also denote by ¢y w
the linear map in A7 ,, such that ker ¢y, o, = V and ¢y, (v) = w. For
FeL(X?,,)and ¢ € X7, we have

% > Flé+ dviow)- (2.3)

(AF)(¢) = —
q q (V,v,w)
Indeed, for a fixed @y, one has [{(V,v',w') : ¢y = Svow}| =
q" — ¢" 1. Moreover, if ¥ € Xg,, and ¥ (w) = av + vy with a € Fy and
v1 € V, then

Xo (Pvo,w) = X[TT(Vov,ew)] = x(a). (2.4)
Note also that
X( Y a)=-1 (2.5)
a€F \{0}

since x is orthogonal to the trivial character.
We need a few more formulae. If I'my C V then

> xw(dvew) = (@™ = 1)(¢" —¢" ") (2.6)

(this is the number of (v,w)’s for a fixed V: for, if Imyp C V then

TTW}QSV,v,w] =0 and Xw(QSV,v,w) - X(O) = 1)
If I'my C V then

> xu(@vew) = (@ = 1" —¢" ) (2.7)

v,wW:

P(w)eV
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(the proof is the same as for (2.6)) and

Z X (Pv,o,w) = —q" Mg = ") (2.8)
b(w)gV
(if ¥(w) ¢ V, then we can apply (2.4) and (2.5); the right hand side of

(2.8) s just —[{(v,w) : P(w) ¢ V}] - ;9)-
Finally, if rk(y)) = k then

1

AXo =Xp g D Xu(bviow)
" —q
(Vyo,w)
1
by 23) =xv 1 | D, D Xu(¢vuw)

n _ o,n—1
q q ViImypCV v,w

+ Z Z Xl/)(gb\/,v,w)

ViImypCV  vw
P(w)eV

+ Z Z Xil’(gbV,v,w)

ViImyQVv  vw

W(w)gV
1 n—k
= m_l n _ n—1
Xo g ( 1 )q(q g™ —q" )
+ k nfk( n __ n—1 m—1 1
) 4@ =" ) )
q
k — n n— m—
—-<1> "= q" g 11
q
I Ut Ve A C et O
i1 Xy

(we have used (2.6), (2.7) and (2.8) and Corollaries 8.5.5 and 8.5.6 to
count the number of V’s satisfying Imy C V and Imiy C V|, respec-
tively).

8.8.12. Hint. The inverse map T ! is given by
k— 2h,0) ifn—h<h-—{¢
71k ) = 4 B 20 ifn—h<
(k+2¢,0) ifn—h>h-—4¢.

8.8.16. Hint. The ¢ (h,{,u;s)’s are essentially the spherical functions
of the Hamming scheme (see Theorem 5.3.2).
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9.1.1. (1)6 may be defined on the elements of a basis {e;® f;} of V QW
by setting 0(e; ® f;) = (ei, f;)-

(2) Applying (1) with U in place of Z we get the existence of a linear
map € : V QW — U such that (%) ) = € o ¢. In virtue of property (b)
of ¢ with V@ W in place of Z, we have a linear map £ : U - V@ W
such that (xx) ¢ = 0.

Then, from (x) and (*x) it follows that ¢ = £ o € 0 ¢ and since ¢ is
surjective, £ o € = idy g w; in particular € is injective.

From (a) we know that (V' x W) generates U and therefore, from
() we get that ¢ is also surjective and therefore it is the desired isomor-
phism.

9.4.7. (1) The diagonal matrices form a maximal abelian subalgebra in
the full matrix algebra M, ,,(C).

(2) Extend each basis of VX to an orthonormal basis {vf, v5, ... vy b
for V, for all p € I. Then, any function f € T} V, is of the form

Flhao) = || 54 Zam]k

(f is the T, -image of Z] 1 a;jv?) and therefore

(E7)(g20) \G\ 2N f(hao)dl (g7 h)
heG

dp dU - o 14
BEL] > s[5 x 07 )(9)
j=1

d
d, &= i
X > 4305,50k.i65,:(9)
j=1

- {f(gﬂfo) ifp=candi=%k

0 otherwise.

9.4.9. Hint. Use Wielandt’s lemma to prove that the multiplicity of
S bl in L(Sqipre/(Sa x Sp x S.)) is 2 when max{a, b, c} > 0.

9.5.8. Take an orthonormal basis vy, vs,...,v4 in V such that vy is
K-invariant. Use the fact that ﬁ > rex P(k) is the projection from
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V onto the space VE = spanc(vi) of K-invariant vectors. Note also
that

kEK k kzeK k1,k2€K

9.5.13. Fix p € G and let {v1,v2,...,v4,} be an orthonormal basis in
Vp. Then, for v € V, and f € V, one has

(F,Tv® ) = ‘G|ZF Flp(g~Do]

geG
‘G| Z F Z 1)’U,Ui>VpUi}
geG i=1
d, &
_ \é > Fw) Y Fla)p(g)vi vy,
=1 geG
d, & -
S T E (o,
=1
d, &
_ Té)I Z<F(p)vz, [v® fl(vs))
=(F,v® f)us,c

9.5.14. (1) Suppose that 6 : W’ — W is the Riesz map. If S : U —
W®V is alinear map, u € U,w € W and v € V, denote by [Su](w, v) the
value of the bi-antilinear map Su on the pair (w,v). Then the explicit
isomorphism is given by:

Homg (' ® n,0) — Homg(n, 7 Qo)
T — T

where 7T is defined by setting:
[Tu](w,v) = (T (w) © ul, v)v
Indeed, the expression (T[Q‘l(qi)) ® u|,v)y is linear in T and in wu,

bi-antilinear in (w,v). Moreover, T commutes with the action of G: for
any g € G we have
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Finally, the inverse of T' +— T is the map 1" +— T given by the following
rule: if T € Homg(n, 7 ® o) and w @ u € W’ @ U then T(w ® u) = vy,
where vg is the unique vector in V' such that

[Tu)(0(w), v) = (vo, v)v

for all v € V.
(2) This is simple:

<X7r’®n7Xcr>L(G) = <X7' Xn7Xa>L(G) = <X777X7r : Xa>L(G)>L(G)
= <X7]a XTI'®O'>L(G)'

9.7.4. (O3 x C5 is an homomorphic image of @: if Cy x Cy = (a) x
(b) then q(—1) = 1,q(£i) = a,q(xj) = b and q(£k) = ab gives such
an epimorphism. If x1,x2, X3 and x4 are the characters (=irreducible
representations) of Cy x Cy, then the compositions y; o ¢ yields four
one-dimensional (irreducible) representations of ). By the Peter—Weyl
theorem there is only left one of dimension two: this is p from (9.22).

9.7.5. (i) Introduce a (complex) scalar product ((,+)) in V by setting
((vi,v;)) = 6;5. Then, by Proposition 3.3.1, the scalar product (-,-)
defined by (v,w) =3_ o ((p(9)v, p(9)w)) for all v,w € V is p-invariant.
Using the Gram—Schmidt orthonormalization process transform the v;’s
into a (-,-)-orthonormal basis {wy,ws,...,wg}. Note that the coeffi-
cients of the v;’s in the expression of the w;’s are all real. Indeed for all
1,7 =1,2,...,d we have

(Uivvj) = Z((P(g)’l}z, Z Z 9)Vi, V) (p(g)’Uj,Uk))

geqG geG k=1

is real as each summand in the right hand side is real by hypothesis.
(ii) Denote by p(g) the matrix representing p(g) with respect to the
basis {w1,ws,...,wq}. Then p and p are equivalent and therefore, by
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Proposition 3.3.2, unitarily equivalent. Therefore there exist a unitary
matrix U such that UpU* = p is real.

9.7.11. (1) We have gug™* = u=! & ¢g? = (gu™!)? and the number of
u for which the right hand side identity holds true equals the number of
v(= gu~!) for which v? = ¢2.

(2)2gearl9) = Xgear(9?) = Lyeart)ig € G+ g* = t}] =

Diec P2
(3) Denote by A the ambivalence classes of G so that |A| = h. Then

> p(9) ={(g,u) € Gx G :gug™ =u '}
geqG

=Y HgeG:gug ' =u'}

ueG

=> > HgeGigug =u}

CeAueC

_ZZ|G|

CG.AuGC
= h|G).

9.7.15. (1) Take an orthonormal basis v1,va,...,ve, in V; such that v,
is K-invariant (see also the Solution of Exercise 9.5.8). Then proceed as
in the proof of Theorem 9.7.7.

(2) Proceed as in the proof of Corollary 9.7.8, but using the spherical
Fourier transform.

(3) Proceed as in (i) of Theorem 9.7.10.

(4) Denote by ¢;(j) the value of ¢; on ;. First prove that ¢;(j) =
¢i(0(j)). Then proceed as in (ii) of Theorem 9.7.10 using the dual
orthogonality relations for the spherical functions (see, for instance,
Exercise 5.1.11).

(5) Use the projection formula (4.21).

9.8.14. Hint. Use Exercises 9.8.6, 9.5.8 and the orthogonality relations
for the spherical functions.

9.8.15. Hint. Define an equivalence relation on G by setting g1 ~ go
when there exist h € H and k € K such that go = hkg1h™".

9.9.3. Let G = S3 be the symmetric group of degree three and set A =
{(1,2),(1,3,2)}. Then AA™! = {1¢,(2,3)} is a subgroup and coincides
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with G(AA™!). However the latter does not contain the element (1,3) =
(1,2)(1,3,2) = (1,2)7%(1,3,2) € Ga. This shows the statement for the
first inclusion.

Taking A any subgroup of G which is not normal yields and example
where the second inclusion fails to be an equality.

9.9.4. We show it by recurrence on k. For &k = 1 the statement is
obvious. Suppose the statement is true for £k — 1. We first show that
AF C suppp*®. If g = 661 with § € A*~! and 6, € A, then

prg) => " w V@R u(h ) > prFD () u(dr) > 0
heG

where in the first inequality follows by taking h = (4;)~! and the last one
follows by the inductive step. Conversely, take g € suppyu**, then there
exists ¢t € G such that p**=Y(gt) > 0 and p(t~') > 0. This implies
that gt € AF=1 (by the inductive step) and that t=! € A. Therefore
g = (gt)t~! € AF,

10.1.1 The strategy is as follows. Denote by o(7) the number inside box
i,t=1,2,...,2n. Then, prisoner with registration number ¢ opens box
i. If he ﬁnds hlS own number he stops. Otherwise he opens box o (7). If
he finds his own number he stops. Otherwise he opens box o(o(i)). And
so on. The prisoners are (all) safe if and only if the cyclic decomposition
of the permutation o € Ss,, has no cycle of length k with & > n + 1.
Now, a permutation o € Sy, may contain at most one single k-cycle

(2 ! distinct per-

with n + 1 < k < 2n. Moreover, there are exactly
mutations containing a cycle of length & > n + 1. Indeed, there are
(2,21) distinct ways to choose the k& numbers for the cycle, (k — 1)! ways
to order them and (2n — k)! ways for permuting the remaining 2n — k
numbers. Thus, the number of permutations in Sgn that contain a cy-
(2n)! (2n)' (2n)! \

nt1 =+ T2 + -+ n - Thub, the
probability that a random permutation o € S5, contains such a long
cycle is +1 + T+2 4+ 4 %; equivalently, the probability that o does
not contain a cycle of length exceeding n (so that the strategy applies

succesfully) is

1 1 1
1-— . = — ~1-In2n+Inn=1—-1n2~0.3.
n+l n+4+2 2n

cle of length > n + 1 is exactly

10.1.7. Hint. (1) Use (’i17i2, e ,ik) = (il,ik)(il,ikfl) tee (il,ig).
(2) Use (i + 1,0 +2)(i,i +1)(i + 1,0 +2) = (i,i +2).
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10.3.18. Hint. From the proof of Proposition 10.3.16, for all F' €
Homg, (S*, M*) one has F = clgx.

10.5.16. Hint. If {iy,d2,...,%k} — {Jj1,J2,...,Jk—1} and h is as above,
then jp = ipy1 > 2h and h = min{t : j; > 2t}.

10.6.7. (1) The map is well defined because if meg;, = negy), then
m{t} = n{t} and mn~! € Ryt = R, and therefore

nB; = By = Bri(mn™Yn = By = nB;.

(2) From (1) we get that 4By = > o, >, cp, sign(o)oy belongs
to the two-sided ideal of L(S,,) generated by the matrix coefficients of
S*. Then we can apply the operator P : L(S,) — L(S,) defined by
Pf= % Y ores, nfrt, f € L(S,), that projects onto the subalgebra of
central functions of S,,. Note that the value of A;B; at the identity of
S, is equal to 1.

(3) Apply (2) and note that, for o € C; and 0 € C,,, one has

Cul - {(7,m) € Ry x Sy, : moyn ™! = 0} = nl[{y € Ry : 0y € C.}|.

(4) Use the following facts: if 0 € Cy, v € Ry and o(v(j)) = J,
then v(j) = j and o(j) = j. Also recall that Z;"Zlf = w
and analyze the pairs (4, j) of numbers belonging to different rows and
columns in .

10.7.3. Hint. For (1) use integration by parts and an inductive argu-
ment.

3 5

10.7.4. Hints. (1) From log 1££ = 2 (aj +5+ 5+ +), and setting

T = ﬁ deduce that

n+1

< log

< 2 1+ ! ! + : +
2n+1 31(2n+1)2  (2n+41)4

2 1
= ]_ .
n+1 [ +12n(n+1)}

2n+1

an b
(2) Use (1) to prove that =2+ <1 and that =* > 1.
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(3) Write Wallis’s formula in the form /7 = lim, %;;((;;l); and
express n! and (2n)! in terms of a,,.

(4) Use et/12n < 14 L.

A1.0.12. (1) Using cosf = % and sinf = 61‘9_2571‘9 we have

= 2 1 1—-e® i
kZ:OCOS (k+¢€)a] = 1 T i€
1 1— eQnai deai n

MR
n 1 sin(2n — 14 2¢€)a] — sin[(2e — 1)q]
+ 4 sin «
sin(na) cos[(n + 2e — 1)q]

2sina '

_|_

NS N
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character of, 106
of the symmetric group, 88
Peter—Weyl theorem, 95
phylogenetic tree, 378
Plancherel formula
for Cp, 48
for Qn, 59
for a group, 102
spherical, 136
Pochhammer symbol, 171
polar decomposition of an operator,
86
Polya—Redfield theory, 107
polynomials
Hahn, 179, 180
Krawtchouk, 73
polytabloid, 328
Pontrjagin duality, 275
poset, 209
0O-element, 209
automorphism, 218
Boolean lattice, 214, 218, 236
chain, 210
maximal, 210
saturated, 210
differential, 359
graded, 211
fibers, 211
top level, 211
Hasse diagram, 210

437

216

homogegenous rooted tree, 214, 216

join
of two elements, 210
semi-lattice, 210
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poset (cont.)
lattice, 210
lower semi-modular, 211
meet
of two elements, 210
semi-lattice, 210
modular, 211
rank, 211
regular semi-lattice, 216
spherical, 218
upper semi-modular, 211
Young lattice, 215
positive operator, 86
principle of inclusion—exclusion, 238,
388
probability
conditional, 11
measure, 10, 103
product action, 82

quaternionic
group, 295
representation, 294

radial function, 72
Radon transforms, 187
random
transpositions, 8
variable, 13
independent, 13
walk
on a group, 104
on a weighted graph, 29
simple, 33
rank of a graded poset, 211
real
representation, 294
Sh, 332
spherical, 143
recurrence
in finite graphs, 199
regular
graph, 26
representation (left, right), 82
replacement
choice with, 12
choice without, 12
representation, 83
adjoint, 283
character, 92
commutant, 278
complex, 294
conjugate, 283
contained, 83
degree, 83
dimension, 83
direct sum, 85

Index

equivalence, 83
unitary, 84
irreducible, 83
isotypic component, 278
matrix coefficients, 89
multiplicity free, 125
of abelian groups, 89
of the cyclic group, 87, 89
of the dihedral group, 97
of the symmetric group, 88, 113
alternating, 88
permutation, 88
sign, 88
trivial, 88
permutation, 82, 105
quaternionic, 294

real, 294
Sp, 332
regular
left, 82, 87
right, 82, 87

selfadjoint, 283
selfconjugate, 283
spherical, 133
sub-, 83
unitary, 83
restriction
of an action, 78
reversible Markov chain, 21
Riesz map, 283
right regular representation, 87
row-stabilizer of a tableau, 326

Schréder, E., 379

Schur
algebra, 310
lemma, 88

converse, 89
Schur, I., 110, 299
second eigenvalue
and the cutoff phenomenon, 69
selfadjoint representation, 283
selfconjugate representation, 283
Shahshahani, M., 10, 39, 66, 180, 348,
388
sign representation, 88
simple
graph, 26
random walk, 33
tensor, 268
Specht module, 329
spectrum of a matrix, 30
spherical
Fourier transform, 135
for Qn, 73
function, 127
on a distance-regular graph, 151



matrix coefficients, 281
poset, 218
representation, 133
adjoint, 143
conjugate, 143
real, 143
square root of an operator, 86
stabilizer of a point under a group
action, 78
standard
polytabloid, 335
tableau, 335
Stanley, R., 358, 361
Stanton, D., 218
star graph, 44
state space, 14
stationary distribution, 18
Stirling formula, 357
stochastic matrix, 14
ergodic, 18
lumpable, lumped, 42
strict distribution, 10
sub-representation, 83
subgroup
commutator, 275
derived, 275
fully invariant, 276
normal, 82
Young, 322
subspace G-invariant, 83
symmetric
K-invariant function, 143
association scheme, 160
double coset, 303
group, 9, 79, 319
alternating representation, 88
ambivalence, 313

permutation representation, 88

real representation, 332

representations, 88, 113

sign representation, 88

trivial representation, 88
orbit, 303

tableau
A-, 325
column-stabilizer, 326
Garnir element, 339
good, 373
row-stabilizer, 326
standard, 335
transposed, 333
Young, 325

tabloid
A-, 326

associated with a composition, 336

Index

poly-, 328
standard, 335
tensor product
of representations
internal, 271
outer, 271
of vector spaces, 268
theorem
Cayley, 81
convergence to equilibrium, 18
Frobenius and Schur, 299
for Gelfand pairs, 303
James intersection kernel, 370
Markov ergodic, 18, 33
Peter—Weyl, 95
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structure for finite abelian groups,

274
top level of a graded poset, 211
total variation distance, 37
transition matrix, 14
invariant, 52
transitive action, 78
doubly, 113
transposed tableau, 333
transposition, 9
random, 8
tree

homogeneous rooted, 191, 214, 216,
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phylogenetic, 378
rooted binary, 378
trivial
action, 81
representation
of the symmetric group, 88

ultrametric
distance, 194
inequality, 194
space, 191, 194

uncomparable elements in a coset, 209

undirected graph, 26
uniform
distribution, 53, 104
measure, 53
unit, 48
unital
algebra, 48
unitary
equivalence, 84
operator, 84
representation, 83
unweighted graph, 30

variance of a function, 40
Vershik, A.M., 314
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vertex, 26 Wielandt lemma, 110, 111
adjacent, 26 generalization, 112
degree, 26 Wielandt, H., 110
incident, 26 wreath product, 165
initial, 26
isolated, 29 Young diagram, 322, 362
neighbors, 26 associated with a composition, 336
terminal, 26 inner corner, 363

outer corner, 363

Wallis formula, 357 Young lattice, 215, 362

weight Young subgroup, 322
of an element in Qn, 61 Young tableau, 325

on a graph, 28
trivial, 30 zeta function of a poset, 234
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